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PREFACE. 


nPHIS treatise is intended to provide the English student with 
an intelligible outline of the Theory of Numbers which may 
serve as an introduction to the detailed study of the subject at 
first hand. No single work of reasonable size could possibly do 
justice to every part of the theory ; and in tlie choice of material 
it is not easy to adopt any plan which is likely to approve itself 
to everyone. I have been guided principally by a desire to give a 
fairly complete account of the theories of congruences and of 
arithmetical forms, so far as they have been developed hitherto ; 
to this I hope to be able to add a sketch of the different complex 
and ideal theories. Diophantine analysis proj^er, and questions of 
pure tactic,” have been omitted, except in so far as they have 
been subsidiary to the general scheme. 

The range of this first volume is sufficiently indicated by the 
table of contents. It is hardly necessary to say that I have 
derived continual assistance from the works of Gauss and Dirichlet, 
and from H. J. S. Smith’s invaluable Report on the Theory of 
Numbers. I am also greatly indebted to Professor Dedekind for 
permission to make free use of his edition of Dii'ichlet’s Vor- 
lesungen uher Zahlentheorie. So far as this present volume is 
concerned, the account of Dirichlet ’s researches has been taken 
primarily from his original memoirs ; at the same time, I owe 
much to the study of the Vorlesungen, and I hope that I may 
eventually avail myself of Prof. Dedekind’s kindness more directly, 
by giving some account of his theory of ideals. 

M. 
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PREFACE. 


In the reterencos at tlie ends of the chaptei-s and elsewhere I 
havt' done iny In-ht to indicate fully the sources from which I have 
derived ni}' information. Xo attempt has been made to give an 
exhaustive biblioorai.hy ; even if I had been erpial to the task of 
compiling it, the result would probably be merely embarrassing to 
tlu* b^'f'^innor, whose .attention should be directed in the first place 
to the works of the great masters of the science. 

Sc'veral fiaeiids among whom I may mention ^Ir II. F. Bakci, 
of St Johns College, Cambri.lge, Mr 11. \V. Hogg, of Christ’s 
llnspital, and Mr A. ( 1. Cicenhill, have kindly alloweil me to send 
tliem pi'oof-shects ; Mr J. Hammond h;ts hwu good enough to 
revis<* mv account of Profe.'^sor Sylvester’s researches on the 
distribution t)f primes; and I am indebted to my colleague, 
Mr A. (bay, for a<lvice and assistance in seeing the book through 
the ]ness. To all of these my best thanks are due; and I may 
add that I shall be grateful for any criticisms or corrections that 
may be sent to me by any of my readei'S. 


Cl B. MATHEWS. 


University College of N. Wales, 

Bangor. 


CONTENTS. 


CHAPTER I. 

DIVISIBILITY OF NUMBERS. ELEMENTARY THEORY OF 

CONGRUENCES. 

PAGE 

1. Laws of operation ........... 1 

2. Composite and prime numbers. Relative primes .... 2 

3. Unique resolution of a number into prime factors .... 3 

4. 5, 6. Elementary theorems on divisibility ...... 4 

7. Euler’s function </> (n) 4 

8. Proof that 20 {d) = n . 6 

9. ' Definition and notation of congruences. Residues .... 7 

10. ' Elementary theory of congruences . 7 

11. Roots of a congruence. Lagrange’s theorem that a congi'uence cannot 

have more roots than is expressed by its degree ; the modulus 
V being prime 8 

12. Linear congruences with one variable 10 

iSi Determination of a number having prescribed residues with respect 

to given moduli 12 

14. Greatest common measure of a set of numbers expressed as a linear 

function of them 13 

16. Simultaneous linear congruences ........ 13 

L'16. Fermat’s Theorem, with Euler’s extension of it . . . . . 15 

'^7. Wilson’s Theorem* . 16 

18. Residues of powers. Exponent to which a number appertains. New 

proof of Fermat’s Theorem 17 

19. Case of a prime modulus. Primitive roots ...... 18 

20. Method of finding primitive roots 19 

21. 22. Indices 21 

23. Residue of the product of the primitive roots of a prime ... 22 

24. Sum of the primitive roots of a prime. Congruence satisfied by 

the primitive roots 23 

25 — 29. Case of a composite modulus 26 

Authorities 30 



• • * 


C’ONTKNTS. 


Vlll 


CIIAPrER 11. 


AllT. 

:{i). 

81. 

:! 2 . 

;}8. 

:u. 

S."). 

8(i. 

37. 

3S. 

311. 

■ 10 . 

• 11 . 

12. 

13- 

111 . 

17. 


grADRATIC CONGUUFA'CKS. 

an. I non-n .=:i(Uu's. L. j'on.lio's symbol 
Qna.liiitic charact(‘r of a pro.lnct of resi(l»io«» 

Indices of (juadratic losidncs ami noii-icsiilucs odd and cn 

lively ...■•■•••• 

Solution'? of .r-“u (mod derived from those of ( 

Modulus a power of 2 . 

Numln-r of solutions of .r" . <i (mod ui) 

Statement of problems to be di>cussed 
Quadratic character of - 1 . 

(Quadratic character of 2 

Lej.'endre‘s Law of Reciprocity. Gauss’s third proof . 
Eisenstcin’.s geometrical h mma ..... 

Kxample ......... 

.lucobi’s extension of Legendre’s symbol 
-1.7. Gauss’s lirst proof by induction (after Dirichlet) 
Determination of \vhen 1> is given 

Solution of the congruence (mod p) by exclusion 

Authorities ........ 


cn respcc 


lU 


odp) 


PAOE 

32 

33 

34 
31 

35 
30 
30 
37 

37 

38 

41 

42 
42 
45 
50 
53 
55 


CIIAlTKll 111. 


lUNARY QUADRATIC FORMS; ANALYTICAL THEORY. 


1><. 

50. 

51. 

52. 

53. 

54. 

55. 
50. 

57. 

58. 
50. 
00 . 
01 . 
02 . 

03. 

04. 

05. 
00 . 
07. 


40. Algebraical forms ......... 

Repre.sentation of miiubers, primitive or derived .... 

Determinant of a cjuudnitie form. Definite and indefinite forms 

Roots of a form 

Primitive and derived forms. Principal form .... 

Transformation and equivalence ....... 

E'juivalent forms have the same determinant, but not conversely 
Distinction of proper and improper equivalence .... 

Composition of linear sub.stitutions ...... 

Application to quadratic forms . . . . . . 

Reduction of the problem of representation to that of equivalence 
Summary of results to be obtained. Classes. Reduced forms . 
Equivalent forms belong to the same order .... 

Opposite, adjacent, and ambiguous forms defined 
Reduced definite forms. Criteria of reduction .... 

The number of reduced forms is finite. Limits of the values of the 
coefliciont.s of a reduced form ....... 

Ecpiivalent pairs of reduced fonus ...... 

Set of representative reduced forms. Example .... 

Reduction of iudetinite forms. Gauss’s definition of a reduced form 


57 

58 
58 
CO 
GO 
Cl 
02 
02 

03 

04 

05 

06 

07 

08 
G9 

70 

71 

72 

73 


CONTENTS. 


IX 


ART. 

oi.. Construction of a complete set of reduced forms. Example 71 

69. Ever^' form is equivaleut to at least one reduced form ... 73 
70—73. Periods of equivalent reduced forms. Chain-fraction expansion 

of the root of a reduced form 76 

74. Associated forms and periods. A period which is its own associate 

contains two ambiguous forms ....... 79 

75. The case when (^1, —A') and ( — A, B, A') belong to the same 

Pei-iod ■ ... 80 

76. Notation for continued fractions. Eegular continued fractious . . 81 

77. 78. Auxiliary theorems on continued fractions ..... 81 

79. Two properly equivalent reduced forms belong to the same period . 84 

80. Algorithm for deciding whether two given forms are equivalent. 

Example 

81. Simplest representative forms 87 

82. 83. Automorphic substitutions 88 

84 — 87. The Pellian equation 90 

88, 89. Complete system of automorphs 95 

90. Representation of numbers resumed. Groups of representations ; 

maximum number of distinct groups ...... 97 

91. Examples 98 

92. 93. Improper equivalence 100 


CHAPTER IV. 

BINARY QUADRATIC FORMS; GEOMETRICAL THEORY. 

94 — 96. Elementary theorems on complex quantities .... 103 

97 — 100. Geometrical interpretation of the linear transformation of a 

complex variable. Arithmetical group of proper unitary sub- 
stitutions 105 

101. Critical points 110 

102. Equivalent points 110 

103. The fundamental triangle v Ill 

104 — 107. Reduced points Ill 

108, 109. Every point above the axis of x is equivalent to one and only one 

reduced point 115 

110. Group of equivalent triangles 116 

111. The same projected on to a hemisphere 117 

112. 113. Comparison with the analytical method of reducing definite 

forms. Elementary substitutions 117 

114. Indefinite forms. New criteria of reduction 119 

115 — 119. Critical forms. Periods of principal reduced forms . . 119 

120. Geometrical interpretation of the automorphs 123 

121 — 124. Method of nets 124 

125, 126. Extension to indefinite forms 126 

% 

Authorities . . . . ' 130 



X 


CONTKNTS. 


CHATTER V. 


GKXKUIC CMIAUACTKIIS OF 13IXAKV QUADRATICS. 

,vi;r. 

127. Evecy primitive form (<», h, c) of d».*t«rmina!it D, for wliich 
tlr (//, 2/>. (•|=«r. i^ capable of rtprcsetdiiig a number <Tn, where u is 


[•lime to • 132 

I2.*<. 12'.». Fart icuilar and total charactors of a <piadratic form . 133 

l.yo. Dirielilct's talde of a^'-ij'iiabb- characters ...... 135 

i;n, 132. Determination of the characters of a form by inspection 13G 

133. ICxjimpk'S ............ 137 

131. I’rmcipal f(»rm, class, and j'eniis defined ...... 138 

135. Proof that half the assignable characters arc impo.ssible . . - 138 

Aulhoritie.s ........... 139 


CHATTER VI. 

COMPOSITION OF FORMS, 


13b. liilinear transformation. Gauss’s nine eqnation.s .... 

137. Composition of two forms ......... 

13H, Determination of a form compounded of two given forms 

139. All forms compounded of /, /' in a prescribed manner are properly 

e«iuivalont 

110. lloduction of the general case to that in which each form is taken 

<lirectly 

Ml. Composition of classes. Duplication ....... 

112. Arndt’s method of compo'-ition ........ 

M3, M-1. Successive composition. Proof that the result of coinjiounding 

any number of forms is independent of the order in which they 

are taken 

115. Theorems relating to the composition of forms of the samo determinant 

Mb. Numbers of classes in the (lifTercut orders compared 

M7— 152. Lipsehitz’s application of tlic theory of transformation 

153. Number of improperly primitive classes ..... 

151. Composition of genera ......... 

155. Eucli genus of the same order contains the same number of classes 

150,157. Number of properly primitive ambiguous classes . 

158. Number of improperly primitive ambiguous classes 

159. Limit to the number of actually existing genera .... 

109. Gauss’s second proof of the law of reciprocity .... 

101 100. Periods of classes. Regular and irregular determinants. Ex 

ponents of irregularity . , * 

Authorities 


MO 

M2 

Ml 

110 

117 

1-18 

119 


152 

15G 

158 

159 
107 

170 

171 
171 
174 
170 
170 

178 

182 



CONTENTS. 



CHAPTER VII. 


CYCLOTO.MY. 


ART. 

1G7— 169. Properties of the roots of unity 

170. The C3’olotomic equation .Yp =:0 

171. Proof that Xp is irreducible .... 

172. Reduction of rational functions of the roots of to a normal form 

173. Outline of Gauss’s theory ..... 

174—177. Dednition and properties of the periods rji . 

178. Method of finding the equation of the periods 

179. Proof that the equation of the periods is Abelian 

180. Equation satisfied by the roots of the aggregate of which makes u 

a period 

181. The solution of A'p = 0 shewn to depend" upon a series of ausiliar 

equations, the degrees of which are the prime factors of (p - 1) 

182. Moduli for which the congruence Xp = 0 has all its roots rea 

Analogy with the algebraic tlieory 

183. Quadratic equation of the periods 

184. Kronecker’s evaluation of Gauss’s sums 

185 — 187. Dirichlet’s method .... 

* • # » 

188 — 190. Gauss’s original investigation ...... 

191. New proof of the law of reciprocity ..... 

192. Gauss’s generalisation of the law 

193 — 195. The identity 4X= 

196. Cubic equation of periods when p = 3/i + l 

197. Rummer’s discrimination of the roots 

198. Connexion of the theory of cyclotomy with other parts of the theory of 

numbers 

Authorities 


PAGE 

184 

186 

186 

189 

190 

191 

195 

196 

196 

198 

199 

200 
201 
205 
209 
212 

214 

215 
219 
223 

228 

229 


CHAPTER VIII. 


DETERMINATION OF THE NUMBER OF PROPERLY PRIMITIVE 

CLASSES FOR A GIVEN DETERMINANT. 


199. Principle of Gauss’s method 

200 — 205. Expression of the class-number in terms of the series 2- (D)n) 

206. Explicit value of h for a negative determinant .... 

207. The same for a positive determinant 

208. Note on an alternative method (Dirichlet’s) 

209. Eronecker’s formulas. Fundamental discriminants 

210. Trigonometrical solution of the Pcllian equation .... 


230 

231 

239 

247 

252 

252 

253 



CONTKN'rs. 


xii 


CHAPTER IX. 


APPMCATIOXS OP THE TIIEOKV 


OF QL’AnilATIC FORMS. 


AIlT. 


211, 212. Solution of the poncral Diopliantine equation of the pocoiul flcgree 
2l:i— 2Hi. iH-tennination of the factors of 
Authorities 


large nutnbers 


P.VGE 

257 

261 

270 


(’HAPTEH X. 


IHE DIsilUMUnoN OF PRIMES, 


217. 
2 lx. 
21!»- 
221 . 
225- 
22 '.»- 
2.12. 
255. 


Statfinent of the dilTeivnt aspects of the prohleiii 
.Meissel .s itiflliod of enuirieralion . 

•225. Tclu luchelfs asymptotic forimihe 
I’roof (»f Bi'i tiauil's postulate 

■ 22 H. Sylvester’s extension of TehrhiclielT s niethoil 

2;n. Poincare’s investigation 

Approximate formula- of Legendre and (iaiiss 
Account of Rieinann'.s im-inoir of lH.5*) 

Authoritie.s 

Kxatnple.s 


Inokx 


272 

273 
278 
286 
287 
2111 
300 
302 

314 

315 



COURIOENDA. 


I’.igf 31. The account of fnctor tnblcs iciiuircs amendment. Burckhnrdt’s 
ahles extend from 1 to d.O.'Hi.OOO; those of Da.se, continued hy RosonherK. compri.sc 
the sevouR,, e.Khtli, and n.nth millions; and the tables for the fourth, fifth, and 
filxth millions have been published by J. Glaishor. 


Pago 1 15, line 17, /or read 7 ^. 

Page 200. lino l,forx~-G, 12, Ureadx = ~.i, -6, - 11 . 
Page 255, last lino, for 2II (1 - H*) read tn (1 - H'). 


CHAPTER I. 



Divisibility of Numbers. Elementary Theory of 

Congruences. 


1 . The whole of arithmetic is based upon the conception of 
whole numbers, or integers, and upon the application to Jhem of 
e four fundanmntal proces.sc.s of addition, .subtraction, multi- 
pl ca ion, and division The direct operations of addition and 

distrS ^ “'«’«"tation, a.ssociation, and 

istribution, which are expressed by the formulae 

a + 6 = Z) + a 
« + (& + c) = (a + &) + c 

ab = ha 


d ,hc = ah . c 


d {h + c) =ah + ac 

be verified intuitively, as .soon as the conceptions 
^qubtd^ multiplying whole numbers have been correctly 


The inverse process of subtraction leads to the enlargement 
of the domain of arithmetic by the introduction of the idea of 
negative integers, and the establishing of the “rules of .sign.” 
Finally, the idea of division is generalized so as to give rise to the 
theory of rational fractions, positive and negative. 

Strictly speaking, the theory of numbers has nothing to do 
with negative, or fractional, or irrational quantities, as such. No 
theorem which cannot be expressed without reference to these 
notions 18 properly arithmetical : and no proof of an arithmetical 
theorem, or solution of an arithmetical problem, can be considered 
finally satisfactory if it intrinsically depends upon extraneous 
M. 
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analytical theories. At the same time a ^reat deal is gained in 
simplicitv and clearness of statement by the admission of negative 
integers, and the application of the algebraical rules of sign: so 
that in future the term “integer” or “ whole number” or simply 
“ number” (where there is no risk of ambiguity) will be used as 
e<pii valent to “ positive or negative whole number.” 


2. A number a is sai<l to be divisible by another number h 
when a third number q can be foiind such that a—qb: a is also 
s.aid to bo a multiple of h, and q is called the quotient of a b}^ b; 
linallv, b is said to be a divisor of o. 

If (/ is divisible by b, it is also divisible by —6. Namely 
qb = (— q){ — b) : so that if tr -^b = q, (t -i-{ — h) = — q. The divisoi-s 
b, — b, are not considered to be distinct. 

Ev('ry number a, which is different from +1 or —1, has at 
least two distinct divisois, namely 1 and a. If it has no divisoi's 
distinet from them it is called a prime number, or simply a prime: 
if otherwise, it is said to be composite. 

Two numbei*s are said to be prime to each other, or relative 
])rimes, when they have no common divisor excei)t +1 or — 1. 
For example, (20, 21), (— lo, 40). 

The product of two positive integers, each less than a given 
prime number p, cannot be divisible by p. 

For let a be jjositivc and less thai» p, and su])pose, if possible, 
that ah, uc, (id, etc. are divisible by p, where 6, c, d, etc. are all 
positive and less than p. There is only a finite number of 
integei*s which are positive and less than p: hence one of the num- 
bia-s h, c, d... must be less than any of the rest: let this be b. 
Evidently b > \ : otherwise a would be a multiple of p, and at the 
siiine time less than p. Now p being prime is not divisible by h : 
hence we may write p = mb + U where m, U arc positive integers 
and U <b. Since ah is a multiple of p so also is mob. Put 
m<ib = \py so that X is a positive integer. Then 

\p = miib = a . mb = a{p - U) 
whence aU = {a~-\)p: 

that Ls, aU is a multiple of jh But 6' < b: so that this contradicts 

the hypothesis, according to which h is the least positive integer 

such that ah is a multiple of p. The proposition is therefore 
true. 



UESOLUTTOX INTO rETiArE FACTORS. 3 

^ numbers not divisible by p t heir 

product IS not divisible by p. ■ ^ 

For we .nay always pnt a = Xp + a,b = pp + ,vho.o X, a.o 
te^eis, and a, ^ are integers positive and less than p. Hence 

cih = {\pp + -j- ^ot) + aj8 ; 

and if ah were divisible by p so also wonld be a/3, contrary to the 

pi oposition just proved. ^ 

prinfeTo ''''' >'« 

This IS proved by repeated application of Cor. 1. 


3 Every composite number can be resolved into prime factoivs, 
and this can be done in only one way. 

Let ^ be a positive composite number. Then since it is com- 
posite it has at least one positive divisor vi which is gi-oatoi' than 
1 and less than A. Suppose then that A = mvi'. If m and a.-e 
both primes, the resolution has already been offcctod : if not, the 
proce.ss may be repeated, viz. either m or m' or both may bo 
resolved into two factors, and so on. It is clear that eventually 
no further resolution will be possible, because if A could be re- 
solved into the product of an infinite number of integral factors, 
each gi-eater than 1, it would be infinitely great. Now applying 

the commutative law of multiplication, A is finally reduced to the 
form 


where ot, 6, c ... are different positive primes. 

It is clear that if two resolutions are possible the same prime 
factors must occur in both ; otherwise Cor. ^ of last article would 
be contradicted : so that the only admissible supposition is 

A = . , . = .. 

where a, 6, c... are different positive primes and the indices (a, a') 
(A ^ are supposed not to be identical. Let a> then 

a“”“' . h^c*. . . = J/cy. . . 

that is b^cy... is divisible by a, contrary to Cor. 2. Similarly if 
a' > a ; therefore a' = a, and 

h^cy.., = b^cy\.. 


A repetition of the argument gives 0 = = successively: 

so that the two resolutions are identical. 


1—2 
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It should he observed that any even number of the factors of 
A may have tlioir sign changed without altering the product: 
thus, for instance, 

r,0 = 2^ 3 , = (- 2)- . n . :> = 2^ (- 3) . (- :>) = etc. 

bill these resolutions are considered essentially the same, and this 
convention is undeistood in the statement of the theorem. 

Similarly any negative composite number may be reduced 
to the form { — 1 ) . . where o. h, c... are different positive 

primes, and all other resolutions of the number into prime factors 
are essentially ef|uivalent to this. 


4. If o. h, c... are all prime to h\ their product is also prime 

to /•. 

For no ])iimo factor contained in a or b or c... is contained in 
/.• : tlnueforo the ]U’oduet abc... contains no prime factor of /rand 
is consequently prime to /r. 


5. If o, b, c... arc prime to each other, and each divides k, 
then their product divides k. 

For if any power of a prime, say occurs in the product 
(fbc..., it must occur in one of the factoi's, in a, suj)pose: therefore 
/•, which is a midtiple of u, must have for a factor: and 

similarly for any other power of a prime contained in abc Hence 

/r is divisible by the product. 


6. If rt is prime to b, and a/r is divisible by b, then is a 
multiple of b. 

For ak is divisible by b, and also by a : hence, by Art. 5, ak is 
divisible by ab, that is, ^ or ^ is an integer. 


The function ^{n). 

7. Let n be any positive integer, and let denote the 

number of positive integers. 1 included, which are prime to n and 
not gi eater than n. 

By definition </>(!) = 1. Also if n is a prime number 

<f> («) = « — 1 . 

Next suppose n composite, and let;), q, r, s... be the different 
primes which divide 
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Consider the series of iutei^ers I 2 ‘A >, Or lU it 

1 ' n • 1 • » ^ O...//* \Ji tllChO the 

iollowmg are multiples oi' j> : 

P> '^p, Sp,.., - . 

{n/p ill all). ^ 

Write these down with the sign +. 

Similarly write down all the multiples of q, r.,... each with 
the sign +. 

In the same series there are ^ multiples of p,j. Write these 

all down with the sign - ; and do the same with all the multiples 
o pr, ps, qr . . . (taking all the products of p, q, r, s . . . two at a time) 

Next write down all the multiples of the ternary products 
pqr, pqs..., each with the sign +, and so on: until at last wo 
come to the multiples of pqrs... with the sign k being the 

number of different primes. 

Now take any number 6 which is not greater than n and 
not prime to it. It will involve in its composition a certain 
number (X say) of the different primes q, r.... How many 
times will it occur among the multiples already written down ? 
Evidently (taking its appearances in the order of the groups) 

\ times with the sign +, then — times with the sign — , then 

X(\-l)(\_2) . ,, , 

times with the sign +, and so on. 

If then we take the algebraic sum of all the groups, wo have 0 
occurring with a coefficient 

X(X-l ) (X-2) _ 

21 ^ 31 . • . — 1 — (1 — 1 )^ — 1 . 

Thus the algebraic sum in question is the sum of all positive 
integers not gi’eater than n and not prime to it. Now the 
nwnber of these integers is equal to the excess of the number 
of positive terms in the whole sum, as originally written, above the 
number of negative terms : that is, it is 

\p q r J \pq pr qr J 

1 


n 


4 - 


1 1 

H }" ••• — . . . 


pqr 2^qf>' 
... + (- 1 )*-^ 


Subtracting this from n, we have finally 


j)qrs 
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(\)ruUin'ij \. 
CoroUd)'}/ 2. 


4,(jr)=jr - i) =;)“-> (p - 1). 

If f)i is piinie to ni\ 

<f) (dl7)l ) ~ (f) ( ill) . (j>{ 7tt). 


For lot j>. <[, ])(‘ the ditVoivnt priinos which divide and 

p y *fy 7' ... tliose which diviiU* m'. Then 



= (f) (iiint ') : 

olrservin^r that- none of the i)rinu's p, r,.. can be found in tlie 
set. p', (/, r ... . 


It is not ditiicnit to ])iove Corollaries 1 and 2 independently, 
and tlience to deduce the main proposition. This is the method 
adopted by Gauss {Disquiaitionen Aiithmeticw^ Art. 38). 


8. It d, d, d ... are all the divisoi's of n (1 and n inclusive) 
then 

(d) + </) (d ) -f ^ (d”) 4- ... = n. 

Resolve n into its juime factors, so that n =a*^U^c'^ 

Then any divisor of n is of the form - 

« h^c\.. (a<t\ 0. etc.) 

so that 


:£(/) (d) = . .) = (a*) . {y-) . 0 (C-). . . 

= il + <f> (a) + <l> (a-) + ... + <j) (««)) 

X U +</.(6) + <;.(6-')+... +</,(i^)) 

X [1 4- (c) + (c“) + ... + <f> (cv)] X ... 

= 11 +(a- 1) +«(a -1)+ ... + «“-■ (a - 1)} 

X ll+(f.-l) + 6(Z,_l) + ... + i^-.(;,_l)] X... 
= a' .b» .cy... = II. 


(For another proof, see Gau.ss, £>. A. ilj-t. 39.) 


LEAST UESIDUES. 
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Congruences. 

9. If the dirtbrcuce of two integers h ;uk1 c is divisible by w, 
h and c arc said to be congruent (or congruous) with respect to tlic 
modulus niy and this is expressed in writing by 

h~c (mod m). 

This is clearly the same thing as c~h (mod m). Each of the 
numbei-s h, c is said to be a residue (mod ni) of the other. With 
respect to a given modulus, every number h has an infinite 
number of residues which are included in the expression b + 

\ being any integer. 

In all that follows the modulus is supposed to be positive. 

Any number is congruent (mod m) to one, and one only, of the 
numbers 0, 1, 2 (?n — 1) : or again to one, and one only, of the 

seiies 0, —1, — 2 ,... — (j/j — i). These may bo called a complete 
series of least residues, positive and negative respectively. 

For a given number there will, generally speaking, be one and 


VI 
2 ■ 


this is called the 


only one residue numerically less than 
absolutely least residue of the number. If ni is even there will be 
a possible residue — , which is equivalent to — ^ : the complete 
system of absolutely least residues may be taken to be 


0 , + 1 , + 2 . . . + 


m — 2 


VI 


2 ^ 2 ■ 

while if m is odd, the absolutely least residues are given by 

0 , + 1 , ± 2 ...±^^^. 


10 . The following propositions arc fundamental in the theory 
of congruences : most of them are so obvious as not to require a 
formal proof. 

I. If a = 6 (mod m), and a = c (mod vi), 
then 6 = c (mod m). 

11. If a = a', 6 = U, c = c\ etc. (mod in), 

then a±b±c±... = a ±b' ±c'± ... (mod m). 

III. If a = a' (mod m), 
then ka = ha! (mod m). 
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DIVISIBILITY OF NUMBEBS. 


. It ft _ a ;uid 1) — }/ (iiifKl ///). 

oh = ah‘ (mod m). 

For by III. ah = a'h = ah’. 

V. It a r a, h -h\ c = c\ C'U’. (mod m), 

Ibon ahc ... = u'h'c ... (mod /n). 

Proved by repeated a])plicatioii of IV. 

Hence it (( 3 a (mod /«), 

= a'^ ( mod /n), 

k being a i>ositi\e integer. 

Iinall\, it a = o , b^h, C3c,...(inod di) and <f> denote a 
rational integral function, 

4> (<f, h, c...) z 0 {(t , h', c, ...) (mod in). 

All the above propositions arc precisely analogou.s to the 
< oiTespr,iidmg theorems for ordinary efpiations: but there is one 
c^ise not yet considere.l where the analogy ceases to hold good. 
Namely from the e.piation ka = ha’ we inflT that, if h is neither 
zero nor infinite, a = a’: but from tbe congruence ha ^ ha' (mod m) 
^yv- caunf>t infer that u - u' (mod m) nnle.s.s h is prime to m. The 
legitimate inference is contained in the following theorem. 

VI. It ha = hh (mod iit\ 

a = h (mod mid), 

whei-e d is tlie greatest common measure of A* and m. 

b or suppo.se k = h'd, ni = md, where k’ is prime to vi. Then 

^ ^ ~ “ h)lmd = h’ {a — b)lm’ : and since k’ i.s prime 

to tn a ~ h mmst be a multiple of that i.s, a = h {mod m'), or, 
wliicli i.s the s;ime tiling, a = h (mod vi/d). 

11. C(jnsi<ler the congruence 

-f +... + / = 0 (mod m), 

where a b, c...l are given numbei's and a- is undetermined. Any 

integral value of ./• whicli satisfies the congruence may be called a 
root of tlu^ congruence. 

The coefficients u. h, c...l may be replaced by any other co- 
clhcient-s which are congruent to them, and in particular by their 
e.ist icsidues, without affecting the meaning of the congruence. 

If f IS any value of .c wliich satisfies the congruence, any one 
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ROOTS OR A 


<’ONOKUKN(’i:. 


Of its residues {mod m) will also sat isfy it. It is couvenieut In say 

that oac> solution is given by .r = f (mod nt\ or that the congruence 
has one root a- = f (mod m). 

If ^ is a prime, the congruence 


/(a) = rta’‘ + 6a'-* + ..,+/ = 0 (mod ^>) 
cannot have more than n incongruent roots. 

For if a be any numerical (|uantity whatever, 

/(a) = (a - a)/, (a) + /(a) 

identically : fi{x) being a polynomial of degree {n — 1). 
Now suppose a an integer such that 


/(a) = 0 (mod p). 

Then /(a) = (a — a)f^ (a) (mod jy), 

independently of a. 

Let /3 be another root of the congruence : then putting a = ( 3 ^ 
we get 

“ «)/i (^) =/(^) = 0 (mod p), 
and therefore, since ^ is supposed incongruent to a, 

/i (^) = 0 (mod ^j). 

It follows as before that a polynomial f. (a) can be found, such 
that 


/i (a) = (a - ^)f., (a) (mod 

independently of a: and so on. If then the congruence has n in- 
congruent roots a, / 3 , 7.. A, 


/(a) H a (a - a) (a - (a 

independently of a: i.e. this is an “ idefitaej^j§*iaEf>* 4 «s^^^ " 

congruence. 


Now let 0 be any integer not congruent to any of the numbers 
a, ^,7...X: theny(^) = a (^ — a) (^ — y3) ... (^ — X) (inod^?). None of 
the factors on the right is a multiple of jy ' therefore, since p is 
prime, their product is prime to p : consequently f( 0 ) is prime 
top, and f(x) = 0 cannot have any roots distinct from a, yS, 7. 

Observe that it is not proved that the congruence actually has 
n roots : in fact, this will not generally be the case. 

If a congruence of the nth degree is satisfied by more than n 
incongruent values of the variable, it must be an identical con- 
gruence : the modulus being supposed prime, as above. 
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Linear Congruences. 


12. Evory linoar coiigrucuco with one unknown quantity can 
hr leducod to the form 

a.r = 1) (nnxl m). 

Sujipnse in the first place that a is prime to m. Then if the 
numbers 0. 1, 1) are eacli multi])lied by a, the resulting 

priKliicts are all iueougruout (mod »i). For if two of them were 
congruent, say ae = af. then a {e —/) = 0; whence e — /’= 0, since a 
is jn ime to )n : but this cannot be, because e — /* is less than and 
different from zero. Hence the least ])ositive residues of the pro- 
ducts will be the numbers 0, 1, 2...(;u — 1), ofcoui'sc in a different 
order. For example, suppose m= 12, u = 5 : then when 

a = 0. 1, 2, .‘b 4, 5, {). 7, S, 0, 10, 11 
= 10, 8, 8. 1, G, 11. 4. !). 2, 7. 

Since the products form a complete system of residues, one and 
only one of them is congruent to b, hence the congrtiencc ax = b 
has one and oidy one root. 

For instance, to solve a.r -|- 1 1 = 2 (mod 12). 

Ibis gives a.r — 9 = : und the preceding table shews that 

the .solution of this is .r = 8 (mod 12). 

W hen the modulus is large, this method becomes laborious, and 
it is necess;iry t(j find a more convenient practical method. 

In the fir.st place, the solution of a:c = b may be deduced from 

that of (u: = ± 1. Namely it.r = f be the solution of the latter, 
then X = 4 is the solution of the former. 

Now the congruence ax = + 1 (mod ni) is c(juivalcnt to the 
imleteiminate etjuation ax — tny— + 1 : and this can always be 
.solved by reducing ntja to a continued fraction : namely, if pjq be 
the convergent immediately preceding nija, up — mq = + 1 : so that 

the sohition of aa- = + 1 is x = ± p (where, of course, the signs do 
not necessai ily correspond). 

For example, to solve BGSa; = 11 (mod 1887) the work may be 
arranged as follows : 

a 3G5 1887 .t • 


7 

6 


oo 

G 


62 

7 

1 


1 

1 


LIN KA R C’ONCJ R U KXCIvS. 



The successive partial quotients bointr 

5, 5, 1, 7, 1, 6, 

the numerators ot the convergents arc 

5 2G 31 2-13 274 18X7. 

Since 274 comes in an odd place 

365 . 274 = - 1 (mod 1887) 

and therefore the solution of the proposed congruence is 

a; = - 11 . 274 =-3014 


= 760 (mod 1887). 

Next suppose that a is not prime to m: and let d be the 
greatest common divisor of and a. Then in order that the 
congruence may be possible, b must be a multiple of d: so that 
the given congruence is equivalent to 



This may be solved as already explained: and supposing that 

the solution is given by ^ = f (mod in/d), the original congruence 
has d roots 




km 

d 


(mod m). 


(k=0, 1, 2...(fZ-l)). 

In the case of a composite modulus, it is sometimes convenient 
to proceed as follows. 

Let the modulus m = pq, and the proposed congruence 

ax=h (mod m), 

where a may be supposed prime to m, and therefore to p and q. 

Let the solution oiax=h (mod p) be a; = f (mod p). Substitute 
^-\-yp for X in the given congruence : thus of + ayp = b (mod p^), 
or oyp = 6 - of (mod ;;g). Now 6 - of is a multiple of p,==b'p 
say : therefore ay = ¥ (mod q). Suppose the solution of this is 
y = 7? (mod q): then that of the original congi’uence is x — 

(mod m). 

By repeated application of this process the solution of a 
congruence with a composite modulus may be made to depend on 
the solution of a set of congruences each with a prime modulus. 

For example, consider the congruence already solved, 

365a; = 11 (mod 1887). 
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Here 1JS.S7 = . ] 7 . :17 : und .starting with HOou; =* 11 (mod 37), 

which reduces to - .5.r e: 1 1 (mod 37), we find 

11+2.37 

:c = _ 1 7 (mod 37 ). 

Put x= 37//— 17 ; then 

37.3(>:)_y= 17.3(>o + 11 EE G216(mod 1887), 
3Goy EE 1 08 (mod ol) 

" 8y EE 1.-) (mod 

.!/ ^ 0 (mod 3) or y = Sz s;iy, 

" 8^ = 5 (mod 17), 

z~7 (mod 17), 

:uid thence succe.'ssi\ oly // = 21 (mod ol). 

•r = 37 . 21 — 1 7 (mod 1887) 

= 7G0 (mod 1887). 

13. A good illustration of the preceding methods is afforded 
by tile problem of fin<Iing u number having given residues 

with re.spect to the given moduli m,, 

Let p, ry, be the different primes whicli are factors of one 
or more of the moduli, and let 

tn = y>“/y®r>... 

be the least common multiple of /«,, 

'Ihtti 7^” IS a (actor of one modid.is at least, and no hiyhcr 
l)owcr of p diviilcs any other modulns. 

Snppose m.- 0 (modp«): then the rc,,nired number (a) must 

- «. (mod p«). and if any other modulus ai,. contain a factor «» it 
IS necessary that = «,■ (mod y>“ ). ’ 

Similarly if ry3, , are contained in my, m^.... 

X = uj (mud ff), = a^. (mod /■>), etc. 

with a set of conditions similar to that above written, in order 
that the given congruences may be consistent. 

Now let fi, fj. ft... be numbers such that 

^ ■ f. = 1 (mod p-), 


and 


so on : 


= 1 (mod ,f), 

then a suitable value for .c will be 




4 
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STIIULTANKOITS lilNKAlJ r(’>N(;KtTKxri*'S. 


For it is clear that 

_ 

. o,f. (nuxl p^) 

= Oi (mod 

aud similarly 

If tins value of .r be called a,, all the admissible values of .r aiv 

given by .r=« (mod m). 

14 Let A, B, G... be any inteo;ers, and let M be tlieii- 

sc:r;:tr«.r 

aA+BB + yC+...=M. 

A jVf ^ ■'"■I B. .0 Hut 

-r./x) I . namely by solving the congruence A'v=-\ 7 r\ 

which can always be done, because A' is prime to ~ ^ 

Hence xA + yB = M,{xA' + yB') = M , . 

Now let M. be the greatest common divisor of M anrl r- ti 
we can find integers a', y' such that ' ^ 

il/o = a;' Mi + yV = x'xA + x'yB + y'C. 

so tb!t twi! gi-eatest common divisor of ^ B 0- 

FntegLs »«™bcr of 

volWng ii^uTntinV'aLitLs in- 

+ . . . + = r, (mod ^ 

Vi + 62^:2 + ... + hnWn = n (mod m^) 

Aar, + ;^, + . . . + 

Let m be the least common multiple of w, to m • tho ax, 

given set of congruences may be ren^^aced W 
(cf. Art. 10), ^ epiacecl by the equivalent set 

7)Z 

Wb "P TO, +••• -b ^ n (modTO), 

nh ■P TOj ■b ••• + ^ ^nar„ =~r^ (mod to), ete.; 

r slT f^r ^1 1 cl~ -PP°-d to 
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divisibility of NFMBKPxS. 


(i). 


Tho ]>rinciplc of the following solntion is to substitute for the 
jrivon coiignu’iiccs an e<iiiivalent sut involving respuct.ively », 

(;, _1), (// — 2),...2, 1 of the unknown ([uantities. 

The two linear congruences = 0, v = 0 are equivalent to = 0 
and n~-kv = 0, pro\ided /r is an integer prime to the modulus: 
viz. from tho congi viences last written wo infer successively kv = 0 , 
and thence v = 0, since k is prime to m. 

For simplicity take three variables .r, y, z, and suppose the 
congruences to be 

ax + hy 4 - =d 
a'x +//y +CC -(V (mod m) 
a\r + iry + c' s fZ" 

Assume, also, for the present, that the coetlicients a. a', ft" have 
no common divisor except 1. '^i'hen it is ])ossible to find integeis 
p, 7 , y J^o that pa + *pi + = 1 . 

Multi])ly the congruences (i) in order by p, 7 , r respecti\el} 
and add : thus 

a: + {ph + 7 // + rU') y + ( />C + qc + rc’) z " pd + qd’ + rd" . - . (ii)- 

Now one at least of the integers p, q, r must be prime to m: 
supjiose p is so: then if the Hrst of the congruences (i) is replaced 
by (ii), we get a now set of three eipuvalent to those given. 
Eliminate .r from the tii-st and second, and from the first and 
third of the new set: thus the original set is re])laced by three 
e<piivalent congruences of which the fii'st is (ii), while the othei's 
are of t he form 

ey+fz^f/. 

The process may now be repeated : and it is clear that the 
reasoning is cjuitc general, and that wc get finally a set of 
equivalent congruences of the character stated above. 

Now solve the last congruence, which contains only one 
variable : substitute in the hist but one, and solve for the 
unknown variable, and so on. 


For example take the following, given by Gauss: — 

(1) 3x + 5p + 2 = 4, 

(2) 2x 4- Sy + 2z = 7 (mod 12), 

(3) 4- 2/ + 82 H G. 
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Subtracting the second congruence from the first, 

(4) .r + 2// — c H — 8. 

inatin^ <1 from (4). (2) aiul (8), (2) respecl.ively, 

(5) _ 

(C) -9^ + 8-- 0. 

Combining (5) and (G), 

8^ H 0. 

Thus the original set is rcplacetl by 

a; + 2?/ — ^ = — 8 
— y -\-4;z= 1 

8^ ~ 0. 

The last of these gives 

z= 0, 3, (), 9 (mod 12): 
and hence correspondingly 

y=ll. 11, 11, 11, 
a: = 11, 2, 5, S. 

If the coefficients a, a\ a" have 6 for their greatest common 
measure we can find integei’s p, q, r so that pa + qa + ra" = 0, and 
the argument proceeds as before, except that instead of (ii) we 
have a congruence 

6x + (pb + qh' + rh") y ( pc qc' + rc") z = pd + qd' 4- rd'\ 

and, as before, x may be legitimately eliminated from this and two 
of the three given congruences. The same thing may occur at 
any stage of the process. 

Of course in the application of this method we may arrive at 
an insoluble congi’uence : namely, one in which the coefficients of 
the variables are all divisible by a factor of m which is not 
contained in the absolute term : the given system is then 
insoluble. 

Fermafs Theorem. 

16 . If p is a priiney and a any integer iwime to p, then 
= 1 (mod p). 

The numbers a, 2a, 3a,...(p — l)a are all incongruent to 
each other (mod p ) : theii- least positive residues are therefore 
1, 2, 3...(^ —1) in a certain order: consequently 

a. 2a.3a...(p — 1) a = 1 . 2 . 3...(^ — 1) (mod p). 

Dividing both sides by {p — 1) !, which is prime to p, we get 

1 = \ (mod p). 



Wilson’s theorem. 



Tliis very important, and beantifnl theorem may be gonei-alizcd, 
so as to include the ease of a composite modulus. The moroW 
f'cneral statement of the theorem is a.s follows: — 

Iff/ is any integer prime to m, then = 1 (mod m). 

The jiroof is exactly similar to that of the original theorem. 
Nann ly, if a, are the <}>(m) numbei's which are less than 

in and ])rime to it, the products f/a, a0, ay..MX are all prime to m : 
moreover no two of them are congruent (mod in): for instance 
aa - f//3 would give f/ (a-^)= 0, and thence a-0, which is absurd, 
since a, 13 are both less than 7/i. Hence, as above, the products 
f/cr, f//3,... are cfuigruent to a, 0, y...\ in a different order: and 


t hcrefore 


aa . f//S . U7 . . . =: a^y ... X. 

Dividing by fx^y...\ which is prime to ///, we obtain 


— \ (niod in ), 


irt7.90?/.9 Theorem. 

17. Returning to the case of a prime modulus, it will be seen 
that Fermat’s Tlieorem is CMpiivalent to the statement that the 
congruence — 1= 0 (mod ;>) has exactly (/)— 1) incongruent 
roots, viz. .r = 1, 2, ... (^)- 1) respectively; hence, by Art. 11, the 
congruence 

_ 1 = (.r — 1) (.^' — 2) ... (.r- /) + 1) (mod p) 

is an identical congruence. Putting a* = 0, we infer that when 
p is an uneven prime 

— l=(y) — 1)! (mod p). 

This remarkable result is known as Wilson’s Theorem. It 
should be observed that tlie congnience hist written is true only 
when p is a prime : for if p i.s composite, {p — 1) I must involve one 
at least of the prime factors of p, and therefore cannot = — 1 
(mod p). 

An independent proof of Wilson’s Theorem may be given. 
Let a be any number less than ji and positive : then the con- 
gruence = 1 (mod p) can be satisfied by one and only one value 
of X which is positive and less than j>' ^^t this be a', so that 

aa* H 1 (mod p). Generally speaking, a! is distinct from a: for the 
congnience = 1 (mod p), or (a — l)(a + l) = 0 (mod jj), gives 
a = l or (/> — 1). Hence the numbci*s 2, 3, 4...(j7 — 2) can be 


RE.^TDlTEft POWERS. 

distributed into pairs („. a') (b. h')... such that aa ^ i 

: ■ i It follows that « ^ b, which is impossible, since a /, 

aie both positive and less than p. ’ 

Hence the product 

2.3.4...(p-2) = (rtrt') (bb'y.. 

= 1 (mod 

Multiplying by - 1. we have 

0^ “ 1) 1 = — 1 = — 1 (mod p). 


Residues of Potvers. Indices. 

18 . Let a be any number prime to the modulus M. Consider 

the series of numbers 

1, a, a\ a? 

composed of the successive powers of a. These are all prime to vi : 

therefore their least positive residues are included in the .series 

1, 2, 3 .. (m - 1). Since there are m numbers altogether, at least 

two of them must be congruent to each other ; suppose a'^ = 

where ^ > n. Then a— ' s 1 or a' s 1 say, where t is positive and 
less than m. 


Suppose / IS the least positive exponent for which o/s 1 

(mod m) ; then / is said to be the exponent to which a appertains 
(mod m). ' 

The numbers 1, a, are all incongruent. For if any 

two of them were congruent, say = a? where both p and q are 
less than /, it would follow that = 1 where ^ ~ ^ is a positive 
integer less than/: this contradicts the definition of/ 

Hence in the series 

1, a, a^, a®, ... ad inf 

the residues of the successive terms recur periodically, there being 
/ residues in each period : and, generally, a* = a* (mod m) ii h~k 
(mody), and conversely. 

For instance, suppose the least positive residue of o'"* (mod 31) 
be required. We have 6® = 125 = 1 (mod 31) : and since 1000 = 1 
(mod 3), = 5 (mod 31). 

It has already been proved that = \ (mod m): hence 

<f>(m)= 0 (mod/), that is, the exponent to which a appertilAjs is a 
divisor of ^ (m). 

M. 
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This iinportuut result may be proved independently. It is 
flcai- in tlu“ first place that /” cannot exceed because there 

ar<“ only (j>{m) nuinbei>> less tliaii Jn and prime to it, and the 
nmnbers 1. o, o- . . . o '’"*, are all incongruent and prime to in. If 
/ is less than there will be at lea.st one number b less 

than ill aiul ])riine to it, and not congruent to any of the numbers 
1, (/. ... Consider the series 

b, b(i, ba-, . . . ba-^~\ 


These are all incongruent (mod m) : moreover none of them 
can hr congi in nt to any of the former series. For if 6«^ = «^thcn 
b — or according as /r is greater or less than h': in 

each case, h is congruent to one of the first series, contrary to 
hv])othesis. If all the numbers less than tn and prime to it are 
Congruent to some or other of the 2/’ numbers thus obtained, then 
2/'= <f> (m) : if not, let c be one of those that remain, and form the 
srries c, ca, C(i‘, ... c«^“‘ ; these arc all incongruent to each other 
anil to the first series. 'J'hey are also incongruent to all of the 
second .series : for if ca* = 6a*‘, c = or = according jxs k 

is greater or less than h : in either case c is congruent to a number 
behuiging to the second system, and tliis is contrary to hyj)othesis. 

If the least |)ositive residues of the numbei's now obtained 
do not exhaust all the ^(/n) numbei's less than m and prime to it, 
take d, one of those that remain, and form the least positive 
residues of d, da, da-, ... da^~' ; and so on. It is clear that in this 
way the complete set of <f>(in) residues must at last be exhausted, 
and since we get additional residues in sets ofy* at a time, </> (»0 
must be a multiple ofy' 

Fermat’s Theorem maybe immediately deduced from this: for, 
putting <^{)n) = ej\ 

((i/y ~V=i (mod m). 


19. Suppose now that the modulus is a prime number 2>- It 
has been proved that the exponent /' to which any number apper- 
tains (mod p) is a divi.sor of (p — 1). The cpiestion arises : having 
given d any divisor of {p — 1), are there any numbei's to which the 
exponent d belongs, and if so, how many such numbers are there ? 

Let i/r {d) denote the number of integers, positive and less than 
j>» to which the exponent d .appertains. Suppose there is at 
least one such integer, a. Then all the numbers a, a''*, a’ ... a'* ai'e 
incbngruent (mod p) and they arc all roots of the congruence 



prtmittvr root«. 
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roots. Now if we take o* .vl,.,../ ^ "'‘'^■‘ffrnent 


roots. Now if we tal-^ T ^ mcongrnent 

suppose.-wehavo(;r;,^ = („r)SjVVr^^^ a factor of r/,-5 
consequently d is not tt.r. ' exponent d/S<d: 

the other hL.d if “1 O" 

/- 0 (nZ V sL: / "'hence 

value of / is therefn-e J ^^“^allest admissible 

haf no/ appertaining to the exponent d: but as t 

= 0. Br “ ~ ‘“‘ts <?r 

^(d) + ^lr(d') + ^(d") + ...=^p-l, 

a"r::d/bet"p;ov:r/ha: ^ 

<(> (d) + 4, (d') + ^ (d") + . . . =p_i, 

^ -"’'"ays bo equal to 

thnt\ ® ^ numbers positive and less 

than p which appertain to the exponent d. 

tain to th/e/prnel^/(nl7)'^^Thli^^ such numbers which apper- 
roots of p. ^ ^ numbers are called primitive 


20. On account of the great importance of primitive roots it 

fou?d'''’^Wh Pr^ticable method by which they may ’be 

found. When one has been discovered, the others may be foLd 

oo?tZ V" >1°? ^ ^ P--'tive 

root then the whole system of primitive roots consists of the least 

positive residues of g, ^ ,,here 1, a, /3,...X are the 

<P(p-l) numbers less than (p - 1) and prime to it. 

tr, following method, which is due to Gau.ss 

K u succession of integers appertaining to 

higher and higher exponents ; it is clear that if this can be done a 
primitive root must at last be obtained. 

. Take any number prime to p (in practice 2 is the most con- 
venient, as being the smallest) : let this be a, and form the period 
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of least positive residues of its powers^ If there are (p — 1) terras 
in the })eriod, a is a primitive root. If not, suppose there are f 
t< rms in the period. Take any other number b not congiaient to 
any power of a, and calculate its period. Suppose there are cf 
terms in this period, where p < p — 1: (otherwise 6 is a primitive 
r(»ot, and we need not continue). There are two cases to consider : 
(‘ither g is, or is not a multiple of /. Take the latter case firet, 
and let //< be the least common multiple iti'f and g. Then we may 
always put m =f'g\ where f \ <j are prime to each other, and such 
that f is a divisor of/, and g a divisor of g. For let bo a prime 
divisor of and the highest ])ower of q contained in in. Then 
< 1 ^ must divide one or both of f and g\ if it divides /but not g, 
take it as a lactor of /': if it divides g but not /, take it as a factor 
of /: if itr divides both / and g, take it as a factor of / or g (it 
does not matter which): and similarly for any other power of a 
prime contained in m. 


Then evidently appertains to the exponent /' and to 
the exponent /: and therefore a/^ . appertains to the exponent 
fg\ that is, m. For suppose \ to be the exponent to which 
.h^'^ appertains: then —.X (mod p)\ this requires 

that X = 0 (mod /') and X = 0 (mod g), and since f is prime to g 
it follows that X=0 (mod //), so that the smallest admissible 
value of X is /'Z or m. 

Secondly, g may be a midtiple of / Then g>f> so that in 
this case, as in the other, we have succeeded in finding a number 
appertaining to a higher exponent than that to which a 
appertains. 


The process may be continued, and since we get a higher 
(‘xponent every time, we must at last arrive at a primitive root. 

For example, to find a primitive root of 97. 

Forming the period of the powci's of 2, the least positive 


residues aie 

2 

4 

8 

16 

32 

64 

31 

62 

27 

54 

11 

22 

44 

88 

79 

61 

25 

50 

3 

6 

12 

24 

48 

96 

95 

93 

89 

81 

65 

33 

G6 

35 

70 

43 

86 

75 

53 

9 

18 

36 

72 

47 

94 

91 

85 

/ = 

73 

48. 

49 

1 




* Of courKo, in doing this, mnitiplos of p are rojectod whenever an opportunity 
occurs. 
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(Observe that since 9G = - 1 (» 7 \ fi 

.~id.,e!, “T’ld «“ 

Again suppose p = 73 (Gauss’s example). 

Let a = 2 : the series of power-residues is 

2 4 8 IG 32 64 55 37 1 

••• /=9. 

Put 5 = 3 : the power-residues are 

3 9 27 8 24 72 70 64 46 65 49 1 

••• ff = 12 . 

Thus m = 36, f = 9, / = 4, 

a'/f. i?/!? =2. 3»= 54, 
so that 54 appertains to the exponent 36. 

Forming its period, and taking the number 5, not contained in 
It, this IS found to be a primitive root. 

21. Suppose that </ is a. primitive root of jo ; then since 
the least positive residues of 1, g, gK..gv~^ are the numbers 

1 , z, 6..\p - 1) in a certain order, any number a which is prime 
to p must be congi-uent (mod p) to some power of g. If o- s a 
(mod p), a IS called t/ie index of a to the base g, and may be 
enoted by ind^a. Evidently, to a given base, a has an infinite 
numb^er of indices all congruent (mod^^): these are not 
considered to be distinct. It is sometimes convenient to consider 
the least positive value of a as the index of a (to the base q) par 
excellence. ^ ^ 

These indices possess properties analogous to those of loga- 
rithms : it is obvious from the definition that 

ind {ah) = ind a + ind h 
ind = m ind a 


a 


ind ^ = ind a — ind b 
ind 1 = 0 


(mod p — 1), 


the indices in each congiuence being supposed to refer to the 
same base. 


ruoJ:)UCT ok primitive roots. 



It should bo iioticod that the index of any number depends 
upon tlm particular primitive root which is taken for a base. 
Sup[)Ose that fj, h are diti'orent primitive routs of and let 
ind^/i = \ so that It i:^^(mod j )) : then if m is any number prime 
to j), and y. its index to base h, m i: (mod y>) : so that 

indy /// ^ : iml,^ A . imb //i (mod p — ly In particular, putting 

Hi = (j, ind,, A . ind/, p = 1 (iiKjd y> — 1). 


A eompK te table ot indices may be used to obtain the solution 
ot the binomial congruence u./ " = A (mod y>) : namely this gives 

in<l n + » . ind ./■ “ ind A (mod y> — 1), a linear congruence to find 
ind./-; ind and ind A being given by the table. Then ind it 
being kn<jwn, anotlu r refeicnce to the table gives .r. 

d’his method is of no direct theoretical interest, because a 
coinpK'te table ol indices in fact contains a record of all the 
solutions ol .e'* n ( iikkI p) ; so that we are really only looking 
out a result already obtained by trial. The result, however, is 
valuable, indirectly, in connection with the further theory of 
binomial and other congruences. 


22. Let f be the exponent to which a aj>pertains: then 
~ I - (mod p), <j denoting (as usual) a })rimitivc root of 

k 

p. Hence /. ind a = 0 (mod p —\) \ so that ind a ~ (p — 1), 

where k is some integer. Now k is always 2 >rime to fi for if 

/. 

not, suj>pose k=^mk',f=mf, then (yj — 1) = ^ (y> — 1), and hence 

*/ J 

= 1 (mod p), where /' < J': but this is impossible, since 
f is the ex])onont to which a appertains. 


Hence whatever 2 >rimitive root <j may be, (y>— 1)// is Hie 
greatest common measure of (y) — 1) and indy a. 

Convei-sely if ni is the greatest common measure of (yj— 1) and 
ind a, (p— l)/»i is the exponent to which a appertains. 


23. If p is a prime number greater than 3, the product of all 
the primitive roots of y> = 1 (mod p). 

For the primitive roots are congiment (mod p) to 
where 1, a, are the numbei's less than (p— 1) and prime 

to it. If k is less than (p — 1) and prime to it, so also is 
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~ bo di«tnb..l.o.a inl„ 

coupler such us g\ gP-^-t , ^ j , 

and theroforo the product of all tlio primitive roots = l\mod p). 

The onl 3 ' exception occurs when /r = p _ 1 _ or /.• = a _ j\ 

and IS at the same time prime to (p - 1) ; but this can oiiVoccur 
when H jJ - 1) = 1, that is when p = .3. 

24. S«ppo,sep- 1 =a»6^cr...^, where a, b, c...l arc ditfereut 

number which appertains to the exponent 


1+ + ... + = 0 (mod p). 


Also 


1 “ 


(mod 2 )). 


Now the sum of all the numbers, positive and less than p, 
which appertain to the exponent a“ is congruent (mod j)) to 

(1 + A + A^+...H-A«“-0-(1h-A“ + + 

and is therefore a multiple of p. 

It is here supposed that a > 1. If a = 1, the sura in question 
is congruent to 

A +A=+ + = (mod p). 

Thus the sum of all the numbers, positive and loss than 
which appertain to the exponent a“ is congruent to 0 or — 1 
(mod p) according as a > 1 or a = 1. 

For the sake of brevity write <f>(a^) = a', <p(b^) = b',...<l>(l^) = I': 

let AyA^.-.Aa' be the a numbers which appertain to the exponent 
a“, and so on. Then any number of the form 

ABC...L 

will appertain to the exponent a^b^cy...l^, that is, to (^-1): it is 
therefore congruent to a primitive root of ]}. If we expand the 
product 

(Ai-\- AsA ... + Aa')(-Bi + 5o+ ... -h +X 3 + ... + Z;), 

we get a sum consisting of <^(^ — 1) terms, each of which is 
congruent to a primitive root of p. No two of these terms arc 
congruent to each other: for suppose, if possible, 

ABC...L=A'B'G'.,.L' (mod p). 
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CONGRUENCE SATISFIED BV 


Raise both sides to the power tinis since = 1 etc., 

therefore i>^c>...ind A - />®cv...ind A' (mod p— 1), 
and hence ind A = ind A' (mod r/“). 

Moreover since A and -i' appertain to llie exponent 

ind ^1 ^ ind .1' ^ 0 (mod 

by Art. 22 ; 

therefore finally, since a“ is prime to 


ind A = ind A' (mod p — T), 
whence A = A' (mod p). 

Similarly we coidd conclude that B= B', C= C',...L = L' 
(mod j)) ] but any two tei nis of the expanded expression must 
h<i\ e at least one jjair of corre.s])oiKling factors such as A, A' 
whicli are ineongruent (mod p). Hence no two of the terms 
aie cong^ruent : so that the expression is cong’rueut (mod p) to 
the sum of all the primitive roots of jt. 

Now if any one of the exjxments a, y...\ is greater than 1, 
that is, if any s.piare number can be found which divides (p - 1), 
one of the factors of the expression 


(.^1 1 + ./l.j + . . . ) (^, + B .2 + .(Z-j -p Zj +...) = 0 (mod p), 

so that in this case the sum of the primitive roots = U (mod p). 
If. however, each exponent is 1, so that p-l=abc..J, each factor 
= - 1 (mod p) and the sum of the lu imitive roots = (— 1/ (mod p), 
where is the number of different prime factors of (^j — 1). 


Ihis theorem may be proved in a different manner as follows. 
9i> be the ditlerent primitive roots of p. For convenience 
wiite — 1 —q, and let a, b, c... be the different primes which 
divide (p Then the sjime argument by which </>(/«) was 

determined (Ai*t. i) shews that the primitive roots of p are 
the roots of the congruence 


1 ) n (.r'//'>«' - 1) . n - 1 )... 

II (a-'^'" — Tj. n — 1 ) ri _ I ) = ^ (mod p), 

where 11 (a'^''“ - 1 ) = (o^ - 1 ) - 1 ). . . 

and similarly for the rest. The expression on the left-hand side 
of the congruence is a rational integral function of a; of the degi-ee 
<b (v). This may be proved with the help of Moivre's theorem : 
for any linear factor of the denominator is ot' the form a; — 


riUMITIVE ROOTS. 


125 


often in^S ! “ t’''' ’ os 

otteu in the numerator as ni the denominator. 

theif ‘^‘'■isor, so tliat q = ahed ■ 

form ;'" «<■ 

primes n hr mi • ^ of different 

£;n:4t;ith; 


^ 2 

CC — 1 ‘ T" . . . . 

next when fx~2 

(i r”^-l)( ai- 1) - 1 

(«:“ - 1) - 1) - ■ oo Zr[ 




V — 


H- 




X 


•IV — A 


+ X 


+ . . . ) 


~^(a6) — ^(ah)—x , 

I • • • • 

This is seen by performing the first two steps of tlic actual 
division and observing that since 6 > 1 

ah-2h<ah~b~\. 

When /I = 3, the function is 


l)(«“-l)(a;‘'- IXa:”- 1^ 

- 1) {af<^ - 1) (0^0 - 1) {x - 1) 

^ Ra^r-l} - 1 } {x-o _ 1) (,,^ _ 1 ) 

{(af)» - 1) {(ai=)«_ i] ■(l^^rzrij(^ir-j ^ . 

and by the preceding case this is 

the argument being as before. It is clear that the reasoning is 
quite general, so that in all cases the polynomial is 


f identically congruent to n (x-ffi), the coeflScients 

otx » I m the two expressions are congi-uent : that is 

XgiS-(- !)»*-■ 

= (— 1)^ (mod p). 

If q involves a square factor, we shall have q^m.abc ... 
and everything is as before except that the polynomial is of the form* 

(9) -4- (_ ly^— 1 . »i -p , . , 

where the term in x*<i>-^ is absent : so that in this case 

Xgi ~ 0 (mod p). 
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It niav 1)0 observed also that 


-U' - - 


HE - 0 (mod p), 


Ei (- 1 m (mod p). 

For example, the primitive i-oots of (il uie 2 0, 7, 10, 17, IH, 
2(), do, dl, do, 4d. 44, 51, 54, 55, 5f). Here 7 = 00 = 2- . 3 . 5, so 
that fj. = 3, m = 2. and we ought to have 1g 3 0, — 2 (mod 01); 

this may be easily verified. 

25. It has bet*n ])roved that it a is any number prime to the 

eoini)osite modulus ya, o"" - 1 (mod m). lV(/)(m)is the exponent 

to which a appertains (mod m\ n is sai<l to be a primitive root 

ol m. It IS only in a ermiparatively small number of cases that 

such primitive roots exist. For su])|)ose ni = p^q^r^... where 

p, 7 , r... aie difleient piimes. Any numiKr, a, which is prime to 

m is also prime to p\ 7 ^, ; lot/ h ... be the exponents to 

which a appertains with respect to the moduli p\ 7 ^, etc.: 
so that 

a^- 1 (mod ;/), = 1 (mod 7 )^), etc. 

1 hen if t is the least common multiple of/ 7 , h ... 

u' EE 1 (mod m). 

Now the greate.st possil)le values of/ (j,h ... are (^(//), ^( 7 '*), 

: hemee t is not greater than the I..C.M. of <f>{p^), 
etc., and if it is less than this r.c.M. it must be a divisor thereof 
(since y IS a factor of <f>{p^), etc. by Art. IS). Again 

which is an even number, except when 71 = 2 and \= 1 . Hence 
generally s, leaking, the I. c.M. of <l> ( 7 /), ^ ( 7 )^), etc. will be less than 

1 - 0 . less than and a foitiori t: will be less 

than .so that « cannot be a primitive root. The only 

exceptmiis are when m is a power of a prime, or twice a power of 
an uneven prime. 

further the case of m = 2^ has to be rejected if \ > 2. For 
any odd number can be expressed in the form 

a = 1 + 2/-, 

whence a'^ =. 1+4 = 1 + 4 /,. ^ 

and therefore, successively ^ 

I (mod 1C), 

= 1 (mod 32), 



COMPOSITE MODULUS. 


and ffonerallv 


Now 

so that 2^ 


~= 1 (mod 2*^). 

2A-2 ^ ^ (2^), 

has no primitive roots if \ > 2. 



26. The only cases which have to be considered arc therefore 

when m =p^ or 2^^ where p is an odd prime, and the exceptional 
case of m = 4. 


The last case is easily disposed of : it is evident that there is 
one primitive root, viz. 3. 


Next let m — p\ Suppose a is any number prime to m and 

therefore to p, and let f be the exponent to which a appertains 
(mod p). Then 

a/ = 1 4- Icp, 


Hence 


and similarly, 



= (l-\-kpy 

= l+/q).p + Je'-jf . ^ ^ 

= 1 (mod p'~), 

a^p- = {af2>Y = 1 (mod p^). 



afp^ ^=1 (mod p^). 

If, then, a is to be a primitive root of p^ we must have fp^~^ a 
multiple of ^(p^), i.e. of (p — hence /is a multiple of (y>-l). 

But /is also a divisor of (p — 1) by Art. 18 : hence 

that is, ct is a primitive root of^. 

Suppose, then, we put a — g,Q. primitive root of p ; then 

gp--^ = 1 + kp\ 

p^ being the highest power of p which divides gP~^ — 1, so that k is 
prime to p. Raising each side to the power p we infer that 

g{p~i)p ==: 1 _|_ ]^pi , p {kp^y + . , . 

= 1 4- kp^^ 4- higher powers of p 
= 1 (mod p^'^% 

and similarly 

g{p-i)p* = 1 4- (mod 


g{p-^)pf^ = 1 4- kp^'^^ (mod 
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Putting h = \ — wo have 


A— I 


SO that // is a priinitive root of y/ if, and only if i* = 1 ; that is, if 
_ 1 ) /p prime to p. 

27 . It jomains to find the nninbor of distinct primitive roots 
of p . i.e, the number of such roots which are positive and less 
than j) . Any primitive root of this kind ma^' be written 

g = a + Lp, 

where a is a primitive root of p which is po.sitive and less than p. 
Hence 

- 1 :e {hP-^ - 1 ) + kp ip - l)aP-- (mod p^) 

= (a^^' - 1 ) - kpaP-- (mod />-). 

1 hei\‘ are two cases tf) consirler : 

I. Suppose ai'-^ - 1 H 0 (mod : then 

- 1 - - (mod p-l 

i'jP-' - 1 )/p = -kaP-- (mod p), 
and this will be prime to p it' k is so. 

Now since p < p*", k < : thus we obtain <^(/>^”*) suitable 

values for p by assigning to k the values which are less 

than y>^“* and prime to it. 

II. 8uppo.se aP * — 1 is not divisible by y/- : then wc may put 

ai'-i — 1 = /ij) (mod yr), 

where A is positive, less than p and prime to j). This gives 

- 1 = kp - kpaJ^ (mod p^), 

_ 1 

P 

Multi])lying by a, which is prime to », and observing that 
aP~^ = 1 (mod y>), 

(jV-i - 1 

— .a = ha — k (mod p). 

The necessary condition will be satisfied if ha-k is prime to 
y> : that is, if k = ha + /, where I is prime to yx 

As III the other case we thus obtain ^(7/-*) suitable values 
for g. 

Since there are primitive roots of which are less 

than p, the number of distinct primitive roots ofp* is 

</>(/>- 1 ). <^ (/>'-*) = 4, {(;, - l)p*-j = 0 (^/)). 


or 


= A — ka^^^ (mod p). 
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28. Now let the modulus m = 2p\ where p is an odd prime. 

Every odd number appertains to the same exponent (mod 2»') 
as It does (mod p^). For let / be the exponent to which the odd 
number a appertains (mod p*) : then = 1 (mod ;/). Also since 
a IS odd, a/=l (mod 2); hence. 2 being prime to p\ 1 
(mod 2p^). Conveisely. if = 1 (mod 2p^), «/' s 1 (mod p^): 
therefore a appertains to the same exponent in both cases. 

Moreover <#> (2p^) = ,^ (2) (p*) = (p^) : so that any odd pri- 

mitive root of p^ IS also a primitive root of 2p\ If ff is an even 
primitive root ofp\ gr+p'‘ is odd and therefore a primitive root of 
2}} . We thus obtain just as many primitive roots of 2p^ as of p\ 

29. The modulus 2\ where X > 2, requires separate considera- 
tion. Any odd number of the series 1, 3, 5 ... 2^ - 1. may bo ox- 
pressed in the form 

a = 2”A; + 1, 

where k is odd, and n is at least equal to 2. 

Hence a~ = ± 2"+^^ + 1 

= 2«+i^i + 1, 

where is odd : and similarly 

a* = 2'^+^-k. + 1 


a2' = 2«+'y5:( + l, 
where k^, k^ ... ht are all odd. 

The only number which appertains to the exponent 1 is 1. 

If O'* = 1 (mod 2^), it follows from the preceding’ expression for 
a? that n + 1 that is, w <j:^ X — 1 ; and it is easily seen that 
there are three admissible values of a, namely 

2^-1, 2^-^ + l, 2^-1 -1. 

Next suppose a appertains to the exponent 2* where ^ > 1 : 
then n + ^ <{: \, or n — Moreover if n were greater than 
X^ty say n = X — t + Uy we should have 

+ 1 = 2^kt^ + 1 

= 1 (mod 2^^), 

ie. a would not appertain to the exponent 2*. Hence \ ~ 
and therefore the numbers appertaining to the exponent 2^ are 

2 ^-« ± 1 , 3 . 2 ^-' ± 1 , 5 , 2 ^-* ± 1 ,,.. 

(2* — 1) . 2^~^ ± 1 (2* numbers in all). 
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In particular, if \ > 3, the numbers appertaining to the ex- 
[>onent (the higliest possible, since » > 1) are 

4+1. 3.4 + 1, . 4 + 1) 4+1. 

These »nav b(' written 

4+ 1, H + (4± 1). 2.8+(4+ 1).... 

h'oin which it is evident that the series comprises all the nnmbci's 
less than 2'' which ai<* of the form H// + 3 or Hn +- 5. 


Al’TIIORITIKS. 


I Ills cliaptcr is sul)stantiall y a ]>arapliraso of tlio first tlirco sections of tlic 

Anf/uiii'firff‘. 'I In* iii\oiifinii of tlic synil)ol = hy 0.‘iii.s.s afl'onls 
a stiikine examph* of tlie ailvaiita^os wljicl) may Imj dcrivoil fi*oin an appro- 
priate* notation, and marks an o|M)ch in the dcvcIoj»mcnt of the .science of 
aritlimctic. Kcfi'i-ences to the woik of (hms.s’s predece.s.sors are given by 
liimselt (/}. A. Arts. 28, 38, .11, ;>o, r.h, 70, !)3), and also hy U. J. S. Smith in 
I I I of his Ih'poii on tlio Tlieory of Nmidiors {H.port of liritUh 
IHa!)). 1 lie most im|»oHant of tliese, arrange<l acconling to the subjects 

ti'(‘atcd, are tlic following : 

Continued Fractions and Linear Congruences. Kuiaai: Soluth pro- 

hlcniifttU firiffam-tiri . . . {Vounnoui . R(;tro|HiI. vii. p. -UJ {17-10), or Coininontitiones 
Ai itlimftic;c i. p, 11). I^AtniANtiK : iStir iSohifion (h-s /*robfhnei Jncit^tcr- 
miio/s du secomf de^n/ (Histoire do I’Acad. de lierlin 1707, p. 105), and in 
the additions t<. the Frcncli tran.slation of i:ulcr’.s Algcbm. See also Smith, 

H. J. S. : Oh ,S)/stcjns of Linear Indeterminate Equations and Congruences 
(Phil Trans, cli. (1801) p. 293). 

The Function Kuleh; Theoremata arithmetica nova methodo 

demonstrata (Comment. Nov. Petrop. viii. 7-1 (1700), or Comm. Arith. i. 274). 

Sylvc.stcr writes r(«) for 0(n), and calls it the totient of ». See two 
paiK.'rs by him, Phil. Mag., April 1882, p. 251, and Sept. 1883, p. 230, 
mnUiiriing tablo.s of 0 («) and 20(«) up to n=1000. 

Residues of Powers. Elu.eu : Theoremata circa residua av divisions 
potestatum reheta (Novi Comm. Petr. vii. (1758) p. 49) ; Demonstrationes circa 

potestatum per numcros prirnos rcsultaniia (ibid. .wiii. 
{Ill A) i>. 85); iJisquisUio accuratior circa residua e,v divisionc quadratorum 

numcros primes relicta (Opuscula nimlytica i. (1772) 

lea rnemoirs may also l>e found in the Comm. Aritli. i. 

pp. 200 a 10, 487 re.si>cctivcly. It should be olxserved that Gauss first proved 
the e.xi.stence of i>nmttivo roots for every prime modulus. 

Theorems of Fermat and WUson. Fermat\s own statement of his 
Kx^rem !.-> contained m his mathematical coircsiiondcnce (sec Varia Opera 



aitthokitiks. 


Mathomat.ioa n. Petri de Fermat (l.;7!)^ p. KCtl. As usual, l,e s;ives uo pruul'- 
the tu-st pul.hsUcd demonstratiou is that of Euler: r/worc,m,/,nn 
ad numa-os pnmos ,pvcta,,/;>im dcm,w.-</n,/;o (Couun. Petr. viii. „ Ml 

or Comm. Arith. i. 21). This praetieally auunmts to .showing th.at if is 
imme the e.xpi-cssion (u + l)r- Meutieallv divisible hy p, so that 

+ + (nuxf^d, identically: the theorem then folhnvs hv 

induction. A second proof, identical with that of Art. IS, will ho found in th'e 
Novi Comm Petr, vii, 49 (see title above). The proof adopted in Art. 10 is 

n »o«r.7fc..v Jo p,c/,p,cs t/,con\Hos nlat!f. an r 

iiomftrr.- (Crclle m. (1828) p. 390). Sir John Wilson’s theorem is stated by 

BcrlS ^'’S>’i>iigo (Xonveamv Memoi.4 de I’Aead. de 

Lagrange: XourcUo MoUoJe 
LrUn, indotennmes cn Xombres ent/ers (Hist, do rAe.ul. de 

Tables. The factor-tables of Burckhardt .and Paso have 
een completed and extended by J. W. L. Glaisher as far as the 9th million 

of nfm’r'* Ly Jacobi, gives a primitive root, and a table 

mbers and indices, for all primes less than 1000. Gauss’s Tafel zttr 

erwandhmg genudner Uriichc in Decimalbriiche (Werke ii. 412) may be used 

e^ent W “ 312-318.) Another table, of iess 

Bellavitis : S^dla risoludo,u, Jdlc 
nuwTT- Lincei, 3rd .series, t. i. (1877)). Crellc 

of t S “ wh h"“E v.alue.s 

vail of „ ll f satisfy = + i for values of up to 120 and all 

values or ag less than and prime to it. 



CHAPTER IT. 


Quadratic Congruences. 


30. It tlu* congnuMicc (i (mod m) is po.ssihle, a is said to 
1)0 a (piadiatic; n^sidiio of m, or sitnply a residue of m, and this 
may ho indicat(‘d by writing alini: if otherwise, a is said to be a 
non-residue of m, and this is exjac'ssed by aNm. 

It is convenient to begin by supposing that the modulus is an 
odd prime, p say. 

If we form the srpiarcs of 1, 2, 3 ... J(y)— 1), the resulting 
numbers are all inoongruent (mod p). For if two of them were 
congruent, say /•- = this would give (/• -1- 6*) (r — 5) = 0, that is, 
r H- 5 = 0, or 7* — 6* = 0, both of which are impossible, since r and 8 
are dilferent and each Ic.ss than \p. 

Again since {p — ky = k’ (mod p), it follows that the squares of 
^ ^ I • (7> “ I ) congruent to the other series of squares 

in the revei'se order. Hence the series 1, 2, 3 ... (/)— 1) comprises 
2 ^ residues of p, and the same number of non-residues. 


For example if p = 11, 

1 ^= 10 -' = 1 , 2 = = 0 ^ = 4 , 32=82 = 9, 42=72=5, 52 = 02 = 3, 

so that 1, 3, 4, 5, 9 are residues of 11, and 2, 0, 7, 8, 10 arc uon- 
re.sidues. 


If alip, so that (mod p), 

p-i 

a ^ = = 1 (mod p). 

Thus the quadratic residues of jy are the roots of the con 
gi'uencc 

r-\ 


X 




— 1 = 0 (mod p). 
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quadratic residues. 

Every number prime to p satisfies the congruence 

-1 = 0 , 


P-\ 


p-\ 


tiliat IS /->«2 i\/‘> -i\ 

+ 1 ) = 0 , 

hence the non-residues of p are the roots of the congrnence 

P~1 

“ +1 = 0 . 

This affords a method of determining whether a given number 
a IS a res.due_or non-residue of,, namely by calculalg the 1^; 

residue of a ^ , ^ut this becomes impracticable when p is large. 

As an illustration S'"' = 5 25- = i-,,/ 

is a residue of IL ~ = 1 (mod 11), so that 5 


The symbol (|) or {a\p) is used to denote +1 or - 1 ac- 
cording as a is, or is not a quadratic residue of p. It is the 
absolutely least residue (mod p) of a^. 


residi • tba^r two residues or of two non-residues is a 

residue, that of a residue and a non-residue is a non-residue. 

f residues : then two integers a, a' can be 

resSue’'°^ is. aa' is a 


I. If a IS a residue, the numbers a, 2a, 3a ... (p - 1) a are alt 
incongruent, and their least residues (mod p) include all the 
quadratic residues of p and all the non-residues; but each 

product of a by a residue is a residue by I. : hence each product 
ot d by a non-residue Ls a non-residue. 

ni. Let 6 be a non-residue: then as before the series 
0, 26, 36, ... (p - 1) 6 is a complete system of residues (mod p) : 
each product of 6 by a residue is a non-residue by II. ; hence each 
product of 5 by a non-residue is a residue. 

The same thing may be proved as folloAvs: we have 

=(^IpX^^ =(6|/j), (a&b) = (a&)^ = cf^ d^ = (alp)(l,lp). 

Hence (abjp) = + 1 if (ajp) and (bjp) agree in sign, that is if a, b 
are both residues or both non-residues : while if one is a residue 
and the other not, (a&|^) = - 1, that is, a6 is a non-residue. 

M. 


3 
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It is cloar that (c|y>) 

= (a|/jM^>|/>) (cl/O. 

and so on for any number of factors, 

32. Taking any primitive loot of p for a base, the indices of 
the ([uadratic residues are even, and those of the noti-residues arc 

«>dd. 

v-J Ap-n 

For lot \u(\,f (f =/ : then (i ~ (mod p) and o - = // ^ : if 

)'zl 

tlion a “ z 1 (mod />), ip — 1)= 0 (mod p— 1), that is i/is an 

int(’g(‘r: conversely, if f is even ami =2/*', a - = 1 

(mod p'). 

d'his gives another simph* proof of the theorem of last article : 
tor iiid (f///) = ind <t 4* iml h, ami this is even if ind a and in<l /.> arc 
Imth (‘\'en oi' both odd. 


33. Consider the congruence 

ar = (I (mod y/), 

wluu'e p is an o<l(l prime, and n is ]uime to p. Then if this is 
j)i)ssible, S(* also is 

az z a (mod p). 

Li t “ a be a solution of t his last congruence, so that 

a* — (I — hp. 

Put X = (X + yp : 

t luMi cfp — a = oi~ — rt + 2ay/) + y-p- 

= (/( + ■2ay)i>+,fp\ 

Now determine y so that A 4- 2a// = 0 (mod p): then — a =0 
(mod /)^): that is, a solution of .x- = o (mod ;/*) can bo deduced 
from that of = a (mod p). 

More generally, from a solution of = « (mod p^) we can 

deduce a solution ot x^=a (mod For su]>pose x — cl is a 

solutimi of = a (mod y>-^), so that a^ — « = Ay>\ Write .t = a + yp^' 

then x- — a — {h 4- 2a//) y/ 4- y-p^ = {h + 2a//) y/ (mod //+'): and 

hence if 2a// 4- /( h 0 (mod y>), a* = a 4- //// is a solution of a^ = a 
(mod y)'^'*’*). 

1 hus from any solution of a?=a (mod p) can bo deduced a 

solution of = a (mod yj*). Moreover if a (mod p) is possible, 

there arc two distinct solutions of the form x=ol and ;r = — a 
(mod y>) : so that there will be just two solutions of = a (mod y/). 


COMPOSrTE MODUHTS. 

t) 

For example, to solve ~ 2 tmod t-t or. 

» .„o /, :;l = » <-». 7 , , 

Write “ 


then 


•'■ = '^ + ; 

= 7 (1 + G^) 4- 

The congi-nence 1 + Gw = O >7. • 

that ,r=10 is a solution of J= 2 (n od ToV F 

gjves y s 2 (mod 7). and hence /= 10 + 2 49 - m Fs T • 

of the given cong,-uonce. the eomploto soh.;io^boin! 

^ = ± 108 (mod 348 ), 

pow!r ofr" °°‘'-^'orod is when the modulus is a 

The square of any odd number 2 >i + 1 is 

4n^ + 4n + 1 = 4w (n + 1 ) + 1 = 1 (moG 8) 

since either n or n +1 is even. 

Hence in the first place the congi-uence ^c=sa (mod 4) is 

satisfied, there are two distinct solutions, given by .r = + 1 (mod 4). 

^Similarly the congi-uence = a (mod 8) is po.ssiblo only if 

a- (mod 8) : and in this case there are four distinct solutions 
given by a; = 1, 3, 5, 7 (j^qG 8). 

Next consider the congruence a.^ = a (mod 2^) where X > 3 

This involves = a (mod 8): and hence a = 1 (mod 8): conversely 

If this condition is satisfied, it may be shewn by an inductive 

process similar to that of last article that the proposed congruence 
has always four distinct roots. 

Namely, suppose a is a root of a (mod 2*) so that - a = 2Vi • 
then putting ai = a+ 2-'-' . y we get 


a? — a = 2*'{h ir ay) + 2 “ 


—2 a . 2 


y 


where since X > 3 , 2 \ — 2 > \ 4- 1 : so that x will be a root of 

(mod 2^+0 if A -Pay = 0 (mod 2): this always gives a 
suitable value of y, since a is odd. 

If a? = f is any one of the roots, it is easily seen that the four 
distinct solutions are given by 

^ = ±(^-h 2^-^ (mod 2^). 


3—2 
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35. Wo art' now ablo to discuss the coiit^riieiice .-j" = a (mod vi) 
wIktc ni is any modulus whatever, and a any number prime to it. 

Let in = ... 

where p, q, r... denote different odd primes. 

Then if the proposed con^ uonce is possible, so also must bo 
the following : 

'/r- a (mod 2“), (t~ ~ a (mod ;/), = a (mod q^) 

etc. Conversely if these are |)os.sible so is the given congiaience. 
For su])po.se f. 7 /. f... etc. to be any values of x which satisfy the 

e<»ngruences 

- a (mod 2“), x" = a (mod p^), ze a (mod (?*"),-■• 

n-spect ivcly. Then since 2*, y/, ty**... are relative primes, a number 
can be found so as to satisfy simultaneously the congruences 

X - f (mo(l 2‘), .r e: t) (mod yr'), x ~ ? (mod q^) ... etc. 

and all such nnnd)ers are congruent (mod »0 (sec Art. 13). Each 
sot of solution^ of the auxiliary congruences furnishes therefore 
one distinct solution of the proposed congruence. 

Now the conditions to be siitisfied in order that the auxiliai} 
congruences may be possible weie determined in Arts. 33, 34. If 
p is any odd j)rime factoi' ot in, a must be a (piadratic residue ofy). 
ainl if this is so, the congruence ./-Ha (mod y>^) has two distinct 
ri)ots. If /V = 0 or 1 , there is ik) further comlition: the congniencc 
. 7 - H a (nu)d 2) has one root a; zh 1 (mod 2) : if /f = 2 it is necessary 
that a E* 1 (mod t), and then x~ H a (mod 4) has two roots ; and if 
/c > 3 wo must haye a = 1 (mod S), and then ar = a (mod 2*) has 
four incongruent roots. 

If then t denote the number of different odd primes which 
divide ///, the number of distinct sohitions of the given congruence, 
when it is soluble, is 

2', 2'+h 2'+'-' 

according as /c < 2, « = 2, /c > 2 respectively. 


36. In order to complete the theory of quadratic congi’uences, 
two problems have still to be solve«l. They arc, first, to determine 
practically whether the congruence x- = a (mod p) is possible, p 
being an odd prime, or. in other words, to find the value of : 

and secondly to find the roots of the congruence when it has been 
shewn to be possible. 
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It follows fro.u Art. 31 that tlio detor.nination of (« ,,) n.av 
be made to depend upon that of the symbols (- 1 n) 3 u.d 

where ,7 is a positive odd prime. These three cases’ will 
now be considered in order. 

37. By Art. 30. (- l|p) = (- this is + 1 if .1, (p - 1) ,, 

even. Putting Hp -1) = 2a, this gives p = + 1. On the other 

hand if p IS of the form + 3, i (p _ i) = 2,1 + 1. and 

(- l|p) = (- l)=»+i = _l 

Hence - 1 is a quadratic residue or non-residue of p according 
as p IS of the form 4« -f 1 or 4/i + 3. ^ ^ 

OQ ^sjound by trial that 2 is a quadratic residue of 7, 17 

rpu a' ^ non-residue of 3, 5, 11, 13, 19, 20, 37, 43. 

The first set are all of the form 8« ± 1, and the second sot are all 

of the form 8n ± 3. It may be shewn that this law is general • 
namely that 2 is a residue of all primes of the form 8/^ + 1 and a 
non-residue of all primes of the form 871 + 3. 

We be^n with the latter part of the propo.sition, viz. that 2 is 
a non-residue of all primes of the form 8a ± 3. If this is not true 
letji be the least prime of this form for which the congruence’ 

*==2 (mod p) is possible. Suppose a- = e is a .solution of the 
congruence: then we may take e to be positive, le.ss than p, and 
odd : for if the congruence is possible there are two suitable values 
of a; which are positive and less than p, and their sum =p which 
IS odd, so that one of the values of x must be odd. Hence e-= I 
(mod 8), and = 2+ pf where f is positive and less than p. Now 
iy = e“ — 2=— 1 (mod 8): and since p = + 3 (mod 8 ), /s + 3 
(mod 8). Consequently / must have at least one prime divisor q 
of the form 8n + 3 : for if all the factors were of the form 8a + ] , 
their product would also be of this form. Since /<p it follows 
that q<p: and evidently e= = 2 (mod /) = 2 (mod q), so that p is 
not the smallest prime of the form 8n + 3 of which 2 is a residue. 

This contradicts the hypothesis, and the second part of the pro- 
position is therefore proved. 

Next let p be of the form 871 + 7 ; then by Art. 37, - 1 is a 
non-residue of p: hence to shew that 2i2^;, it is enough to prove 
that — 2Np. Now it can be shewn that — 2 is a non-residue of 
all primes of the form 871 + 5 or -f- 7. For this is true when 
p = 5 or 7, as we see by trial : and supposing p the least pi-ime of 
either of these forms for which a^ + 2~0 (mod p) is soluble, we 
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iiiuy put as bi-ton* ./■ = e, and + 2 = yy‘, wIktl* e is ])ositive, less 
than y>, anti odd. Hence jtf z: o (mod «S), and therelore f or 5 
(mud .S) accDi-ding as p = o or 7 (mod N). As in the other case 
we e(niclude that / must have at least one prime divisor*/ which 
is less than p and ot the torm <S// A or 8a + 7 : this gives 
0’ + '2 = 0 (mod r/), which contradicts the hypothesis: and there- 
tore — 2 is a non-residue t)t‘ all primes ot the form Ha -H 5 or 
8a -j- 7 , as stated. 

finally suppose yj = 8a -t- 1 : then the l)receding method is 
inapplicable. In this case however, d (j is a jniinitive root ofy), 

whence (y" j- I)- = + ; 

and since 

this gives ± - ^ (5/'* ± */■'*)■• 

1 his shews n(»t only that + 2i^y>, but also how' the roots of 
e£ + 2 may be Ibiind. 

rile dith rent cases discussed in this article are all incliKled in 
the t'ormula 

(2|y>) = (- 1) - . 


Lepcmlres Law of Reciprocity. 

39 . The practical determination of (*y|yi), where (pp are jiositive 
odd primes, is etlected by tlie help of a very imjiorUint theorem, 
w hich is known as Legendre’s Law' of Reciprocity. 

The theorem is that (7I/O = (/>|7), excejit when p and q are 
botli oi tile form 4 -a + 3 , in w hich case (ryjy;) = — (yj|7). Both these 
results are included in the formula 

(7ly0(y>l7) = (- 

Ihe fii-st rigorous proof of this jnoposition w'as given by Gauss, 
who succeeded in discovering eiglit different demonstrations of it. 

Ihe following is essentially (dauss's third proof, as modified by 

Dirichict'. 

For convenience write yj = 2y/-M, 7 = 27'-f-l. Consider the 
series of nuinbei*s 

7, 27, 37, ...yAy : 

* GauHs : Thcoromatis aritUmotici demoustratio nova {Comm. Gott. vol. 15, 
lb()8, or n t'rfcc, n. p, 1). Diriclilct, Ztihlcfttheorie, p. Oi) (3rd edition). 
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these arc al incongrucnt (mod;,): hence their least positive 
lesiduos will be all mcougrueut (mod p). Of these least residues 
a certam number, ^ suppose, will be greater than p: suppose these 
aie a„ a„ and let the others, which are not greater than p' 

e euote y /3,, ... so that \+p.=p'. i)^ow the numbers 

p-Ui, p~a,, ... p-a^ 

are all less than 1, and all incongruent (mod since a, a. 

are so. Moreover none of the last series can be congruent to any 

one of the series /3., ... for if wo had p-cL = l3 (mod p) it 

would follow that and conseijuently if a is a residue of 

sq, at^d /3 of tq, sq+^ = 0 (mod p), and hence, since q is prime, 

s + t = 0 (mod p), which is impossible, since s and t are both les.s 
than ^p. Consequently the series 

ip-ad. (p-a,) ... (p-a^l A. A ... 0^ 

must consist of the numbers 1, 2, 3 ...;/ only in a different order- 
and therefore ’ 

1 . 2 . 3 . . . p' s (p - a,) (p - a.) ■ ■ ■ (p - a^) . 0, 0, . . . 0^ (mod p) 

. cti ot. 2 . . . <Xfj ^ . jQj (mod p\ 

But «1 « 2 . . . . A ^ 2 . ■ . - <z • 2</ . 3^ . . . 

= . 2. 3 ...yj' 

and therefore 

.2.3... 1.2.3 (mod y;). 

Dividing by 1 . 2 . 3 ...y/ which is prime toy^, we got 

(— 1 )'^ . = 1 (mod p) 

qP' = (-iy (mod p). 

q^*’ = {.q\p) (mod p) by Art. 30 : 

therefore finally {q\p) = {—!)**■. It remains to calculate the value 
of this expression. 

It is convenient in what follows to denote by [ic] the greatest 
positive integer contained in the real positive quantity x ; so that 
X = [x] -f 9 where ^ is a positive proper fraction. Making use of 
this notation we may write 

q^p[qlp^-^i\ 

2q=p[2qlp] + r^ 


p'q=p[pqlp} + rp‘, 
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whoi c >\ , r. 
tion 


/y aiv all positive and less than j) : hence by addi- 


p-l 


N 


. 7 = Mj) + A B 


( 1 ), 


where 



Now 


tIuiL is 


J/ = [7 >] + [27 '/)] + . . . + [ p ’, J : 

^1 = a, 4- 4- . . . 4- 

/^ = 4- + . . . + 

( p — a, ) 4- ( ;> — a-J + . . . 4- ( yj 
4- /^i 4 - 4- - - . 4- 

f^P-A+n = >>'^ . 


a*.) 

14-2 + :^ + 




(’oml)ining this with (1) wc* have 


jr - 1 

S 


(^ — 1 ) = (d/ — fj,)p+ 2A. 


Now 


■ ^ is an integer, since p is odd; also (7 — 1) is even : 


s 


tlicrefbre {M — fi) p :2 0 (mod 2) and hence /a = il/ (iiiod 2), so tiuit 
(7lp) = (- ir = (-i)-^ 

In exactly the same way 

(7>i7) = (-ir 

'vhere N = [pjq] 4- [ 27 V 7 ] 4- ... 4- [vVVv]- 

Of the two numbers p, 7 one must be less than the other: 
suppose 7 < ji. 

Then in the expression M no term [(5 4 - 1) 7 /p] can exceed the 
preceding term by more than 1 , because — _ S' which 

p p p 

IS a proper fraction: moreover if [( 5 -h 1) 7 /p] = [. 97 /p] 4- 1 there 
will be a positive integer t such that 

< e < (£±i)9 : 

P P 

from w'hich 

tp 

s< -^ < 6* 4 - 1 
<1 

so that 6 ’ = \tpjq\ In other w'ords, [57/p] = ^ — 1 when s hiis any 
one of the values 

[{t - l)p/ 7 ] 4- 1, [{t - l)p/7] 4- 2. ... [tp/q] ; 

([^Vv] “ [(^ — I)p/7]) values in all. 
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Heuco the expression for M becoinos 

0 . [y;/r;] + 1 . {[2y,/,y] - [^/5]} + 2 . {[S^V'y] - [2yV7]l + • • ■ 

+ (?'-!)• {[q'p/q] - [(r/ - 1) plq-\] 

+ ?' • - Wplq]\- 

the last term being obtained by observing that there are p terms 
in the original expression for M. 

Rearranging, we get 

M = p'q - [[plq-\ + [2yj/ry] + [3^,/,^] + ... + [q’p/q-]} 

= P'q - N, 

+ iV = p'q'. 

Therefore finally 

i^i\ p) (pUi) = (- 1 )•'''■*'■ = (- 1 )>'V 



Fig. 1. 


40. Eisenstein* has put into a simple geometrical form that 
part of the preceding demonstration which consists in shewing 

that M+ N=pq, 

Construct a rectangle OACB of which the sides OA, OB con- 
tain ^ and q units of length respectively: divide this up into unit 
squares as in the figure. Join OG : and let 0D = EF = p 
OE = DF = q\ 

Take OA for axis of x, OB for axis of y, and for shortness’ sake 
let a point (a, h) where a, b are positive integers (neither zero) be 
called a node. 


1 Crelie, vol. 27, p. 322. 


42 


LAW OF UECIFIiOCITV. 


Iho ut UC is y «incL' </'p is in its lowest teniis 

there are no nodes (jn tlie diagonal OC. 

Evali-ntly [nuf'p] is the iiumhor of nodes contained in that 
part ot the line ./; = „t which is intercepted between 0.1 and OC. 

Henc(^ d/ = [y y;] + [2^ yj] + . . . + [;/fy y^] is the number of nodes 

included between the lines OC, OD, Dh\ those ni)on DF being 
counted in. 

.Similarly N is the number of nodes included between OC, OE, 

EF. 

1 hcrefore M X is the number of mxles belonging to the 
rectangle ODFE, that is, M+X=p‘f/. 

41. As an example of the practical use of the Law of Reci- 
procity, suppose it is re.piiivd to lind whether the congruence 

■/-' + 14o7 ~ 0 (mod 2;hS!J) 

IS possible. 

Here is a prime : and 

(- I4'i7|2;!,s!)) = (_ 1 |2;5,s9) (;n |2;5,s<))(-i.7|2;!«y). 

Now (- 1|2:}8!))= + 1, since 2889= 1 (mod 4); 

(31|2;389) = (2889|81) = (2|;jl), [since 2:389- 2 (mod 31)] 

= + 1 by Art. 38 ; 

( 47 1 2:189) = ( 2:18!) 1 47 ) = (:3[) 1 47 ) = ( :3 1 47 ) ( 1:3 1 47) 

= -(47 13) (47 1 13) = -(21:5) (8 1 13) 

= -(2|:3)(2|i:3)=-(- l)(-i) = _ 1 
[or, more simply, (:39|47) = (- 8| 47) = (-2|47) = - 1], 

Finally, therelore, (- 1 4.'>7 1 2389) = (+ !)(+!)(_]) 

= - 1 : 

•so that the pro))osed congruence is insoluble. 

42 The meaning of Legendre's symbol (ry|;,) has been ex- 
toiidcd by Jacobi^ as follows. 

Let the positive odd number P be resolved into its prime 
(actors p. p, j /' ... so that 

P t *9 

= PPP 

* lierlin Monauberichte, 1S37; or Crellc. vol. 30. p. 100. 
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and lot m bo any iiitogor priiiio to P. 
defined by the equation 


Thou the symbol (/«|i^) is 


(m\P)^(ni\p)(m\p') (m\p") 

where, of course, two or more of the 
identical. 


primes j), p\p'... may be 


Obseive that when P is an odd prime, the meaning of Jacohi's 
symbol coincides with that of Legendre’s ; and that when P is 
even, the symbol (i«|P) does not exist. 

The properties of the generalised symbol are expressed by the 
following theorems. 

1. If VI is prime to each of the odd numbers P, Q 

(m\PQ) = (vi\P) (m\Q). 

For if p^pp'p.' 

Q = qq q' ... 

{m\PQ) = (m {vi\p) {m \q}") . . . {m\q) {m | q') {ni\q") . . . 

= («i I P) (m 1 Q). 

2. If I, m, n ... are all prime to P, then 

{Imn ...\P) = {l\P){rn\P) (m|P).... 

For if P =p p' p" ... as before, 

mp)={i\p) {i\p'){i\p") ... 

(m |P) = (irej p) (m | p) (w \p") ... 

(n'P) = (n \p){,n\p'){n\p'') ... etc. 

Now by Art. 31, {l\2i){m\p)(n\p) ... ={lmn ...\p)-. so that, 
multiplying the preceding equations together, we get 

(«|P) {m\P){n\P) ... = (lvin ...\p){lvin ...^p'){lmn ...\p") 

= {Iran . . . | P). 

3. If mf = m (mod P) and rti is prime to P, then 7ii is also 
prime to P, and (m' | P) = (m | P). 

This is obvious, since mf = m (mod p) and therefore 

(m' 1^) = (m 1^) : 

and so for any other prime factor of P. 

Before discussing the symbols (— 1|P) and (2|P), the following 
two lemmas are necessary. 
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J. UR^rr'r'... is any odd number 

2 “ ' 


o 


2 + ... -Z (nioti 2), 


11. With th e s<xino notation 


ii* - 1 1 

^ ^ (mod 2). 


Tile pi'oot i.s very simple: namely 


R = (l r- 1)(1 +/■' - 1)(1 +,. 
= 1 + S (/■ — 1) (mod 4), 


- 1 ) 


and tlierel'ore 


Similarly 


=1 — (mod 2). 


therefore 


/^ = (1 + r^- i)(i +7.'T— 1) 

= 1 I) (mod 1()), 

ye- - 1 - 1 

y i (mod 2). 


4. P, as before, bein^ an o(hI ]>ositive number. 

(-i!yo = (-i)'^'. 

(2iy-') = (-i) 

For by deHnition 

I'-i 


r'-i 

= (-l) " (-1) ^ 


1 


P-i 


— (—1) - =(— 1 ) 2 by Lemma I 

and similarly (2| /^) = (— 1)“ s =(— 1 ) 's 
by Lemma II. 


o. If tlic positive odd nuinbei'S P, Q are ]>rimo to each other, 

(P\Q){Q\P)=-(~ l)*(/*-i)(Q-n 

Namely , if y = pp p . . . and Q = fp/f/’. - . it follows from theorems 
(1) and (2) that 

(P\Q) = ll(p\qX 

where the product extends over all the diirorent combinations of a 
factor p with a factor q. 


K!KS>T PKOOK. 


IT) 

Similarly (Q P) = n (./ ;»). and t lmrof’oiv 

Q){Q\P)=U{p tj){<^\p) 

= n (- l>i(/'-i):./-i) 

= (_ 1 ) 

Now since the summation extends over every combination (p. ,j) 

2 O 


by Lemma I. 


_ -^-1 Q - 1 
- “2 • — 2 ~ 2), 


Hence (PIQ) (Q P) = (_ j) V V ^ 

It is clear that by moans of Jacobi's extension of the law of 

reerproexty the algorithm for finding („p) nnry often be abbrevt ed 

For mstance. m the latter part of the example of Art. 41 we a 
proceed thus: 

(39 1 47) = _ (47 !39) = _ (8|39) = - (2|39) = - 1 : 
the resolution of 39 into its prime factors being avoided. 

43 . Like many other important theorems, the law of quadratic 

ft pt;vr“i"d™“rhr 

It is assumed that the formula 

(P\9) (q\p) = (- l)l(i>-iK?-n 

where p and g are positive odd primes, has been proved for all 

xs then shewn to be true for ever/ combinatL of / wfth a 
smaller prime: the theorem being true in the case o/the two 
smallest primes 3, o it is thus seen to be true universally. 

for I" V Legendre’s formula is true 

ted formula (P!Q) (Q|P) = (_i)HX^-i)ce-n pf^-^d 

than r Th^ °/ numbers, every prime divisor of which is less 
tnan q. This is obvious from Art. 42. 



LAW OF UFCIPROCITV. 



It will further bo supposed that the results of Arts 37 , 33 with 
respect to the valiu's of (— l|/>) aiul (±2 y>) have been proved: 
from thes(‘ follow the values of the generalised symbols (— l^P), 
and (± 2 P) by Art. 42 . 

1 he complete proof retpiires the discussion of tliree separate 
cas(‘s. 


I. hirst let pR‘j‘- then an iuterjor e can be found such that 

= 7 / 

Furt her, we may su|ipose e less than q and even: for there are 
two suitable \alues of c w liich arc less than f/, and their sum is q 
which is odd : hence one of the values «>f e must be even. Hence 
/is od<l. jiositive. and less than q. 

Now if / is not divisible by p, it follows from the above crpia- 
fion that (p /)= 1, and {7/ p)= 1, that is, (71 p)(/|;>)= 1. 

Hence by multiplication, 

(7 y>) (/ />)(;>!/) = 1. 

or (7 p) = {f\p){p /) = (- 

by the (‘.xteiuled law of reciprocity. Now by Lemma I. of Art. 42 

7-1 ./- 1 _ 7 /- 1 


4 * 


2 


— (mod 2) 


_ e* - ( /> + I ) 
" 2 


(mod 2) 


— d- 1 , i n\ ' 

= — -jy- (mod 2) since e is even, 

/)-l 7-1 y,-l /_1_ y/^-1 

2 • 2 2 ■ 2 = “ 4 

H 0 (mod 2), 

•• (^j'p)=(— = (— 

which a, levees with the law of reciprocity, since {p\q) = L 

If/’ is divisible by p, so also is e, and we may write e = e'p 
f— f'p, so that 

- 1 = qf 

w'hcrc e is even, and f is odd and less than 7. 

Hence = 1 (mod /') and therefore {p\f) = 1 . 

Also 


that is. 


7>-l 


(-1) (7l/>)(/'li>)=l: 



nATTSs’s FIRST PROOF. 
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inultipl^ ing-, etc. as in tlio other case, we infer that 

(<?!/>) = (- 1 )'-’ 

= (— 

Since y/ = — 1 (mod 4). one of the numbers n, f must he of 
the form 4„ + 1 and the other of the for.u 4« + 3, ^ hence 

/'+ 1 _q-\ 


and therefore 
as before. 




(mod 2): 


1) f^—i) 


II. Next suppose pNq and ^ = 3 (mod 4): then -pRn and 
we ma}' write ' 

^~-^p = qf 

where, as before, e is even, and /odd, and loss than q. 

Hence i ^(__p|/)=(_ 

(<?|P) = (- {p\f){f\p) 

— (— 1 ) 1 0 ^+ 1 ) 

Now since qf = p {mod 4) and q~fi (mod 4),/= 1 or 3 (mod 4) 
according as p = 3 or 1 (mod 4) : therefore ^3 — y = 2 (mod 4), and 
consequently 

i(jP+l)(/-l)-i(p-l)(/+l) = i(/-p) = l (mod 2) 
therefore (flip) = — (— 

As in Lemma I. 

(? — 1) + (/+ 1) = qf-\r 1 (mod 4) 

— P (mod 4) ; 

{p — 1) (^ — 1) -f- (^ _ 1) (yq. 1) =p2 _ 2 (mod 8). 

= 0 (mod 8), 

i (i> - 1) (? - 1) + lip - 1) (yn- 1) = 0 (mod 2), 
and therefore finally iq\p) = — {— 

which agrees with the law of reciprocity, since {p\q)~ — 1. 

If p divides y we put, as before, e = e'p, f—fp, 

e'^p + 1 = qf', 

where f is odd and = 3 (mod 4). 
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Hence “ 1 

1 =('y/' = p)(f\p) 

and (; /)) = -(/) /')(/' yj) = -(- 1 

since (niod 4 '). 


44 . 1 'he case which remains to be (li.scusscd is that in which 
pX<{ and 7“ I (mod 4 ). It has to lx* shewn that in this case 
({Xp. 'I'lu* j)i-c)of is etVectcfl with the help of the follow’ing lemma: — 


'I'lun’e exists a prime mimber p less than 7 such that <lXp. 


When 7“5(modH), this is (‘asily proved: namely 7—2=3 
(inod 8), and therefore 7 — 2 involves at least one prime factor of 
the tbrm 8 x 4-3 (H 8x4-0: if p' be an}* such factor, 7—2 = 0 
(mod y/). arid theiefore 

(7 ;>') = (- p) = - 1 - 
Next suppose 7“ 1 (mod 8). 

L(‘t X? be t he gi cxitcst integer wdiich is less than \/<p and suppose, 
if |)ossible, that 7 is a ([uadratic residue of all odd primes which 
do not exc<‘ed 2 /x 4 -l. Then if jV = ( 2 /u 4- 1 ) I the congruence 
7 ( mod 4 / ) is possible (of. Art. 3 o), and we may therefore 
find a jio.sitivi* integer k such that /.' = 7 (mod iV). 


Hence 


(,y _ !-•) (,y _ 2 ^). . .(7 - nr) = - 1 -^) {Jc^ - 2 -’). . ^^)- 

Now k (L^ - 10 (k- - 20. . -(A-" - »i0 

= (/t 4- »*) (A' 4- »i — 1 ) (A* 4- xi — 2). . .A' (A’ — 1 ). . .(A — »t), 

and since this is the product of (2»i4- 1 ) consecutive integci*s it is 
divisible by (2xi 4- 1) ! i.c. by M, so that 

A ( 7 — I'O (7 — 20-..(7 — xi'O = 0 (mod M), 
and therefore, since A* is prime to M, 

('y - !■) (</ - 2"). . .(</ - m-)IM 

is an integer. 

But this (|uotient may be written in the form 

1 7 ~ 7—2 '^ 7 — 

nX+ I' (m+iy- 1- ■ (^+ T)^'2"^ * ' * (w'-f ' 

where each factor is a proper fraction: so that it cannot be an 
integer. 



gauss’s first proof. 

^\hlch q IS a non-rcsuluo ; and 2i/i + l< 9 /“,i,„ - 
least equal to 17. The lemma is therofo.; proved 

recipLitj? of tl’o law of 

T^'iV^rfrd 1' wt° '-f -fiole 

n7in'\ 7- \ ^ '?■ "'°"P> follow by Art 43 that 

"'“ 

e-^-pp’^qf^ 

Wh«e . 1, 3V,„ .„d le„ tha, ,, and / oon.o., „.„,,, „dd .„d le,. 

I. Suppose neither p nor ;/ divides / 

Then {pp’\f) = 1, iqflqyp') = (^q\ pp') (yj ^ j . 

•'• by multiplication 

(9\i¥) (.f\lUi')ipp'\f) = 1, 
or iq\pp') = (.f\iny){pp\f) = (- l)!uv/-.),/-a. 

Now since q = 1 (mod 4) and e is even, 

pp' = — / (mod 4), 

and therefore one of the number. 22^1 , /=i 
(7lpp') = + 1, and therefore since (r/fp') = — 1, 

(9lp) = ~~l. 

Next suppose / divisible by q/ but not by q,. Put 
J~JP> e^ejy ; then 

cV-i> = <7/; 

where/' is odd and prime to p and p\ and e' is even. 

Hence p^y = g'^p's (^od /'), 

so that (pp'\f') = l-. 

and sirniharly {p'qf\p) = l, (- q,qf’\p') ^ 

/. by multiplication 

{q\pp'){pp'\f) {f'\pp') (p'\p) (-p\p') = 1 , 

or (g I pp') — l)i (pp--!) f/'-i) . (_ 1 )} (P-1) (p'-i) i)i Ip'-Jt 

= (_ l)i(pp'-i)f/'-i)+J(7^+i)(F-i) = (_ jjay. 

M. 


4 
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Now since 


/' = —;) (mod 4-), 

2 ) 


nlso \ ( pp — 1 ) = ;, ( y> _ 1) -f 1 ( y/ _ 1 ) (mod 2) : 

s«> thnt the index \ is congruent (mod 2) to 

/)+ 1 


■p-\ p'-\ 

9 9 





that is to 1 ( yr' _ 1 ) + ^ (y, + 1 ) (y/ _ ] 

wliich is evidentlv even. Hence 


{q pp ) = + 1, 
and tluMxdore as hef«»n‘ (ry p) = — 1. 

'riie cas(‘ in wliich f is divisible by 
similailv trx*at<-d. 


p blit not by y/ may bo 


HI. Finally su|>pose f is divisible by pp. 


Fultimj’ 


W(? 

whence 


and thei'elbn 


f=f'rp- 

c‘-pp - 1 = f//', 

(- qf I pp) = (q ! pp) (-/'I /)//) = 1 . 

^q pp) = {-f'\pp') ( pp\f') 

= 1 + 11 , 


Nf>w H — 1 (mod 4) so that 


•' 1 


2 


is ov'en, and therefore 


^7!/V^') = +1» ‘'^•>*1 tlience as before (ry|y>)=:— 1. 

The law of reciprocity has therefore been completely proved. 


46. It is now easy to find the forms of the prime numbers of 
which a given number D is a <|uadnitic residue : more generally, 
we can determine all the positive numbei's « which are prime to 
2 A and such that (7I|n) = -j- 1*. 

Evidently we may suppose that D is not divisible by any 
sipiare ; for if i> = a-//, 

(D\n) = (a^\n)(D'\n) = (I)'\n). 

If then P denotes the jjositive product of all the odd primes 
which divide A we have 

A = ± or n=± 2P. 

' Cf. Dirichlot, ZahienthforU, p. 121. 


niRIOHLET’s TARLK FGH {D' ,)). 
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There are four cases to consider : 


D ~ ± P = \ (mod 4). 

By the generalised law of reciprocity 

{D\n) = {n\P). 

(„'|P) = („|P) if n' = n{modP)- 

moreover n to be odd : so that it is sufficient to consider the 
^ {1 ) odd numbers whicli are loss than 2P and prime to P. 

= ;T "d :/isTdd,T'"" 

n = a (mod 2P). 

Similarly {D\n) = - 1 , and n is odd, if 

n = h (mod 2P), 

thaif^e are''”°'' residues of 13 which are less 

1, 3, 9. 17, 23, 25: 

so that (13 |k) = 1 if n= 1, 3, 9, 17, 23, 25 (mod 20), 

and (13|») = -1 if n = 5, 7, 11, 15. 19. 21 (mod 20 ). 


II. 


P = + P 


Here 
so that 

if 


(D|w) = (- 
{D\n) 
(n\P) = + 1 , 
or {n\P) = — 1, 
while (P|n) = _ i if 


= 3 (mod 4). 

1)^' {n\P), 

= + 1 

n=l (mod 4), 
n = ^ (mod 4) : 


{n\P) = 4-1, n = fi (mod 4), 
or (n|P) = — 71 = 1 (mod 4). 


III. 

In this case 


D = ± 2P = 2 (mod 8). 

(P|a) = (- l)^(”*-^).(w]P): 

(P|n) = 4-1 if (n|P) = -i- 1, n = ± 1 (mod 8) 

or (n\P) = - 1, n = ±S (mod 8), 

(P|to) = — 1 if (n(P) = — 1, w= + l(mod8) 

or (n\P) = 4-1, w = 4 3 (mod 8). 


4 — 2 
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IV. /)= ±2P=G (mod <S). 

(7) y/)= (_ + />) 

( 7) ^0 - + 1 if (ii P) = + 1 n 1, 8 (mod 8) 

©/■ (»-/*) = — 1 » •">, V (iiuwl 8) 

(7> n) = -\ If (// 7M = - 1 // “ 1, 8 (mod 8) 

or in ]^) — -\- I n ^ 7 (mod 8). 

Ill each ()r th(‘ cases IT — IV tlie values of h ^^roup themselves 
into arithmetical pmen ssions witli a common didereiice 4P instead 
of '2I> as in the first case. 

K.nimple. Let 7) = — 80 : this is a case of III, with P=15. 
It will ho found that (n 1.")) = + 1 if u — 1, 2, 4, 8 (mod 15) and 
tliat (// la) = - 1 if // - 7, I I, 18, U (mod 15). 

'file conditions (« 15)=+ 1 , n - + 1 (mod 8) are sinndtaneonsly 
satisfiisl if 


» - I, 17, 28, 81. 47. 4f), 70. 118 (mod 120): 
aiifl (// 15) = — 1, « — 4 8 (mod 8) simnltaneonsly if 

n. 18. 20. 87, 48. 50, 07, 101 (mod 120). 
Tims (- 80 /O = + 1 if 


n - 1, 11. 18, 17, 28. 2th 81, 87. 48. 47. 40, 50. 07. 70. 101, 


118 (mod 120). 


It shonld be carcdnlly remembered that if n is a com])osite odd 
number the e(»ndition (J) //) = + ! is necessary but not siitticient 
in order that J) may be a fpiadratic residue of ». The necessary 
and snfticienl. coinlitions are that (/l;p)=: + l foi* every odd prime 
p which is contained in u (cf. Arts. 88 — 85). For instance 


(2|15) = + 1. 

because (2 i 15) = (2 18) (2|5) = (- 1)(- 1) = + 1 ; 
but 2 is not a residue of 15. 


The integers of which a given number D is a <piadn\tic residue 
are sometimes referred to as the divisors of the form or of 


the form or — Dy-: the meaning of the expression being that 
integral values of x and y, i>rime to each other, can be found so 
as to make xr — Dy^ a multiple of the divisor in question. Thus 
the problem of the present article has been completely discussed 
by Legendre under the head of “finding the linear forms which 
belong to the divisoi’s of P + cu- ” {Tiidovie des Nmnhres^ Partie, 


gauss’s method of EXCEUSION. 53 

gives at the cm] of his work (Tables III—VID 

tal, ol the „Jd of a I, ...go 

A comparison of Legendre’s method with that here given will shew 

levity IS gained by the use of the e.xteiided law of reciprocity. 

47 . The practical solution of the congruence .^•= = a (mod v) 

when p IS a large prime. A direct solution may be given when » 
» of the 4 . + 3 8,. + 5 . if + 3 ...j ’ S ' 


whence 

and the roots of 


= 1 (mod p) ; 
a = a-«+2 (niod p), 

aP = a (mod j)) are therefore 

^=± (mod ])). 

Similarly when p = 8/1 + 5 and aRp 

a«+=_l =0 (mod p); 
whence either a-’'‘+' s 1 (mod p) 

= - 1 (mod p). 

In the former case a-“+- s a 
and the solution is given by x = + ct”"*"* 

In the latter case, since 

-Is (8it + 4 ) ! (by Wilson’s Theorem) 

= 1 L 2 ^ 3 %.. ( 4 it + 2 )- 

= il/“ (say), 

(d'‘+‘ = M-. 

Now determine y so that ays 1 (mod p) : then multiplying 
the last congruence by 

a = jj/2^ 

and therefore a; = + il/y” 

When p=l (mod 8) an indirect method h;is generally to be 
adopted : and in fact, as Gauss has remarked, indirect methods 
are always preferable to the preceding, as being less laborious. 
Gauss has given a method of exclusion,^' which may be applied 
with advantage when p is moderately laige. 

The solution of the congruence a^ = a (mod p) is identical with 
that of the indeterminate equation 

— pi/ + a. 
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\\\‘ in:iy suiipDso tluit ./• is ]n>sitivo and less than hence 

< [yr ;uid the values of ij which have to be considered range 
tVoin 0 to \ \p\ it being supposed that ti is jjositive and less than yj. 

Now take anv number e whieli is prime to p and greater than 
2 : tiihl its non-residues a,, it., etc. an<l denote the roots of the 


congruences 


a + p^ " a,, (t + j)p s a., etc. (mod e) 

by I',, V:, ‘'te. Then if \j~ a, (mod e), the ex])ression ;>// + « is 
non-resiiiue of c and therefore cannot be a stpiare. We are thus 
enabletl to reject all the (piantities pfJ-^-a, where = v; (motl e)\ 
and by takiii'^ ditleieiit numbers c, the series ol integei's + « 
ulileh have to be tested may he Continually reduced, until a 
sutlieii’utly small number ot them remain. 

As an e.\am))le take 


or 


./>' “ 74 (mod 127) 
= 127// + 74. 


Here y ranges tVoin I to 41. 


Taking 

and 

gives 

'This leavi s 


c = 4, a. = 2; 

74 + Vlly-'l (mod 4) 
y = \ (mod 4). 


2, 4, 5, C, S, 1), 11, 12, 14. 15, 17, 18 
20. 21, 24. 24, 20, 27. 20, 40. 


If 

II 

r\ 

II 

II 

3; 


127// + 74 = 2 (mod 5) 


gives 

2y + 4 :h 2 (mod 5), 

1', = 2 ; 


127// + 74 4 (mod 5) 


gives 

2// + 4 = 4 (mod 5), 

1'. = 0. 


The series is now reduced to 


4, (3, 8, 0, 11, 14. 17, 18, 21. 23. 24, 26. 20. 


Next let 

II 


ai = 4, ?i.j = 5, ag = 6. 

The congruences 

127// + 73 -4. 5. 0 (mod 7) 

or 

// + 3 = 3, 5. C (mod 7) 

give 

// = 0. 2, 3 (mod 7) respectively : 
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and the reducetl series is now 

0, S, 11, 18, 2C), 29; 

we tind by trial that 

73 + 8.127 =1089 = 38^. 

so that the solution of the given cong’ruence is 

± 33 (mod 127). 

Various considerations enable us to simplify the work of ex- 
clusion (cf. Gauss, D.A, Arts. 321, 322): in particular, if e, e are 
relative primes, every number which is a residue of e and e' is a 
residue of ee', so that when two such “ excluding numbers ” e and 
e have been used, there is no use in trying ee\ Again every 
residue of e is also a residue of 2e, if e is odd : so that in this case 
2e need not be tried, if e has been used. 
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consult Baumgart (Osw.), Ueber das quadratische lieciprocitdtsyesetz (Lcii)ijig, 
1885), Euler, by induction, discovered the law in its complete form (Comm. 
Ai’ith. i. 486, 487 ; cf. Smith’s lieporty Art. 16, and Kronccker, Zur (Jeschichte 
des lieciprocitiitgesetzes, Berl. Monatsber. 1875, p. 267) but did not prove it. 
Legendre, in the memoir above quoted, invented the symbol which goes by 
his name, stated the law in the form in which it is now generally given, and 
l>roved some cases of it ; but the first complete demonstration was given 
by Gauss. It may be convenient to give hero a complete list of Gauss’s 
proofs of the theorema fundamentalc, as he called it. 

(i) Disq. Arith. Arts. 125 — 144. There are two curious MS. notes by 
Gauss to Art. 131 : Theorema fundamentaXe per induclioiwm detectum 1795 
Martioy and Demonstratio prima^ quee in hac sectione traditWy inventa 1796 
Apr., from which it would appear that he discovered the law of recq>rocity 
independently of Euler and Legendre. 
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(ii) Dis>j. Arith. Art. 2(;2. (Proof coinpk-tod, 1800.) 

(iii) Tht'orematis anthinctici dcmouMrath nova (Coiniii. Gott. xvi. (1808), 
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ii. p. 10.) ’ 


(vii) and (viii) Anahf.ds llcsidnorunu Arts. 305, 300. (Werke, ii. p. 233.) 

Of iiKirc recent pnH)fs, tlie nio.st instructive arc tlio.se of Ei.scnstcin (Oi-elle, 
x.\i.\. (181.5), p. 177), Zeller (Herlin MonatsI). Dec. 1872), and Kronecker (Crelle, 
-xevi. (1881), p, 348, and xcvii. p. i)3 ; also in tlic lierlin Monatsb. for 1884). 

In the .second v<.lnnie of Gau.ss’s eolleetcd works (p. 4(X)) there is a tiblc 

giving the value of (/>|y), where y aix; la-iines, from p = ^ to p = mi and 
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CHAPTER HI. 


Binary Quadratic Form 


Analytical Theory. 


of T - n integral. honiogeuou.s function of any number 

accoidmg to the number of variables a.s binary, ternary etc and 

cubic and so on. It is convenient to speak of a ‘ cubic ' instead of 
a cubic form, and so in other cases. Thus 


is a binary cubic ; 


+ Sba;^-^ + -f- df 


ax- + hy- + + ^yz + + 2/«;y 

;“r„“ur f.T;Trr‘Ti r™ 

rxnnnA // Corresponding numerical coefficients of the 
expan.sions of (a- + y>< and (.r + y + zf. So, in general the i«-arv 

coefficients are to be multiplied by the corresponding numS a 
coefficients in the expansion of (a^, + + a', +. . ^ 

writW the numerical multipliers is indicated by 

wilting (a, l>, Thus (a, l>, c^x, yf means 

ax'"- + hxy + cy-. 

In the arithmetical theory of forms the coefficients, as well as 
exprl^S ’ i^togors, unless the contrary i.s 

Within the last fifty years, the algebraical theory of forms has 
eveloped into one of the most important branches of analysis. It 
may fairly be said that the germs of the modern algebra of linear 
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substitiilioii.s and coiicoiiiitants are U) be f'ouinl in the tiftii section 
ol tin* J)isijm.'itttoi/es A ntln/tedcn/ and inversely, every advance in 
the algebraic theory of forms is an acijuisition to tlie arithmetical 
theoiy. At tile same time, the additional difficulties wliich the 
latter involves are so seiious that, excei>t in the simplest axav, 
that ot binary ipiadraties, much remains to be done to advance it 
to the same relati\ e degiee of perfection. 

49. For the present, our attention will be confined to binary 
ipiadratic foiins with ival integral coefficients. Many of tlie 
earlier arithmetical discoveries ma<le in tlie interval extending 
Irom Diophautns to Euler may be expressed as theorems relating 
to certain special ipiadratic forms; thus the representation of a 
numlier as the sum of two sijuares is connected with the form 
j- f/', d'he general theory was first treated in a systematic way 
by Lagrange and Legendre, and afterwards more completely by 
(iauss in the Disquisitwnes A/ithmetiai'. Quite recently, now 
light has been slu-d on the properties of binary (piadratic forms by 
the researclies of Derlekind, Klein, Poine^ire and others in con- 
nexion with elliptic modular-functions and the allied transcen- 
dents, such as Fuchsian functions. Nevertheless, Gauss’s work 
will always remain classical, so that an account of the subject, 
jnincipally from his point of view, with some siinjilifications due 
to Dirichlet, will naturally precede the discussion of later develop- 
ments. 

throughout the rest of this chapter the wt>rd ‘ form ’ will be 
used in the sense of ‘ binary (piadratic form with real integral 
coefficients.’ When there is no reason to specify the variables, or 
indicate their connexion with other variables, {«, b, c) will be 
written for «a- -f 26.cy -f cy*. Here a is called the fii-st coefficient, 
b the second, and c the third. It is important to observe that the 
forms ((/, b, c) and (c, b, a) are to be considered different (except 
when c = a) although the fii-st becomes identical with the second, 
if the variables are interchanged. 


liepreaentation of ambers. 

60. A number m is said to be represented by a form (a, 6, c), 
when numbers a’, y can be found such that 

ad? + 26a:y + cy- — m. 
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llio leprosoi.tatiou is primitire or ,/cr!vcd aocoidin.v ,,s r „ 
are rohvtncly pri.no or othorwiso. It. is olonr that, if dr (.r, ,/) = „> 
m .s d.v.s.blc by and that if ,r = ^.r', ,y =^,/. + ^C/- 

a p.im.tivo roprosontation of It will thorofoi'o only bo 

nocossa.-y to consider pi-imitivo .op.vsontations, and wo may nso 

icpiosontod in the sense of ‘ p.imitivoly roprosoidod,’ nidoss the 
contiary is exp.cssod. 


•fWi c) aio intimately connected 

ith the v.d.ie ot Its discriminant «e - 1>\ This disc.iminant, wit/, 

d.' 6-.r/a c/,a„ffed, is called the deter, „ina„t of the form, ami 

generally denoted by D, so that D = b^- ac. One distinction 

between forms of a positive, and those of a negative determinant, 

im.nediatcly presents itself. Namely, if + 26am + c,d we 

dedi.ee am = („a. + - i)y, cia = (cy + so that i’f D 

lb negative, am, cm are both positive for real values of a' « and 

a, c m have the same sign. That is, all numbers representable by 

a foim (a 6, c) of a negative determinant, are of the same sign 

that sign being the same as that of the first and third coefficients’ 

of the orm. On the other hand, if D is positive, the form may be 

made to represent both positive and negative numbers. For in 
this case, 

am = (acc + hi/)- — Bt/^ 

= {ax-\-{b-\- ^/D)y] [ax + {b - aJB) y], 

and integral values of x, y can always be found so as to make the 
linear factoi^ on the right agree or differ in sign. This is most 
easily seen by considering y as the rectangular coordinates of a 
point : for the two lines ax + {h ±s/D)y=0 will divide the plane 
of reference into four regions, each of which will contain points 
whose coordinates are integers. For points within two of those 
regions the values of ax + {h+^D)y and ax + {b-^D)y will 
agree in sign: for the other two they will differ. Hence by a 
suitable choice of the integers x, y, the value of am, and conse- 
quently of m, can be made positive or negative at pleasure. 

Forms of negative determinant may be called definite forms 
and further subdivided into positive and negative forms according 
as a c are both positive or both negative. It is sufficient to 
consider positive forms, since the properties of negative forms may 


positWcl/" measure of and y, taken 


t'lNQl? 
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be immediately inl'erred. Forms for which D is positive are called 
indejinite. 

Ill the special case when D is a positive s(|uare, k- suppose, 
the form aar + 26./y -f cy- may be written 

i [«a: + (^1 + + (6— A:) ^1- 

Such forms will be excluded from the discussion ; the theory of 
them presents no special ditticulty or interest, and belongs more 
properly to that of linear foi ins. 

52. In connexion with any form (u, h, c) we shall have to 
consider the (piadratic equation 

u&)- + + c = 0. 


riie roots of this are 

-b+s/D 


O), = 


6 ), = 


— b ^ \f D 


a a 

where \/I) means the ])ositive scpiare root of D, if D is positive; 
while if J) is negative and e([ua! to — A, means where 
is taken positively. It is convenient to call coi, co., the roots of the 
form ; w, may be distinguished as the fiist or principal root, Wj as 
the second root. 


63. The form (a, b, c) is said to be primitive if dv (a, 6, c) = 1 ; 
if do {(i, b, c) — p, the form is said to be <lcrived from the primi- 
tive form (a//x, bjp, c/p). Primitive forms are subdivided into 
properly and improperly pnmitivc, according as do (a, 26, c)=l 
or 2 respectively. Thus (1, 1,3) is properly primitive, (2, 1, 2) 
improperly primitive ; (2, 2, G), (G, 3. G) are forms derived from 
them. 

The determinant of a derived form necessarily involves a 
scpuire factor. 

For every determinant D there is at Ie;ist one properly 
primitive form; in fact, (1, 0, — Z>) is properly primitive, and is 
called the principal form of determinant D. 

Improperly primitive forms exist only when (mod 4). 

I? or if do (a, 26, c) = 2, it follows that a, c are even and 6 is 

odd, therefore /> = 6^ - oc = 1 (mod 4). Convei-sely, if i) = 4« + 1. 

the form (2, 1, — 2 h) is improperly primitive, and of determi- 
nant D. 


LINEAR SUBSTITITTIONS. 
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Transfbrmahon and Kquivalence. 


54. 

variables 


Suppose tlie variables a\ y are connected with 
a*, y by means of the linear equations 


two otlier 


X = CLV' + ffy\ 


y = yx + Si/, 

where a, y, S are integers. If we substitute these values 
in the form (a, b. cj.r, ijY it becomes (a', b', c'^x', yj, whoi-e 


of 5', y 


d — not" ^hcLy + C'y", 
h — cia^ + h (aS + ^y) + CyS, 


c' = a/3^ + 2b/38 + 


We may say that the form (a, h, c) has been transformed into 
« U, o') by the substitution g : and the connexion between 
the old and the new variables may be expressed by writing 



Whenever a?', -ij are integers, a;, y are so; therefore every 
number (primitively or otherwise) representable by {a, h' , c) is 

representable by («, h, c). On this account the form {a', h\ d) 
is said to be contained in (a, h, c). 

The integer aS~~0y = e, say, is called the determinant of the 
substitution : and (a, b, c) is said to contain {a, b', c') properly or 
improperly, according as e is positive or negative. 

^ ~ i fhe substitution may be called unitary; and proper 
or improper, according as e = + 1 or — 1. 

Expressing y' in terms of x, y, we have 


od ^{Sx — ^y)l€, 

y' = (- 7® + ay)A. 

In order that x , y may be integers whenever x, y are so, it is 

necessary and sufficient that a/e, yS/e, y/e, Sje should all be integers. 
Now 

- ^ ^ ^ . 
e * e e * e ~ ’ 


so that, in the case considered, 1/e is an integer: therefore 6 = + 1. 
Conversely, whenever e = ± 1, each of the forms (a, h, c), {a\ b', c) 
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is contained in the other, and they arc said to be equivalent^ 
propeily or improperly, according as €=4*1 or —1. 

The proj)er eipiivalence of two forms (a, h, c) (a', h\ c) may be 
indicated bv the notation 

(a, h, c)<x>(o', h\ c). 

55. It follows from the theory of invariants, or may bo 
j)rove<l iiulepciwlently, that if (o, h, c) is transforimsl into (r/', b', c") 

by the substitution * then 

/)' = I/- — rtV = {Ir — nr) (aS — 0y)- 
= De\ 

If the twf) forms are e(|nivalont, e-=l,and therefore D’ = D. 
It is not true, convei-sely, that if D' = />, the forms are e(|uivalent; 
in fact, one of the fundamental problems to be solved is that of 
deciding whether two given forms of the s;ime determinant are 
(*<|iiivalent or not. Supposing that they are, there is the further 
questif)!! (if finding all the substitutions which ti*ansform one into 
the other. 


56. Let the form (a, b, c) be converted into (a', b', c') by the 


unitaiy substitution 




determinant e : 


the roots of (a, b, c), w/, w/ those of {ti\ h\ c'). 
root of {a, b\ c) corres])omling to w,, 

aco' + 0 



ycD 


+ s 


and therefore 


and let o), , oy, be 
Then if m' is the 


Sw, — ^ _ B(—b-h •JD) — 

— 7C1), + a “ 7 (— 6 4- + CL(i 

joa 4- 67 4- y^J)] (— — 68 4- 8\/Z)) 

(na 4- 67)^ — I)<y 

— a \a<xff 4- 6 (a8 4- ffy) 4- 078) 4- a (a8 — ^ y) \/D 

a (iia? 4- 2 bay 4- cy-') 


con.secjuently w' = cy/ or &>./ according as 6 = 4-1 or — 1 ; that is, 
according as the forms are properly or improperly equivalent. 
This way of expressing the distinction between proper and 
improper equivalence is due to Dirichlet*. 

* Itfrliu AhhamU.^ 18i3i, p. 99; Liouville (2nd series), vol. ii., p, 353. 



COMPOSTTTON OF STTBSTITlTTrONS. 

57. Suppose that, a form /= + 2h.r,j + cy= is tran.sformod 

into /' = n V= + 2Z.V/ + cy by the substitution 
determinant e ; and that/' is transformed into ^ ^ ’ 

f" = «'V'= + Wx"y" + y"= 

by the .substitution ^'= (“'/ f;] , of determinant e' 

rrt! ♦ ' A j O / 

Inen since 


= a (a'^" + /3'y") + ^ y',r" + S y") 

= (aa' + ^7') x" + (a/3' + /9S') y" 

and .similarly y = (ya' + sy) .r" + (y^' + gS') y", 

It IS clear that / is transformed into f" by the substitution 

'aa' + ;3y', aff + 

, 7 a' +S 7 ', 7/S' + SS7' 

f to be compounded of .S and .Sr; and is 

denoted by 8S . It is to be carefully observed that 

+ /3V. “y + yS'S'l 

W'a + sy 7'/3 + S'S / 

is. in general, different from SS'. 


0 


0 ' 

7, s 

> 

( 

7 , B' 


t 

as m the multiplication of the determinants 


i U.C'UUX Ulllg’ DO I’OWS ( 

matrix and columns of the second. 

The determinant of BB' is 

+ /®7') ( 7 / 3 ' + SS') - (a/3' + 08') (ya' + Sy') 

= («S - 0y) (a'8' - 0’y') 


, the 


= ee'. 


This is positive or negative according as e, e' agree or differ in 
sign ; therefore SS' is a proper substitution if S, S' are both 
proper or both improper ; otherwise it is improper. 

We may compound SS' with any other substitution S" and 
thus obtain (SS')S". It may easily be verified and is, in fact 
obvious that this is the same as S(S'S"), so that it may he 
expressed without ambiguity by SS'S" ; and, in general, the 
result of compounding any number of substitutions S,, S.,’...S„, 
in this order, may be written SA...S„, and called the product 
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of the s\ibstitutions (in this order). In particular, a substitution 
may be compounded with itself any luuubor of times and the 
rostilt written in the fonn 


Tlie substitution leaves the variables unaltered ; it is 

called the identical .substitiition, and may be denoted b}' 1. 

Let S= (^’ be a unitary substitution, so that e- = 1. We 

V7, ^ / 


hav(‘ 


a, (^\ / B‘€, - _ /(aS - fiy)/€, 


\7. 


^ A- 7/^> 


.) = 


0 


\ 0 , (a3 — /3y)le 


) 




The subslit ution S' = ( is said to be inverse to *9, 

\—y'€, a/eJ 

and is <lenoted by S~\ Evidently = *9, and S~^S = SS~^ = l. 

W(‘ may also write iS'““ for (*Sr”')'*, where it is a positive integer; 
ami it is cleai* that = (tS'")“‘ ; for instance, 

. S-^ = . SS-^ . S-- = s^s-^ = S . SS-^ . S-' = = 1, 

and so in general. Thus for all positive and negative integml 
indices, = *S''*+'' ; and after the admission of negative indices 

it still remains true that in the composition of substitutions the 
associative law of algebraical multiplication is valid, but not the 
commutative. 


58. Applying these residts to the theory of quadratic forms, 
we draw the following conclusions : — 

I. Ify'i,/- ♦../!» be any number of forms each of which contains 
the next following, will contain and a substitution which 
tjansforms y, into /'„ maybe obtained by compounding the sub- 
stitutions which convert /^ into y, into hito y„. The 

resulting substitution is proper or improper according as the 
number of its improper components is even or odd. 

IL If are any three forms, such that y is equivalent 

to y, andy to y, then y is equivalent to y. 

In particular, if ycs>y, and yc^a/a, then y^oy. 

For the present only proper equivalence will bo considered, 
and ‘equivalent’ will be used in the sense of ‘properly equivalent.’ 
Similarly ‘unitary substitution* will mean ‘proper unitary sub- 
stitution,* unless the contrary is stated 
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Reduction of the proble,n of representation to that of equivalence. 

59. It has already been observed (.see above Art 50^ tbm ' 
discussing the representation of numbers it is 

primitive mpre.ent.lio,.,. Soppr..,' th" '" 

VI ~ (X0£“ + 2day -f- cy~ 

IS a primitive representation of an integer m bv r / , 

aoth.t .,^.re integer, prime to each other.' Let ."fcg™ V« 

be ohomn .„oh th.t Then the .nb.titntio,, 

converts (a. h. c) into an equi^•alent form (a', h\ o'), where ^ 

= (xa^ -f- 2hay + cy^ = xn, 

h' = aa/3 + b (aS + 0 y) + ^yS = say, 
c' = a/3^ + 2b/8S + cS» = Z. 

Co„ve,„,y, i, 

U sj «"itary substitution which converts (a, b, c) 

iTpuMing a f"™ <» 

n^ - Im = B, 

it follows that ,p ^ ,) 

o^tScT^ls^a Hence no number 

wbr^ ^ , non-residue can be represented by any form of 

which the determinant is D. On the other han/ if 

number of which i) is a residue, and n a root of fh ^ 

»-=.D (mod then integer! ;.„ppo “rd“h: 

r?ple”;!d. ’ ■’ !>• •■“i bp which „ can b. 

A^\ ~ incongruous solutions of 

(ri mT c°''esponding values of 

(n - Dfm, every form (a, b, a) of determinant B by which m can 
e represented must be equivalent to one of the forms 

(m, n, 1 ), (to, - n, 1 ), (to, n', I'), {m, - n', I') etc 

St onhl”" ■” 

When a, y are given, the general values of /3, g are of the form 

^ = At + 5 = §0 H- 

M. 

5 
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I' being any integer, and two particular values of 0, B so that 

aB„ — /3„7 = 1 . Hence the general value of n is 

n = (aa-\- by) ^ -h (ha-\- cy)B 
= (aa -f- by) + ( ia + C7) S., 

+ A' (aa- + 2bay + cy^) 

= )io + A*w = (mod ?/i), 
being a particular value of n. 

The representation m = aa- + 2bay H- cy‘ is said to appertain 
to the root //„ of the congnumce a- = Z)(mod in). Representations 
appertaining to the same root of the congruence are said to belong 
to the same set. 

We shall return to the problem of representation later on: 
meanwhile, enough has been said to shew its dependence upon 
the theory of equivalence, which will now be considered in detail. 


60. Before doing so, however, it inay be well to give an out- 
line of the princi|>al results which will be obtained. 

Forms which are properly ecpiivalent are said to belong to the 
same cla^s. Each cla.ss contains an infinite number of forms, any 
one of which may be taken as a representative of tlie chiss ; all 
the other forms of the class being derivable from it by means of 
unitary substitutions. 


For every determinant the number of distinct classes is finite. 
The proof of this fundamental proposition consists in shewing 
that for any given determinant there exists a limited number 
of forms, called reduced forms, the coefficients of which satisfy 


certain conditions of ine(|uality, and that each class contains at 
least one reduced form. The criteria of a reduced form are quite 
distinct for definite and indefinite forms; but in each case we are 
able to construct a complete system of reduced forms and to ar- 
range them into sets of equivalent forms. The number of sets is 
equal to the number ot classes for the determinant considered. 


A method is devised by which any proposed form may be 
transformed into an equivalent reduced form ; so that in order to 
find out whether two given forms of the same determinant are 
equivalent or not, it is sufficient to find reduced forms equivalent 
to them, and then decide whether these reduced forms belong to 
the same class. This can be done in every case ; and moreover, if 
the two given forms are equivalent, the process by which this fact 
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is established also enables us to find a nnitary snbstitntion which 
convert one of the forms into the other. 

Fina%, by a method which is applicable to all qnadratic forms 

we are able to find all the substitutions bv which a given form 

may be converted into another given form which is equivalent to 
ir. 


61 . Let the form/=(r,, b, c) be transformed into the equiva- 
lent form /' = (a', h\ c) by the proper nnitary substitution (^' ; 

then (Art. 54) 

(t = (ZCt" 4- ^buy + cy~ 
h = aa/3 + h (aS 4- 0y) 4- cyB 

c' = 4- 2b0B 4- cBiK 

From this it is evident that every common divisor of <( b c is 
also a common divisor of b\ c\ Now since / is converted ’into 

/ by the inverse substitution b, c can be e.xpre.s.sed 

as integi'al linear functions of a\b\c'; therefore every common 
divisor of a\ b\ c is also a common divisor of a, b, c. Therefore 

dv {a\ b\ c) = dv (a, b, c) 
and similarly dv (a', 2b', c) = dv (a, 2b, c). 

That IS to say. / and f are eithei- both propei-ly primitive or 
both improperly primitive, or both derived forms ; and moreover 
in the last case they are derived from equivalent primitive forms. 

Classes, therefore, like forms, may be distributed into primitive 
and derived classes. 


Any two forms (a, 6, c) (a', h\ c') of the same determinant are 
said to belong to the same ordei' if dv(a\ b\ c')=dv(a, b, c) and 
dv (a ,2b , c) = dv (a, 2b, c). There is a corresponding arrangement 
of classes; so that we may have, in the most general case, orders 
of properly primitive classes, of improperly primitive classes, and 

of classes derived from properly and improperly primitive classes 
respectively. 

In the theory of equivalence it is sufficient to consider primitive 
forms ; and in like manner with regard to the representation of 
numbers. For it follows from the results of this article that every 
form equivalent to (/xa, /ac) must be of the type (fui', fjLc'), 

5 — 2 
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r>8 

anfl from the equivalence ififi', fih', fj.c') ro (jxay /x6, /^c) we infer 
(</'. h', c') CO (t/, /), c]. Similarly if m is representable by a derived 
form (fia, ^h, fj.c), m 'fx must be an integer, and to every repi'esenta- 
tion of m by (/zo. fih, /zc) conesponds a representation of mjfjL by 
(o, }), r) and conversely. In what follows, therefore, unless the 
contrary is stated, it will be supposed that the forms considered 
are pi imitive. 


62. zV good deal of brevity and clearness is gained by adopting 
the following definitions. 

Two forms (o, b, c), ((/, ~h, c), which differ only in the sign of 
their middle coefficients, are said to be opposite forms. Opposite 
foians are always improperly ccpiivalcnt, for the substitution 

(<V l) ^)* 

1'wo forms are adjacent, when the fii'st coefficient of one is 
e(jual to the third coefficient of the othei*. and moreover this 
common coefficient divides the sum of the middle coefficients. Or, 
in symbols, the forms arc («, b, a ), (a\ b\ (t"), with 4- 6' = 0 
(mod a'). Two adjacent forms are properly equivalent; for if we 
put {b + b') (i' — — B, it is easily verified that the substitution 

( *^1* converts (r/, b, a') into {a\ h\ a"). It may be observed 

also that 


a" = 


-D (6= - i)) - (6 + 6') {b - b') 


— a-\- B{h — h'). 

A special case which should bo noted is that (c, — 6, o) cv> (a, b, c), 
the substitution which converts one of these forms into the other 


being 


{ 

V-i.of* 


An ambiguous form is one for which the double of the middle 
coefficient is divi.sible by the fii-st ; that is, (a, b, c) is ambiguous if 
26 = 0 (mod u). An ambiguous form is properly equivalent to its 

opposite ; for if 26 = — ySa, the substitution converts (a, 6, c) 

into (a, —6, c). In particular, the principal form (1, 0, — D) is 
ambiguous, and is also its own opposite; as, in fact, are all forms 
with a zero middle coefficient. 


KKDUCTIOX OF 


OEFJXITK 


FORMS. 



Reduction of Definite Fo) 'nis. 

63. Consider a definite form (a, b, a) of determinant 

D = h- — aa = — A, 

a negative integer; and for simplicity, suppose that u, a arc 

positive. By the substitution ^ j it is transformed into the 

adjacent form (a', b', a"), where 

b- = -b- a' S 
a" = a -f S (6 — b'). 

Now let h be chosen so that 2 a: this can always be done, 
and in general in one way only; namely F is the absolutely least 
residue — h (mod a'), and 8 is determined by S = — (^ -f b')fii. 
The only exceptional case is when b = ^a' (mod a'), a being even ; 
here Ave may take b' = + ^a' or - (cf. Art. 9). If a" < we 
can transform (a\ b\ a”) in the Siime way into {a\ b'\ a"), where 
2|6 |:1> a ; and if a” < a'\ the process may be repeated. We must 
at last arrive at a form {A, B, C) for which 2B, and C ^A: 
because the series of continually diminishing positive integers 
a, of', a"'.., cannot go on indefinitely. 

A positive form {A, B,C) of this kind, for which 

C^A-i;.%\B\, 

ts called a reduced form. 

It folloAvs from what has been previously proved that a reduced 
form equivalent to any given positive form can always be fotnid. 
The process of reduction leads to a set of successive substitutions 

/ 0 , 1 \ / 0 , 1 \ ^ 

2 g' ) > etc., and to a corresponding set of forms, each 

of which is adjacent to the next following. The first form of the 
set is the given form, and the last is reduced ; so that by com- 
pounding the successive substitutions, Ave obtain a substitution by 
which the given form is converted into a reduced form. 

As an illustration, let the form be (10, 17, 29) ; then the series 
of equivalent forms deduced from it is 

(10, 17, 29), (29. 12, 5), (5, - 2, 1), (1, 0, 1), 

of which the last is reduced. The successive substitutions are 

(— — l) ' - 2 ) * (— 1 ' 2 ) ' compounding these we 
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obtain ^ by means of which (10, 17, 20) is transformed 

into (1,0, 1). 

Or, again, let the form be (29, 51, 90) : then the series of forms 
is 

(29, 51, 90), (90, 30, 17), (17, - 5, 2), (2, ± 1. 5). 
where the forms (2, 1, .5) and (2, — 1, .5) are both reduced. 

If coi, are the roots of Aq>- 2Bco -i- = 0, the conditions 
that (A , Z/, C) may be a reduced form are equivalent to a)i + o). 4*- 1, 
|<i>, 1 . Observe that since co,, co., are conjugate complex 

(|uantities, = co., , .so that the .second condition maybe replaced 
by o), 1. The significance of tliis will be seen later on. 


64. For a (jiven negative determinant, the number of reduced 
forms is finite. 

Let (.^1, B, C) be a reduced positive form for the determinant 
yv = — A ; then A = .rlC' — B-. The conditions of reduction being 
2B\1^A, and we have A(J 4;. A‘\ and :|> ; hence 

A = AC — B- ^ Ji-t-, or .^-l Hence al.so |y?| :h and 

AC = A + B' r^A, so that C :(»■ jjA. The values of A, B, C being 
all limited, it follows that the number of reduced positive forms is 
finite. 

From each positive reduced form (.^*1, B, C) wc obtain a cor- 
responding negative reduced form (— A, B, — C) by changing the 
sign of the extreme coethcients. 

In order to construct a complete set of reduced forms for the 
determinant — A, we take B~0, ± 1, ± 2, ... + \, where \ is the 
greatest integer contained in \^^A ; then, attributing to B any one 
of these values, we break up A + Z?- in all possible ways into the 
product of two integral factors A, C\ finally, we reject those com- 
binations for which the conditions |(7|-^:|^|-^:2|.B| are not satis- 
fied. The remaining sets {A, B, C) give reduced fonns. 

Example 1. Suppose A = 40. Here V40/3 is between 3 and 
4, so that X = 3, and the calculation is as follows : 


II 

© 

^C= 1.40, 2.20, 4.10, 5 

± 1 

1.41*, 

+ 2 

1.44* 2.22* 4,11, 

± 3 

1.49* 7.7. 
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The decompositions marked witli an asterisk have to be ic- 
jected : so that the positive reduced forms are 

(1, 0, 40), (2. 0, 20), (4, 0, 10), (5. 0, 8 ), 

(4, ±2, 11), (7, ±3, 7): 

eight in all. 

It is to be observed that this process gives the derived as well 
as the primitive forms; thus, in the above example, ( 2 , 0 , 20 ) and 
(4, 0, 10) are derived forms. 

Example 2. A = 30, X = 3, 

B = 0 ^0=1.39. 3.13, 

±1 1.40* 2.20, 4.10, 5.8, 

±2 1.43*, 

±3 1 . 48*, 2 . 24*, 3 . IG* 4 . 12*, 6 . 8 . 

The reduced positive forms arc : 

(i) properly primitive, (1, 0, 39), (3, 0, 13), (5, + 1, 8 ) : 

(ii) improperly primitive, (2, +1, 20), (4, +1, 10), ( 6 , + 3, 8 ). 


65. We have now to inquire whether two positive reduced 
forms (a, h, c), b', c') of the determinant — A can be properly 

equivalent. Suppose that the substitution converts (a, b, c) 

into (a\ h\ c'). Then 

aa' = a (aa^ + ^bay + cy-) = {aa + by)- + Ay- ^ Ay-. 

Now aa' 7 i® integer : therefore 7 ' = 0 or 1. 

^ 

— 

u 

which converts (a', b', c') into (a, h, c), we conclude that ^- = 0 

or 1 . 


If /3 = *y = 0, a = 3 = + 1 and the forms are identical. 


Next suppose 7 = 0, = ± 1 ; then 

a = S = + 1, a' = a, b' = b ± a. 

The conditions of reduction 2 | 6 |:^a, 2 | 6 '|:^a', cannot both be 
satisfied unless b — ± ^a, 6 ' *= + ^a. The forms (a, ^a, c), (a, — c) 
are in fact equivalent, the first being converted into the second by 


the substitution 
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Suppo.se 7-±l, / 3 -. 0 . This is merely the invei-se of the 
preceding, and leads to the same result. 

Next, let7 =±l,;9 = + l; thenaS = 0. If a = 0. 

a = c, 

1} ^ — h ± cS, 
c' = a + 268 + cB\ 

The con<iition.s 2 6 ^ o, 2 6' :)>«' cau.iot both be siitisKed, 
except in the t>vu tollowing cases ; — 

(j) S = 0 The forms in this ca.se are («, 6, «), («, -b.a) 
uhich are obviously 0(|uivalcnt, the transforming substitution 
being (_ J' 1) . 

(ii) S = + 1. Here 2 6' | > c, except when c = a, and 

b' = - b = ± 

The tornis are (n. ^0, «) and -i^a, a), <,f which the 
may be converted into the second by the traiisforinations 


and 


0 . 1 \ 

-I, oj' 


0 , 


fii-st 
-I 

1 


The case where ^ = ±1,7 = 0 leads to the same result. 

Finally, let ^ = 7 = + 1 ; then aS = 2. so that either a = + 2 
o=±l, or 0E = ±1, 8= + 2. 

Suppose a — 2, 8 = 1. Then by the equations of transformation, 

a = 4 a ± 46 + c, 

c' = a + 26 + c ; 
therefore _ c' = 3a ± 26 , 

Zducod ^ ''' 

The other cases may be treated in the same way : and the 
conclusion is that 

the only possible pairs of equivalent reduced forms are (a, ia, c). 
lelonn^’ ~ <“• -*“• “> 

belonging, (is it ivere, to both cases. 

reiecfth.?r equivalent reduced forms wc 

J orm of which the middle coefficient is negative. The 
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remaining terms are all non-equivalent, and may be taken as 
representatives of the ditferent classes for the given determinant. 

Thus, for instance, when A = 39, we reject one of each of the 

pail's (2, + 1, 20) and (6, ± 3, 8) : there remain eight representative 
torms, four properlj'^ primitive. 


(1,0.39), (3,0,13), ( 0 , 1 . 8 ), (5, -1,8), 
and four improperly primitive, 

(2. 1, 20), ((i, 3. 8). (4, 1, 10), (4, - 1, 10). 

Similarly when A = 40 the equivalent pairs are (4, ±2, 11) 
and (7, +3, 7), and we may take as representative forms 

(1,0,40), (5,0,8), (4,2,11), (7,3,7); 

(2, 0, 20), (4, 0, 10). 

In order to discover whether two given definite forms are 
equivalent, we find, by the process of Art. 63, a reduced form 
equivalent to each. The necessary and sufficient cmidition for 
the equivalence of the proposed forms is that these i-educod 
forms should either be identical, or form one of the special 
pairs of equivalent reduced forms. 


Meduction of Indefinite Forms. 

67. When the form (a, 6, c) is indefinite, the roots of the 
equation aco“ -f- 256i) q- c = 0 are both real. The process of reduction 
is quite different from that employed for definite forms, and is 
closely connected with the expansion of a root of the equation 
in the form of a periodic chain-fraction. 

As a first step, we observe that for a given positive determinant 
D there is only a limited number of forms {a, 5, c) in which «, c 
have opposite signs. For if (+ a, 5, + r) be such a form, 
5* + ac = Z), and hence \b \ < f D : also ac = D — h- D, so that 
neither | a \ nor | c | can exceed D. 

Again, it is sufficient to consider those forms for which b is 
positive, since the form {a, — 5, c) co (c, b, a), being transformed 

into it by J 

We might consider all forms to be reduced for which b is 
positive and a, c have opposite signs. It is more convenient. 
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however, to adopt Gauss’s definition of a reduced form, which 
is as follows : — 


An indefiiiite fonn (.d, B, C), of determinant D, is reduced if 
B is positive {not zero) and less than \/Z), and moreover 

y'n-B< A <s'D + B. 

The following conse(|ueuces of the definition should be noticed. 


I. Since B < \^D, B' — I) = AC is negative, so that A, C are 

of opposite signs. 

II. We have (\/D — B){\‘ D + B) = — AC = \ A \C : ; and it 

follows from this and the or)nditions of ine(juality satisfied by 
\A\ that \/Z)+i^> C> \ I) — B : that is, \A\, lOj .satisfy the 

scnne conditions of inecpiality. 

III. The roots of Aco- 2Bfo + t/= 0 are 

— Ji + \ D r *■ 1 

o), = , a proper tniction, and 


(i> . 



improper fraction ; 


moreover o)^(o> = (C, A, which is negative, so that o),, (d., 
sign. 


differ in 


Conv(‘i-sely, if o>,, (n.. are of oj)posite sigms, and i ct),| < 1, | eojj > 1, 
the form is re<lueed; for these conditions ro(juire that ^ B A \l D 
and — /i — should have opposite signs, and that —B^s/D 
should bo the greater numerically; hence B is positive and less 
than •J B. AI.so since i<t),|<l, \//) — /^ < | .^ |, and since |a).>|>l, 

\/7J A B>\A\. 


IV. Since \A\< \/DA B, and B < \fD, it follows that 
and similarly 1 C' | < 


68. It is easy to construct a complete system of reduced 
forms for any given determinant. To do so, we assign to B all 
positive integral values (zero e.xcluded) which are less than fDi 
taking any value, sjiy B, we break up D ~ B^ in all possible ways 
into the product of two positive factors A^ (7, and reject those 
combinations for which the condition that Ay C shall each fall 
within the limits •JD — B and ^^DaB is not satisfied. Each 
remaining combination gives, in general, four reduced forms 
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By C)y B, (Dy {Gy By ” ) , (—0, B y A) \ tliei'c are, of 

course, only two if C = A. 

Thus if Z) = 13, the work will be as follows ; — 

-5 = 1 AC=1, 12*, 2.6*, 3.4, 

2 1 . 9 * 3 . 3 , 

3 1 . 4 , 2 . 2. 

Since \/D lies between 3 and 4, the combinations marked with 
an asterisk have to be rejected : the complete system of reduced 
forms is therefore 

(±3, 1, +4), (±4, 1, +3), (±3, 2, +3), 

(±1, 3, +4), (±4, 3, +1), (±2, 3, +2); 
twelve in all. 


69. A reduced form can always be found ivhich is equivalent 
to any proposed form. 

This will be proved by showing that every form («, h, a) is 
equivalent to a form {Ay By C) for which 

VZ) — I -4 I < ^ < ^JDy 
\C\^\A\. 

A form which satisfies these conditions of inequality is reduced, 
according to definition. For since fD ~ 5 < | .4 |, and 

\D- B^\ = \A \ \C\y 

it follows that 

I fD + 5|>|(7|>|Ai> VZ> — B. 

Hence B is positive and < \/Z>, and moreover 

VZ) B>\A\> fD — B : 
that is, {Ay By G) is reduced. 

Let 8, b' be chosen so that 

6 + 6' = - 8a\ 


fD -\a'\<U < VZ>. 

This can be done in one way, and one only : for if \ be the 
gi’eatest integer in fJD there is one and only one integer b' in the 
interval (X 4- 1 — | a'| , \) which is congruent to —6 (mod a'). Choosing 

this, and putting — (6 H- b')l a' = 5, the substitution ^ changes 

(a, by a') into the adjacent form (a', b\ a")» with f D — \a'\ <b' < f D. 
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If a')>lrt"i, the process can he repeated; and it follows, tis in 
Art. 03, that after a finite number of operations we must airive at 
a form (A, B, C) for which all the ine(|iialities arc satisfied. 

For e.xample, let the f»rm he (70, 29, II). Here i) = .5, \ = 2, 
and the process of reduction leads to the series of forms 

(76,29,11), (11,-7, 4). (4, -1,-1), (_i, i, 4), 

of which the last is leduced. 

The reducing substitutions are 

0. IX / 0, n / 0, IX 

-1, -2^ l-l. =>)' V-1. O)’ 

and by compounding these we obtain ^ ~ 2 ) ’ of 

which (70, 29, 11 ) is converted into (— 1, 1, 4). 



70. The ne.\t tiling to be 
reduced forms are e<|uivalent. 
following proposition : — 


done is to find out which of the 
To this end, we retjuire the 


Ij (o, 6. a) is a reil need fur m, there enists one, and o»/y one 
adjacent reduced forni (o', b\ a' ) which is equivalent to it, and has 
its first coefficient equal to a\ 


‘Suppose, in the tii-st place, that a is |jositive : and let us write 
— a instead of a', since the third eoetiicient must be negative 
(Art. 07). Let B, b' bo chosen so that 


b b' — Ba', 

^JD - a’ <b' < 

This can be done in one way only : and moreover the value of b‘ 
thus obtained will be positive. For if b' were negative we should 
have \/D < « , and hence b<a and positive: the algebraically 
gieatest negative value of U is therefore — b (corresponding to 
B ~ 0), But since («, 6, — a') is reduced, 

\/Z> - b <a < \f D + b, 

and therefore —b<\fD — a ; that is, the algebraically greatest 
possible negative value of U is less than — contrary to the 
conditions of inequality by which h' is determined. 

Since b is positive, B is positive and not zero; hence 

•jD U — ~b + Ba' > a* , 
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0 , 1 


and therefore the substitution converts (a, 6, - a') into a 


form (a', 6', a") which is reduced. 

In a similar way, from a reduced form (—f/, b, a') of which the 
fii’st coefficient is negative, we may derive an adjacent reduced 
form (a\ h\ — a"). Namely, if we determine B, h' by 



^JD —a' <h' < •JD, 

it can be proved as before that h' is positive ; hence S is negative 
and not zero, and therefore \/I> + b' = \/J) — b~ Brr' > a', so that the 


substitution 
(a\ b\ - a"). 



converts (—a, 6, a) into a reduced form 


71. Starting, now, with any reduced form (u, b, a'), we 
deduce in this way a series of reduced forms (a\ h\ a'), (a", b", a'") 
etc., each of which is equivalent to the one before it. The total 
number of reduced forms being finite, we must at last arrive nt a 
form identical with (a, b, (f'). In this way we obtain a C 3 xle or 
pemod of reduced forms 

(«, b, o'), (o', b\ o") ... (o a). 

If these forms are supposed to be arranged in a ring, each form 
will be connected with two adjacent forms, one following, and one 
preceding it; thus (a, b, a) is followed by («', b\ a") and preceded 
by a). 

The number of forms in a period is necessarily even, because 
the final coefficients a, a!\ d" ... are alteinatel}' positive and 
negative, and the last of these, namely a'"' =a, has a sign opposite 
to that of d. 

After completing one period, we may take any one of the 
reduced forms which are left, and form its period ; and so on. 
Finally, all the reduced forms will be arranged in a finite number 
of periods, each containing an even number of forms. 

Thus for D = 1S the periods are 

I. ( 1,3, -4), (-4,1, 3),( 3, 2, -3), 

(-3, 1, 4), ( 4,3, -1), (-1, 3, 4), 

( 4, 1,-3), (-3, 2, 3).( 3, 1,-4), 

(-4,3, 1). 

(2, 3. - 2), (- 2, 3, 2). 


II. 
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72 . Each form of a period, such as (+ a, h, + a'\ is transformed 
into the ne.xt following. (+ «', b\ ± a"), by means of a substitution 

0, 1\ Tr 

_ ^ gj . It w, W are two correspond loots of the forms, 

1 


(1) =5 




/ • 


&> 


Suppose, in particular, that is the pi incipal root of its form : 
that IS. 1(.| r., =r.), = ; then when the upper si^n is taken 

lor + (/, 8 is positive, w is a positive proper fraction, and 

1 1 


0 } = 


a- 


(D 


8 + 


Ol 


t i > 


' .... 

since 6> = negative. 

If we take the lower sign for + u, &> is a negative proper 
traction, 8 is negative, and we have 

1 

— S + &)' 


(Ol = — (D = 


Since (o' is positive. 

In every case, therefore, 


B\ + 


CO 


• I > 


1 


CO = 


5 I + I a> 


/I • 


Similarly, if is the .substitution which 

(+ «', b', ±(i") into the ne.xt form of the period, 

. , 1 


converts 


CO ! = 


and 


ai + u-r 


so on. 


Hence, it <f>^, are the forms of a period, ( ^ ^ 

the substitution which converts into |84.|=t7i., o), the 

principal root of the absolute value of «, may be expanded as 
a pure recurring chain-fraction in the form 


l6>.l = -i -t 


d, + rf.j 4- . . . + d.jj„ +.. . . 

* * 

In the same way, if cojt is the principal root of 

1 1 1 


= 


di: + d*+, + 

* » 


ASSOCIATED FORMS. 


79 


Foi example, let ^, — (1^ 3, ~4>)\ then the corresponding 
period contains ten forms (cf. Art. 68). The values of 4 are 

, ^ 1 > - 1 , 1 . - 1 > 6 , - 1 . 1 ,- 1 , 1 .- 6 ; 

and hence 


1 


ay 


* 

Heie it will be observed that the period of ten foi’ins gives 
rise to a recurring fraction with only five pai’tial ipiotients in its 
period. The reason for this will appear later on. 


73. It is now evident that the reduction of an indefinite form 
is precisely equivalent to the expansion of its principal root in the 
form of a recurrent fraction ; in particular, we have found the 
necessary and sufficient conditions that a root of a (luadratic 
equation should be expressible as a pitve recurring fraction. 
Another curious point is that in the expansion of expressions sucli 
as (6 + ^D)la only a limited number of distinct periods of partial 
quotients can occur; thus for i)==18 there are only two, namely 
(1, 1, 1, 1, 6) and (3). Here periods derived by cyclical permuta- 
tion, such as (1, 6, 1, 1, 1), are not considered to be distinct. 


74. If (a, b, — a) is a reduced form, so also is (— <i\ b, a). 
These may be called associated forms. Two associated forms 
may occur either in different periods, or in the same period. 
In the first case, it is easily seen that each form of one periofl 
is associated with a corresponding form of the other ; and the 
periods may be called associated. Suppose, on the other hand, 
that the forms occur in the same period. Then if b\ a") 

is the form of the period next after (a, Z>, its associate 

(a , 6, —a) is the form next before (~a\ b, u); and similarly, 
if (—a\ b', a") is followed by {a \ b'\ -a'”), b'\ a”) will 

precede (a'\ b', — a'). Proceeding in this way, forwards from 
(tt, h, —a) and backwards from {— a\ b, a), we come eventually 
to a pair of associated forms (A, B, — A'), (—A', B, A) which 
are consecutive forms in the period. Since these are adjacent, 
B + B = 0 (mod A'), that is, 2B = 0 (mod A'); (—A\ B, A) is 
therefore an ambiguous form (cf. Art. 62). In the same manner, 
by going forwards from {—a\ b, a) and backwards from (r/, b, — a), 
we arrive at a pair of associated forms which are adjacent ; one 
of these is therefore ambiguous. Thus every period which is its 
own associate contains two ambiguous forms ; and conversely, if a 
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period contains one ainbigiious form, it must be its own associate, 
and will contain a second ambiguous form. There cannot be more 
than two ambigiioiis forms in a period ; for bv proceeding forwards 
and backwarfls from an ambiguous form (.^1, B, — A') and its 
predecessoi' {— A\ B. ^.1), we obtain continually new pail's of 
associated lorms (a, h, —a'), {—<f\ h, (t), and if either of these 
is ambiguous, it is adjacent to the other, and the period is 
completed. 


75. If (.^1. is a refJuced form, so also is (— -^1, B, A'\ 

1'he principal roots of these forms are etpial and opposite; hence 
the recurrent expansions of their absolute values coincide. It 
may liappen that {A. B, -A') and (-^1, B, A') belong to the 
same i)eriod ; suppose that this is the ca.se, and that the period 
contains 2m forms. 'J'hen if. with the notation of Art. 72, we put 
(A, B, -A') = (j)i. it is easily se<’n that (— .^1, B, yl') = and 
that = — 3,. Consecjuently 

m -i-] “ III +'i ^ ‘ •(^■^iii ~ III y 

and the series of recurring partial (piotients in the expansion of 
the principal root of {./I, B — -1) contains only half as many 
trinis as there are forms in the ])eriod. 

An (‘xample has already been given above (Art. 72) for /)= Ifb 
Here th(‘ forms (I, -S. —4) and (—1, 4) belong to the same 

])eriod of ten forms; an<l tin* periodic expansion of the abs(dute 

. . ♦ * 

value of the principal root of eithei* is (0; 1, 1, 1, 1, (>). 

All the foi’ins of a perioci of this kind may be arranged in 
pail's such :ls (t/, b, —o'). (— o, b, o'), with equal and opposite 
]>rinci])al roots. 

If the forms (o, b, — o'), (— o, b, a') are equivalent, and ^ 

is a substitution transforming (a, b, — o') into (— o, b, o'), then, to 
being the principal root of the first form, 

a (— w) + 


(0 = 


or 


7 (— oj) + S ’ 

70 )- - (a + 5) o) + >9 = 0. 

Comparing this with aoy- + 2b<o — o' = 0, and proceeding exactly 
as in Art. 83 below, we have 

<i = (t ^ bu)/a-, y = aul(T, 

^ = — ^ ^bu)! 
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vh„, „ * „„ 

t~ - ^ __ 

forms of «nj. period forlhrdeta’mi“,\',°fl solutions, tho 

ce'2r“„‘' 

SLS' 

5.o^i„i“ r„r£:t tsf 2i‘ r 

^ t. ;rf t;r. Ci, - 

contimmd'f™ ‘ '" "" *” “"* *» “Pros« the 

. 1 1 
/^o H ^ — 


and 


(1 ; 2, 3, 4) means 1 + - - 1 

(0 ; 3) means i 1 

3 + 3 + .... 


...VK fraction (mth a finite or infinite number of 

p rtial quotients) is said to be regular, when it is of the form 

Wf-’ quantities . . are 

positive and not zero. When this is not the case ii H irZjuC 

of Un t fraction contains only a limited number 

of negaUve or .ero partial quotients, then it is possible, by a finite 

numler of operations, to convert it into a regular continued fraction. 

r*",! quotient which is not positive. 

There aie the following cases to consider. 

f^r = 0 . 

We have identically 

a H 


0 + 


^^ = (a + 6) + i; 

6 + 1 
X 


M. 
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hence without altering the value of the continued fraction we may- 
replace the four partial quotients 

by 

leaving all the rest as before. 

II. fjir~ — n, and n>l. 

We have identically 

1 .r 

a+ 1 = ^ - I ^ 

, I bx—l 

-6 + - 
•f* 


= o - 1 + 


(i^I)a:-l 
bx — 1 


= a — 1 + 


1 + 


= a — 1 + 


1 + 


(b— l)x~ 1 
1 

1 

(6-2) + '^ 


= « - 1 + 


1 + 


(6-2)+ 

1 + 


(x - 1 ) 

Hence we may replace 

Mr— 1» M^+1 

by Mr— 1 Mr+i I* 

Of these only the first can bo negative. If either — 2 or 
Mr+i — I is zero, we can apply the reduction of the previous case. 

in. Mr = -1. 

We have identically 

1 X 

-i+- 


= a-2 + 


= a — 2 + 


x—2 
x — 1 

1 


1 + 


1 * 
X — 2 
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^.-1 , ~ 1 , 




Therefore 

may be replaced by 

^'■->-2, 1, /i,.+. -2. 

If ^,.+. = 2. the first reduction may bo applied If „ 
preceding process fails : but we have 

1 


+j = 1, the 


a + 


-1 + 


= ^_L (^ + 1)^+1 , 


1 + 


5+i 

X 


X 


= a-6-2-|- 


1 + 




so that we may replace 

-1, 1, 

y Mr_. - /l.r+2 - 2, 1, fJLr^^-X. 

It IXr+,-1 IS zero, the first reduction can be made. 

It will be seen that in everv - ... 

brought at least one place nearer to the beginning of T£' fraction 
It IS therefore possible, by repeated reductfons, to bring it to 2 
ftrst place, and the fraction has then become regular. ^ 

Moreover each reduction either leaves the total number of 

hylwo ‘^Tf Sr O'- diminishes them 

iStrf’ number of partial quotients) ol a 

mited number of partial quotients will be afffected, aid those 

r auLrZT - -- places in the 

78. Another lemma which will bo required is the following 

If the quantities x, y are connected by the relation 

ax + ^ 
ya! + S ’ 

where a, 0, y, S are integers such that aS -0y=l, it is always 
possible to eatress y in the form 

y=(i/*J ±Vj x\ 

where are all positive. 


6 — 2 
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Let + /i be determined so that /9/S + is a positive proper 
fraction : this proper fraction may be expanded into an ordinary 
continued fraction in the usual way, and if it happens that the 
nvimber of ])artial quotients is odd, the last of them, say, 

may be replaced by - 1) 4 1 1, and then we may ^\Tite 

for ~ 1, and put L Thus in all cases 

g = ( i M ; Ml > M"- »■ * •Mi'')- 

Suppose that a,/7, is the convergent immediately preceding 
(9/8; then 

otiS — 7,/9 = 1 = aS — 7^, 

a = a, + r/9, 

7 = 7i ± 

where v is some integer. It follows from this that 

a/7 = (±M; Ml. ± *')* 

and that 

y = ^ = (i M j Ml. Ms > • • • * i 

^ 7a’ 4* 0 


and hence 


/a, m / II, - bA 

trample 1. Suppose L 3 j = [_ 9^ rj • 


Here 


and therefore 


- {J/5 = - 2 4 - 4/5 = (- 2 ; 1,4); 

«! = — I. 7i = I. 
a =11 = -1 4-(-2)(-6), 

7 = — 9=14- (— 2) (5), 

y=^^^ = (-2; 1 . 4, -2, .r). 


— 9a; 4* o 


Example 2. (“’f) = (_4?; 105 )’ 

/3/8 = (-l; 2, 1, 3, 4, 1, 1), 
a, = — 37, 7i = 58, 
a = ai 4- 67, 7 = 7i “ 1^5 ; 

therefore 1/ = — 1, and 

» - • 2, 1.3,*, 1, i.-i.*). 


79. We are now able to prove that two properly equivalent 
reduced forms must belong to the same period. Let the reduced 
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example. 

forms be <^ = (a, h, - c) and <£' = ((,' b' -c'V .vp m 
that a, a' are both positive because if f ' ' . 

z ::me ;Sd“ ^ 

p-^j: ■;£j^irr;z tt t • 

stitution J which will transform 0' into and therefore 

a>'=“?L±:^ 

7^0 + 5 

By th^lemma just proved, we can express a,' in the form 

^ (i/^) ^2,* • -ytij,-, ±1^, <u) 

if (0, £^, is the recurrent expansion of ca 

reduce? expression for <a' cau be 

educed to a regular expansion, so that we may write in every 

" =(±/^'; I,, L, 

where /j, are all positive. 

^ Now la' IS a positive proper fraction ; therefore lu.' = 0. Arain 

henT r 

reduction “of'th T r •'ccuning period of But in the 

reduction of the first expression for a,' into a regular form, only a 

finite number of partial quotients after + . are affected. Therefore 

at a dT" V V "■■- beginning 

at a different place ; in other words, the period of partial quotient! 

m the expansion of <b is only a cyclical permutation of the period 
belonging to «, and moreover a permutation equivalent to an even 
number of transpositions (cf. Art. 77 above). Therefore the forms 
<p and ^ belong to the same period. 

The following example will illustrate this theorem, as well as 
the reduction of irregular continued fractions. 

The form ^' = (6, 1, —7) is transformed into <f> = (9, 5 -2) bv 

/ OQ s;\ * ' J 

)' 


the substitution { ^ 

V- 23, 4 


Now 


“4=(-2; 1,3), 


/ 

a> = 


29a> — o 


— 23a> + 4 


~ (“ 2 ; 1, 3, —6, co) ; 


and 
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or, since 

ca = (0; 5, 1, 3, 1, 1, 1*2), 


a.' = (-2; 1, .3. -1, 1, 3, 1, 1,...) 


= (-2; 1, -2, 1, 0, i, 12,...) 


= (-2; 1, -2. 2, 1*2....) 


= (-2; 0, 1, 0, 1. 1, 12,...) 


= (-2; 0. 2. 1. 12....) 


= (0; 1, 12, 5, 1, 3. 1), 

the period of which is derived from that of <a by cyclical permuta- 
tion, each clement being removed four places backwards. 


80. In order to discover whether two given forms, f, f\ of 
the same determinant, arc c(|uivalent, we find, by the process of 
Art. GO, two reduced forms 0, <^>' ecjuivalent to f, f’ respectively. 
The ncccssiuy and sufiicient condition for the equivalence of f and 
f is that <f> and (f>' should belong to the same peiiod of reduced 


forms. 


Suppose that this is so, and that 


/a, fj,\ /a\ ^'\ 

V7, 8 / ’ Vi/, p) ’ \y, B' ) 


respectively transform f into <^, ^ into and f’ into </>'. Then 
the substitution 


\y, 6 / \v, p / \—y , a J 
will transform / into /'. 


Example. D = 43, 

/=(53, 72. 97), /' = (-19, 47, -114). 
We have (53, 72. 97) ~( 97, 25, 6) 

~( C, 5,-3) 

~ (- 3, 4. Q) = 4> 

and (- 19, 47, -114)~(- 114, 67, -39) 

~(- 39, 11, - 2) 
~(- 2, 5, 9) = ^'. 

The period of (— 3, 4, 9) is 

(-3, 4, 9), (9, 5. -2). (-2, 5. 9), etc., 
hence <f> co <j)', and therefore 
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Again f is transformed into 0 by the substitution 



<f> into by 


( 0 , 1 

V-1. -1 


f' into <f> by 






Theieforeyis transformed into by the substitution 



Simj^lest Representative Forms. 

81. The most important result which has been obtained is 
that both for definite and for indefinite forms the number of 
classes for a given determinant is finite. To assign, a piriori, the 
number of classes, without constructing a s^’stein of reduced forms, 
is a fundamental problem of which the interest is equalled by its 
difficulty, and all the solutions hithei’to obtained depend upon the 
most abstruse analytical methods. An account of these investiga- 
tions will be given later on ; meanwhile, it may be observed that, 
from this point of view, a system of reduced forms is merely a 
finite number of forms such that every form of the determinant 
considered is properly equivalent to at least one of them. Con- 
sequently the definition of a reduced form is to a certain extent 
arbitrary ; and in like manner with regard to the choice of a 
complete system of representative forms. We may, in fact, take 
as the representative of a class any form which is contained in it ; 
however, it is convenient to fix upon a set of * simplest representa- 
tive forms,* which are defined as follows. 

When D is negative, there cannot be more than two reduced 
forms in any class. When there is only one, that is chosen for the 
representative ; when there are two, in which case they are 
opposite, that one is taken of which the middle coefficient is 
positive (cf. Art. 66). 

When D is positive, the period of reduced foims for any class 
will contain either two ambiguous forms or none (Art. 74). In the 
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former cjisc, let the ambiguous forms be ((/, b, c), (« , h\ c). We 
can find two other forms equivalent to these, of which the middle 
coefficients shall be the absolutely least residues of h, b' to the 
moduli a, a respectively. If in one only of these new forms the 
middle coefficient be zero, that fcum is chosen; if neither or both 
of the middle coefficients be zero, that form is taken of which the 
first coefficient is numericallv leiist. If the fii*st coefficients are 
numerically equal aiul of opposite signs, we choose the form of 
which the fii>>t coefficient is positive. When the period contains 
no ambiguous form, we choose that form (a, b, c) of which the 
til's! coefficient has the least numerical value (if there are two such 
coefficients, only differing in sign, we take the form of which the 
first coefficient is positive); then, as before, we deduce from this 
the Ibrin (u, b\ c), where U is the absolutely least residue of b 
(mod (/), and take this for the representative form. 

Thus for /) = oS, there is a period (2, 6, —11), (—11, o, 3), 
(3, 7, -3), (-3. -), 11), (11, G. -2), (-2, G. 11), etc. The 
ambiguous form.s are (2, G, — 11) and (— 2, G, 11), from the former 
of which we derive the representative form (2, 0, — 29). Or again 
for Z> = 99 we have a period (o, <S, —7), (—7, G, 9), (9, 3, —10), 
(—10, 7, o); here we choose (-7, 8,-7) and deduce from it the 

representative form (5, — 2, — 19). 


Automorphic Substitutions. 

82. Suppose that it has been discovered, by the methods 
already explained, that two forms f and f’ are eijuivalent. The 
process by which the equivalence is established also furnishes a 
proper substitution by which f is transformed into J . The 
(juestion arises ; is this the only substitution by which the 
transformation can be etlbcted ? and, if not, how can we find all 
the substitutions which titinsform f into f ? 

This problem may be at once reduced to that of finding all the 
substitutions which transform /’into itself. It is clear that if R is 
any substitution which transforms f into itself, and S any substitu- 
tion which transforms /into/', then the substitution RS wdll also 
transform / into /'. Moreover, if S^^ S.^ are any two different 
substitutions which tmusform / into Z', the substitution S^Si^^ will 
transform / into itself. Hence, putting S. 2 Sr^ = R, we have 
S.. = RSi : so that all the substitutions which convert / into f 
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compounding any one of them, such as S^, 
with all the substitutions which leave unaltered. 

A proper substitution R which transforms /into itself is called 
an automorphic substitution (relatively to /), or simply an automoiph 

of/ 


83. Let /= (a, 6, c) be a primitive form of determinant D, 
and let w be its principal root ; then if be an autoinorph, 

_ a<y + ^ 

^ y<o 4- B 

or 7<»" + (^-a)<y-y3 = 0. 

Comparing this with aco- + 26a) + c = 0, it follows that 

7 = aujo-, 

B — a = 2bulcr, 

/? = — CulcT, 

where u is an integer, and <r =dv (a, 26, c) : that is, o- = 1 or 2 
according as f is properly or improperly primitive. Since 

(8+a)4-(S-a)=2S, 

an even integer, we may evidently put S + a = 2tl<T, where t is an 
integer. Thus 

a.= (t~bu)la, ^- — ciilo-y 
7 = aw/o", S == (i + bu)la- 

and substituting in aS — we obtain 

t;^-I)u- = a‘^ (ii). 

Thus all the automorphs are expressible in the form 

given by (i), where t, u are integers which satisfy the indeterminate 
equation (ii). 

Conversely, if t, a are any integers such that P — Dip = the 
values of a, 7, B given by (i) ^vill all be integral, and will 


(i)> 


7: 

be an automorph. It may easily be verified that 

algebraical automorph ; so that all we have to do is to prove that 
7> ^ integers. This is obvious when o' = l; if<r = 2, 2)=1 
(mod 4), and the equation P — Du? = 4 shows that t, u are both odd 
or both even. Also 6 is odd, otherwise f would not be primitive ; 


IS an 



00 


BINARY QUADRATIC FORMS. 


t Iicreforc t — hu ami t + hn arc both even, and consequently a, 8 are 
integers. Finally, a, c are both even, and therefore 0, y arc 
integers. 

84. The e(iuation ( ii ), although originally proposed for solution 
by Fermat, is usually known as the Pcllian equation. Its character, 
fiom our present standpoint, is essentially different, according as 
D is positive or negative. 

First, let I) = — S, a negative integer; then, in geneml, the 
only real integral solutions of C’ -f- A/C = o-- are f = ± a, 7i = 0. 

If O' = 1 , A = 1 , they are ^ + 1 , = 0, and t = 0, ?/ = + !. 

If O' = 2, A = *), they are / = + 2, « = 0, and f = + 1 , a = + 1. 

In general, therefoiw there are ordy two solutions; the only 
excc'ptional cases (fu- primitive forms) being A=l, o'=l, when 
there aie four solutions, aial A = 'b <7 = 2, for which there are six. 
SiiKte the two solutions (/, //) ( — t, — n) lead to the same substitu- 
tion. there is in general only one automorph, the identiad 

substitution; lor the excej)tional cases we have two and three 
automorphs res})ect i vely. Thus the form (I, 0, 1) has the 

automorphs j and : while (2, 1, 2) has 

1 , 0 \ / 1 , 1 \ / O . -1 

0. ir l-i.or [l, 1 


85. On the other hand, if D is jiositive, the Pellian equation 
admits of an infinite number of solutions. It can be shown, in the 
fii-st place, that there is at least one .solution distinct from t = + <r, 
n=:0. For suppose {a, h, c) is a primitive reduced form of 
determinant D for which (/ is positive, and f/r(a, 2b, c) = <7. Let 

its principal root be expanded into the recurrent fraction 

* ♦ 

(o ( 0 j d I , d-t , . . • d-2in ), 

and suppose that the (2/n — l)th and 2»ith 

convergents. Then since &> = (0; rf, , rfj, ... d.j,n-i, d-^m'^ it follows 
that 


hence 




P^m—x ^ ” 1 “ Pun 
O) = — , 

an automorph, and therefore if we put 


Pim-X = (t — bu)la, JUm = — Ci//o-, 

'/sia-i = aula, (pm ~{t + bii)/a, 

t, ti will be positive integers such that - Du‘ = a^. 
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For instance, if D — 1/, we may take the reduced form 

(2, 3, - 4), for which a- = 2. The expansion of its principal 
root is 

(0; 1. 1, 3, 1, 1, 3), 

whence p, = 9 = ^ (t - Sw). = 16 = », 

so that t = 66, ?i=16. 

Excluding the ease for which t = cr, » = 0, tiiero will be one 
positive integral solution of <= - Dii- = o-- for which t, u have the 
smallest possible values. This will be denoted by (T, IT) and 
called the fundamental solution. 


If n is a positive integer, the expression {T + U TD)" may be 

reduced to the form P + Q TP, where P, Q are integers, so that if 
we wi-ite 


( 


T+U^D y + Un 

a J a 


will be rational. Moreover since i.s irratiunal, we shall 

have 





and hence, by multiplication, 





( 


— B ” 


<T- 



Therefore Un) is a rational solution of t'—Ba' = <x'-. It 

may be shown that Un are integers. This is evidently the 
case when cr = 1 ; if o- = 2, it may be proved by induction as 
follows. Suppose the theorem ti*ue up to (T„, Un)\ then since 
B~\ (mod 4), the equation — BU,c — 4 shows that Tn, Un as 
well Qjs Tf U are either both even or both odd. Now 


hence 

and 


-^71+1 4- Un^, ^B T+U^/B Tn + Un ^B 

2 2*2 


, [TTn + BUUn . TnU+TUn 

2 2 


Tn^^^^iTTn-^-BUUn) 


Un+i^^(T.U+TU 


\ 


are both integral, and since they satisfy T^n+i — -0 U\^^ = 4, they 
are both odd or both even. The theorem being true for n = 1, it 
is true universally. 
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86. Every positive integral solution is of the form (T,,, Z7„) 
where 

Tn + Un s/D ^ (T + U 

Vo-/’ 

and n is a positive integer. 

For suppose, if possible, that (t, u) is any other positive 
solution. Then t-^us'D>T+ U ^/D, and since T+ U ^JD > o-, 
there will bo an integer n such that 

T-\-U /T+ Us/Dy+^ 

O' / O' \ O- ~j • 

Multiplying by ^ " U„ ^/I) ^ positive, 

we obtain 

, + u^n 


whei 


’O 




= 1 or <7 = 2, 


,,_Tnn-U,,t 

it • 

a 

As in hist article, it can be proved that whether a- 
t , a arc integei's. Moreover 

- Du ‘ = (<“ - Du?) {'D - DU‘) = <T - ; 

and this, combined with t' + u ^D > <r, gives 0 < t' - u' ^/D < a, so 
that t , u are positive integers. 

Again, t' + H'^D<T+U Vi), 

and (t'+uVi>)(t'-«Vi)) = <r^ = (i’+ U s/D) {T - U .JD)-, 
therefore ( -u ^D> T - U ^D ■. 

consequently 

(<' + It' V-O) - (<' - u' ^/D) <{T+U VD) -{T-U-JD), 

and hence m'< U. Therefore also t'<T-, so that {f, u) is a 
positive integi-al solution of t‘-Du-‘ = a\ for which the values of 

It contradicts the hypothesis that 

(1, U)\s the fundamental solution; therefore there are no positive 

solutions except those given by + U VZ>J ‘ 
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All the integral solutions are given by (+ + U,,\ where the 

ambiguities are independent. 

By giving to n the values 2. 3, 4..., we obtain an infinite 
number of positive solutions (T„, U„) which are all different, since 
evidently T.,+, > and > U„. 

We may, if we like, assign negative values to n, and put 


since 


r_n +U_„s,/D (T+U ^/Z)^ 

? =( ? j = 

(TjrlJ^Y' ^ T- U^JD 


we have 


V-D - Un 


cr 


so that r_„ = T,„ t7-_„ = - 

If, in the notation of the hyperbolic functions, we put 

</) = cosh“^ {Tl<r) = sinh“' (tAV-D/o-), 

we shall have Ty^ — <7 cosh \JD = a sinh ??</>. 

The convenience of this is that the known formula? of the hyper- 
bolic functions may be used to express the relations between the 
different values (T„, C/„). Thus from the formulae 


cosh 2(f> = 2 cosh^ ^ — 1, sinh 2(f> = 2 sinh <j> cosh <}>, 

we deduce a-T^n = <r = 2 Z7,j ; and so in other cases. 

It may be specially observed that 



Tn - T. 


71^} > 



Un - U, 


5 


these formulae are very convenient for the calculation of the 
successive values of Un^ 


87. Let <r = 1 for the moment, and for the sake of uniformity 
write To =1, Uo = 0, = T, Ui~ U. If p is an odd prime, we 

have 

+ C/p = {T, -f- U, ^/D)p 

= T^P -f U^P D^p (mod p) 

= r. -f- U, V-0. 

Hence 

Up = {D\p) C/'i, 
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if we adopt the conveution that (/) /;) = 0 when jo is a factor of D. 

If wc write c for (Dp), we have T„ = T., U, = U„ supposing that 
p docs not divide D. Also 

= r, T. + DU, u, ^ u,^„ 

and honco in general 

+ = 'IntJfhy L = U 

We conclude, therefore, that the least positive residues of 
Un) with respect to p turni a recurrent series, the nuinbcr of 
tenns in each period being a factor o\' p-{D\p). 

If p di\ides I), 7, + 1 (mod p), and the same reasoning shows 

that the r(‘si(hu‘s recur with a period of p or 2p terms, according 
as T= 1 oi- — 1 (mod p). 

With respect to the modulus 2, the system of residues ma}' be 
(1, 0), or (0, 1), (1. 0), or (1. 1). (1, 0). 

It is easy to see that a similar recurrence will exist if the 
residues are taken with respect to a composite modulus m. Thus 
if (7*', U) is the least positive solution of t- — m®7)/r = 0, (T\ mW) 
is a solution of t- — Dtr = 1 for wliich a = mU' = 0 (mod w), and it 
is the fii-st of the kind which occui-s. Putting T = 7\, mU' = Ux 
we have 2\- = 1 (mod m); if = 1 (mod 7n), the jieriod contains 
X terms; if not, 7!^ = 27\-- 1 = 1 (mod m), U.,x h 27\1^a= 0 (mod 
?«), and the jieriod contains 2X terms. 

It does not seem easy to assign the number of terms in the 
period of residues when ?», D are given. By arguments similar to 
those employed in Chap. I. it is possible to prove the following 
theorem, which may serve as an exercise for the reader. 

Suppose that m contains at least one odd prime factor which 
does not divide D : then if p, q, r ... are the different odd primes 
which divide 1,1 but not D, and if;, is the L.c.M. of m/pryi- .... 

p-(D\p), q-(D\q), etc., the number of terms in a period will* 
certainly divide fi. A fortiori it will divide 


2I-, n (1 

where the jiroduct applies to all odd primes which divide m but 
not Dy find (t is the nunibor of such pniues* 



FUNDAMENTAL AUTOMORPII. 


95 


If every prime factor of m divides i), all that can bo concluded 
IS that the number of terms in a period divides 2m. 


f^;amples. I) =11, T, = 10. U, = :l, ,n = 75. Here, since 

+1. and (11 I 3) = - 1. ^ is the l.c.JI. of 5, 4, 4, that is, 20. 
ihe period of residues does in fact contain 20 terms, viz. 


( 10 , 

3). 

(49, 

60), 

(70, 

72), 

( 1 . 

30), 

(25, 

3), 

(49, 

30), 

(55, 

72), 

( 1 , 

60), 

(40, 

3), 

(49, 

0 ), 

(40, 

72), 

( 1 , 

15), 

(55, 

3). 

(49, 

45), 

(25, 

72), 

( 1 , 

45). 

(70, 

3), 

(49, 

15), 

( 10 , 

72), 

( 1 , 

0 ). 


If m 11 , there are 22 terms in the period ; namely tlO 3 ) 
(1, 5), (10, 9), (1, 10), etc. 

The number of terms in the period is often less than thus 
for D — 11 , m — 9, is 12, but the period is ( 1 , 3), ( 1 , 6 ), ( 1 , 0). 

88 . The complete system of automorphs for a primitive form 
(a, b, c) is given by 

^cUjcr \ 

.7, Bj { a ( T,, + b )/a) ^ 

where T’,,, have the meaning already defined ; except that in 
this formula they may be taken positively or negatively. If, as 

we have tacitly done hitherto, we consider ~ ^Uhe same as 

^ \~ 7 , - B J 

( 7 ,' B sufficient to give to n all positive and negative 

integial values and take Uji with the signs appropriate to them 
in each case, according to Art. 86 . 

AiVith this convention, let the substitution above written be 

denoted by Sn- Then it is easily verified that if m, n aie any 
integers, 

~ ^m+n ~ » 

and hence, if 8 denote 

/{T—bU)l<r, --cUja- \ 

\ aUja, (r+6i7)/o-y’ 

Sn = S-; 

therefore all the automorphic substitutions may be expressed as 
powers of the fundamental substitution S. 
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It has already been shown (Art. 85 ) that from the peiiod of a 
reduced form (a, b, ~ a) an automorphic substitution may be 
derived. It is not difficult to prove that this is the fundamental 
automorph. For simplicity, suppose that r/ is positive, and let the 
derived automorph be 


' t r 

a It <j 


(in ‘a, 


where t' is positive. 

Since t-~h'n- = aaH--\-&-, t'~hn and are positive. 

If S is not the fundamental automorph, it must be a power of it, 
sa\ It follows from this that if an !{t' -p bn') be exjianded into 

a continued fractit)n. the series of partial quotients will consist of 
thos<* belon^dn^^ to the e.xpansion of aU\T -\-bU), repeated k 
times. Hut in the .sories c/,, d,, derived fiom the period of 

lediiccd forms, such a repetition can only occTir once. The only 
po.'isiblc suppositii)!! therefore is that S' — S-, and that S is derived 
from the jtartial fpiotients d, , . . . r/„,. But these partial <juo- 

tients Ioa<l to a solution, not oi’ t' — Du- = a-, but of 


p - Du- = - a- 

(cf. Art. 75 ). Therefore *S" is the fundamental automorph. 

The automorphs of a derived form are the same as those of the 
primitive from which it is ilerivetl. 




is any substitution which converts {a, b, c) 


into the equivalent form (a\ b\ c), and if S is the fundamental 
automorph of («, 6, c), then all the substitutions which convert 
{<1, b, c) into {a, U, c') are given by 



where n is any ])ositivc or negative integer. 


The values of or,,, 7,,, are 

a„ = \aTn - (6a + C 7 ) - (6y9 + cS) 

7 » = + («a + by) l\,]l<T, K = + {(i^ + 68) 

The relations between the original and the new variables may 
also be e.xpressed by writing 


(IX + (6 + sJD)y — 


4 * Un *^D 


{a (ax' + 07/) + (6 + ^D) (yx' + Sy ')} ; 


<7 
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n.r + (6 + ± 


+ (!> + VD)y']- 


Representation of umbers resinned. 

90. It has already been shown (Art. .',!)) that if a number m 
.. pro^rl, ,.o|„.,.„„ble bv a fon,, „f D, fl ^ 

■' » ’■ “'v "f ->.« 

ti- = D (mod wi), 

V, and an> primitive representation ,u = aa^ + 2bciy + cr by the 
o™ «, 6 . c) of determinant D lead.s to a proper .snbstitnt!'! 

( 7 , S / which (a, b, c) is transformed into {m, n, 1). 

In order, therefore, to determine whether in can be represented 
by a given form (a, b, c) we first find all the .sointion.s of »-'=/; 
(mod ?«); taking any one of tho.se, .say we e.xamiiu. whether the 
oini.s (a, 6 , c), (m, 1) are jnoperly equivalent. If thev are the 

proce.ss by which we discover the equivalence enables ns to form 

a substitution which converts („, b, c) into (in, a, f), and 

then x = a, y = y gives a primitive representation of m bv the 
orm (a, b, c) This representation, moreover, aiiportaiiis to the 
particular .solution (n) of the congruence D (mod m). 

If, for a given value of » (mod m), a particular solution is 
,r=a, ,y = 7 , then (by Art. SO) the ino.st general .solution appei- 
to this root of the con^nK^iicc i.s 

//; = + (aa + by) u 

a- ^ y- , 

where <r = dv{a, 2 &, c) and {t, it) is any integral solution of 


t- - Dit^ = 




a-. 


3^11 suitable values we thus obtain a group 
of representations; there will be a finite or infinite number of 
representations in the group according as D is negative or 
positive. 

The maximum number of distinct groups will be equal to the 
number of the solutions of the congi-uence = B (mod m). 

M. y 
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91. Some illustiations of the general theory ^^^ll now be 
given. 


Kjdwple 1. Suppose /)=—!. There is only one positive 
class tor this (letenuiuant : its representative is (1, 0, 1). Let 
)n be a positi\c integer such that m or \)n is odd; then the 
congruence ~ — 1 (mod m) is solvable if every odd ])riino 
which divides m is of the Idrm 4/i + 1. If this condition is 
si\tisfie<l, theie will be a form (///, n, 1) of determinant —1, and 
this must be e([uivalent t«) the reduced form (1,0, 1); therefore 
HI can be exj^ressed as the sum of two squares. 

A special case of this is the famous theorem Hist enunciate<l 
by Fermat ( OWovv/Do/rs' o)i Diophantus, No. vri.); 

Kvertf odd prime of the form -i- 1 can he e.rpresi^ed in one 
n'd i/, and one n'aif onip, an the sum of two S(piares. 

For if p = + 1 be a prime the congruence n- = — 1 (mod p) 

has two solutions, each of which (Art. 84) coi'iesponds to four 
representations, so that theie are eiglit representations altogether: 
but if = /, tj = H be any one td' tliesc, we get exactly eight by 
putting ./■ = ± t, p = ± n, or .r = ± », p = ± t, .so that if we neglect 
t he order of the terms, p is expressed in one way only in the form 

p = t- + td. 

For instance, let p = 89. The roots of «’ = — 1 (mod 80) are 
n = ± 04; taking the upper sign, and applying the usual proce.ss 
of reduction, we have 

(89, 34, 13)cv>(13, 5, 2)co(2, 1, 1 )csj(1, 0, 1). 

Hence we derive the substitution 

/ 0, IW 0. IW 0, +2\ 

Ui, -VK-'i, -^) Ui, -iJ-Us, -5^’ 

which converts (89, 34, 13) into (1,0, 1); and the .second form is 

( —5 “ 2\ 

^ q. 2 / 

This gives the representation 89 = (— 5)= + (+ 8)* If wc start 

with (89, —34, 13), we obtain in a similar way 

89 = (+ 8)^ + (- 5y =64 + 25 

as before. 

Example 2 . To find all the representations of So — VI as 
the stim of two squares. 


examples. 

The roots of n- = — 1 

(85, 13, 2) (85 38 17^ ) = ± 13, + 38. The forms 

. ), 3®' ,V’ into (1, 0, ,, b 

substitutions ( r* nnH 

V+V', +6/ ‘ ^ V+2, -0/ ^■‘^’‘^PGctively; and hence 

85 = 49 + 36 = 4 + 81 

to.Jto -33^ '^1 I-.3 .o the .„K. 

Foi the pnnutive representations we solve = 37 tmorl \ 

tSl 10 i successive reductions we find 

(81. 19, 4)^(4, 5, -:l)c.(-3, 4. 7)c.(7, .3, -4) 

~(-4, 5, 3)cv.(3, 4, -7) 

'^( '% 1, -12). 

From this is derived the substitution -26 

witMhtl; *'» « 

« = -163<+ 991«, 
y = e9< - 420i«, 

where (t, u) is any integral solution of - 37,p = 1, 

solutior^ -7~r ^3"" ~^u = - 12 = - C, we obtain the simpler 

the fZ ' ‘he general .solution in 


which 


A'= 7^ + 29^^, 
y = 3^ + 24?;, 

The form (81, - 19, 4) is not equivalent to (.3, 1, - 12) so that 
the above solution gives all the primitive repre.sentations. ’ 

'"‘■‘y he of two kinds, according as 
dv (., 2,) = 3 or 9 The former set is deduced from ;he primifive 
representations of 9 by (3, 1, - 12). Proceeding as bLe we 
obtain the representations of 81 in the form 

x = ^gt-h 45u, 

y= St-24ii, 
where, as before, — S7u^ = 1. 


7—2 
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There are no representations for which dv(a:,y)=0. This is 
easily seen from the fact that 1 is representable by the form 
(1,0, —37), which is not etpuvalent to (3, 1,-12). 


Improper Equivalence. 

92. A few remarks may be a<l(lc‘d with regard to improper 
equivalence. Every form is improperly equivalent to its opposite 
(Art. ()2): Iience if /is improperly ecjuivalent to /', it is properly 
e(|uivalcnt to the opposite of f\ ami convei-sely. Moreover, to 

everv proper s\ibstitution ^ converts f into the 

opposite of / corresponds an improjjer substitution — s) 

which changes / into f\ and vice versa. Thus the whole theory 
of improper eq\iivalence is practically reduced to that ot propci 
e(jui valence. 

There is. however, one point of special interest; the forms / 
and /' may be both properly and improperly equivalent. In 
this ease every form of the class to wliich J and f belong is 
imi)roperIv as well as properly ocpiivalcnt to itself. It may be 
shown that the necessiiry and sufficient condition for this is 
that the cla.ss should be ambiguous, that is to say, should 
contain ambiguous forms. 

First, let / /' be dehnite: then if we tind a reduced form 
ef|uivalent to them, it must be e(piivalent to its own opposite, 
which is also a reduced form. By Art. Oo this is the case onl} 
when the reduced form is of the type («, ^a, c) or (tf, b, a). Ihe 
first of those is ambiguous; the second is converted by the 

substitiition into the ambiguous form (2a + 26, a + 6, a). 

Secondly, suppose that f and f' are indefinite. Let (a, 6, — a ) 
be any reduced form in the period of / By the improper 

substitution it is converted into its associate (—a, 6, a): 

hence if / /" are improperly equivalent, their periods must be 
associated ; and if they are properly equivalent as well, theu* 
common period must be its own associate, and is therefore 
ambiguous (Ai*t. 74). 


impkoper equivalence. IOj 

Every ambiguous form is improiierly as well 
equivalent to itself; for if („ a pioperly 

/I, / 3 \ ' ’ ambiguous, and 2b=/3ci 


Hence for the double 


/I. /3\ . . 

VO, - I J i*’ improper automorph. 

• ^ WULlUie 

equivalence of two formas if- i- ixi ‘ 
that the, should belong to an miTfog^ ^iLr" 

interclm2"tImroL?;Tti‘'’^t’‘'^’'‘' substitution is to 

hence if ^ ^ ‘ ^ 

f, sj ‘S’ au improper automorph of (a, b. c), 

~b-^/JJ^a(-b + ^/JJ) + /3a 

“ y(-l> + VZ>) + Sa ■ 

parts, uiultiplymg up and equating the rational and irrational 

a(a + S) = o, 

« (ba -u^) + b (by - aS) -yn=o. 

Now a is not zero ; hence 


and on substituting — 


The condition a8 — 


8 = 0 , 

a for S in the second equation we obtain 

2ha - a/3 + cy=0. 

/3y = — I leads to 


a^ + /S7=l. 
a/3 - cy = 26a, 

we may put + cy = 2*, 

where « is an integer ; hence 

0 — (/c ba)la, 

7 = (« — ba)lc, 

and substituting in «= + / 3 ,y = i^ obtain 

improper automorph of (a. b. c) must be of the 


f (« + bX)la\ 

\(fc ~ bX)/c, - \ 

where (k, X) is an integral solution of K^~DX~ = ac. 

^ 1 ^® term ‘ambiguous/ which is an unsatisfactory rendering of Gauss’s 
P wo-headed ; cf. ‘ sacer nneipiti inirandus imagine Janus ’ (Ov. FaM. i. 95 ). 


Since 
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improper autoniorphs exist tor forms belonging to ambiguous 
classes, and for such forms only, wc are led incidentally to the 
result that if {a, b, c) belongs to an ambiguous class, there will 
be integial solutions of k- — DX- = ac for which (/c-f6X)/a and 
(/c — 6X)/c are both integral. 

As an illustration, let (o. 6. c) = (2, 5, 7 ). Here = and 

1 . 5 

0 , - 1 

from which all the rest may be derived. In like manner the 
solutio!! K= 17, X = — 5 leads to the improper automorph 

— 5, — 4\ 

+ (* + ■ j ’ other hand, no improper automorphs can 

be derived from the solutions /v = 5, X = — 1, and /v=17, X = 5. 


the values = X = 1 lead to the improper automorph 



CHAPTER IV. 


Binary Quadratic Forms; Geometrical Theo 


ry. 


94. The theory of the reduction and eciuivalence of binary 
quadratic forms is made much more intelligible by the introduction 
of a complex variable. The discussion of complex quantities 
belongs to the elements of formal algebra, and will not be 
reproduced here; for convenience, however, a few of the funda- 
mental results will be stated, and the notation to be used will be 
exiDiained. 

The general form of a complex quantity is 

z = a: + yi, 

where *, y are real, and t- = — 1 . 

The modulus or absolute value of x + iy means It 

is denoted by mod {x-^yi), or by \x-\ryi\ \ in what follows, the 
SGconcl notation will be exclusively used. 

Ihe square of the modulus of a complex quantity is called 
Its norm and denoted by Nm ( 2 ) ; thus if ^ + iji, 

Nm = + 

The argument of -c + yf, denoted by arg {z), is a quantity 6 
such that cos ^ = ^ sin ^ = . It is many- valued, being deter- 


.^1 

mined only up to multiples of 27 r. 


96. If we take an origin O and rectangular axes X'OX, 
Y'OY, and mark the point P whose coordinates referred to these 
axes are x, y, the complex quantity z = x-{-yi may be considered 
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to be repre.sentfd either by the poi.it I\ or by the vector OP 
diawii to P from the oiio^iu. In particular, 1 and i will be 
repiesented by points A, B on OX, 05' at unit distance f.o.n 0. 
Consideied as an ojierato.-, will denote the opeiation by 

which the vector OA =1 is conveited into the vector OP = x + yi. 

The modulus and aixument of ,r + y/ aie e.pial to the i-adius 
vector and vectorial angle of P, if OA’ be taken as the initial line, 
and the lad.an as the unit angle. Calling these r and 0, we have 

./ -f- y/ = /■ (COS 6 + I sill 6) = cc®'. 


96. It ^ ;in,j - fiuidatncntal 

operations are pcrldinicd according/ to the fonmdie 

Z + Z = (./■ + ^ 2' z, 

z-z' = (X - a') + (y - ij) i, 

zz = {j'x - iji/) + (xy + Wij) i = zz, 

2 ‘ : . _ d- ////' 

OI these, the Hist and tliird may be taken as definitions; the 
second and fourth are derived from them by means of 


(z~z')-^z = 

e shall also reipiiro tlie 
here for the s<ike of reference ; 


z, and — . z = z\ 
z 


following results, which are given 


\zz'i=^-z\ |y|, 

arg (zz) = arg (z) + arg (^'), 
arg (z/'z) = arg (z) - arg (z), 
log z = Log \z\ + i arg (z). 

In the last formula. Log |^| means the ordinary real logarithm 
of the real positive quantity | z 

Ihe quantities a; + yi and x-i/i are said to be conjugate. It 
IS sometimes convenient to ^mte for the conjugate of it Avill 
be observed that = Nm (z) = Nm (z^). 
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v-Sle JlSV" 

az + h 


z ~ 


cz + d’ 


where «, b, c, d are any cou,sfcante, iu general complex, «uch that 

ad — 5c + 0. 

This may be regarded as a transformation of the piano of 

:^X "X •“ 

There are, in general, two points which are unaltered by the 
SfofThoT ’ f '^"“''enience they may be called the stationary 
equation They correspond to the roots of the 

az + 5 


z = 


cz + d * 


or 


cz- + (d — a) z - 5 = 0. 


If the roots are and the equation of transforn.ation may 
be wiitten in the ‘normal form ’ ^ 


z — z., z ~~ z.. 


It is easily seen that X = (a - c^.)/(„ _ c^,,), and 
verified ivithout difllculty that A, satisfies the equation 


it nia}' be 


^ _^l_ a^-i-d^ + 2bc 
^ ad ’-he 


in quadratic, as might be expected, because 

the interchange of and converts X into 1/X. When the roots 

and arc distinguished, the value of X is determined, and 
conversely. 


It may happen that the stationary points coincide : this will 
be the case when 

(a - df + 45c = 0. 

Such a substitution is called parabolic. It is clear that the 
values of A, must also coincide, each being equal to 1 ; and, iu fact, 
the equation for A reduces to 

X + 1 = 2, 

whence (A — 1)® = 0, as stated. 
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Iho e(iiiatioii = now becomes illusory: it may, 

however, be replaced by 

1 1 


9 


+ 


S — Zi 

where s,= (a- (1)-2c, k = 2c/(a + rf). 

A .si)ecial case occin-s when c = 0 and <(-^=0: hero the 

coincident stationary points are at infinity, and the transformation 
is 

z' = z k, 

where k = 6/a. 

Obseive that /r caimot be infinite in either of these last 

formula' of tmnsforniation : for it will be found that k ^ leads 

in each case to ad~bc = 0, which was expressly excluded at 
startinjr. 

O 

• 

"I hose substitutions which are not parabolic may be arninged 
into three classes, according to the value of namely 

(i) elliptic substitutions, for which \ is complex, and |X| = 1, 

(ii) hj/perhoUc „ „ \ is real, and =f: 1, 


(iii) loxoch'oiiiic 
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\ is complex, and | X | 4= 1. 


98. It is a characteristic property of a linear substitution 
that it transforms circles into ciicles. This important proposition 
ma}’ be proved as follows. 

Since the most general expression for a lineai- substitution 
involves three independent quantities, any three assigned values 
Zi, z.,\ Z 3 may be made to correspond to any other three z^, z._,, z^. 
In fact, the linear transformation re(|uired for this purpose is 


Z — Zy 




^ — Zx 

1 


Z — 


or, which is the same thing, 


*1 


» f * f / 

Zn Z} Z Z* 


p / 

Z — Zx 

3 


” Z>% Z Zx 

Z^^ Zx Z — Z^2 


It is convenient to write {afiyh) for 




and call it a 


cross-ratio: in this notation, the above 
wiitten 


— a / 8 — a 

7/ yQ — 8 

substitution may be 


(^1 i^ZiZg^^'), 



Jiomus’s circitj,ak relation. 107 

Now if A,, A,, A„ P are the points correspond iiig to . - 
respectivelj^ ^ 

^ ^ A,A, • PA./ 

while arg = z A,A,A, - z A,PA .. , 

the angles being described as indicated by the' arrow.s in the 

p!i to pT Ilf 

•t'jfij to I A., in the positive sense. 

A. 



It follows from this that (,z,s,z,z) is real if and only if 

P, Aj , A 2r Ag 

are concyclic ; for the condition of reality is that 

^ A,A,A, - z A, PA, 

should be a multiple of tt, and this is precisely the condition that 

the four points should be concyclic, the angles being measured as 
above explained. 

When is real, {z^z„'z.^A) is real also : therefore any 

point ^ on the circle z,z,z, is transformed into a point z on the 
circle z^ziz-i. 

It should be observed that, in this connexion, straight lines are 
to be considered ^ equivalent to circles of infinite radius; in fiict 
a straight line is in general transformed into a ciicle, and a circle 
may be (exceptionally) transformed into a straight line. 

99. In the arithmetical application, it will be suflficient, for 
the present, to consider the substitutions 


, _ + /S 

z 


where a, /3, 7, h are real integers such that aS - /Sy ^ . 
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The er|u:ition for \ is in this case (Art. 07) 

\ = a- + B- + 20y 

= (ct + BY-2. 

The (iiscriininant of this ([inulratic is 

4-'ra + g)-2^(a+a)=;4_(a + 5).>|. 

- hypcboiic, except i„ 

I. 0 4-5 = 0, whence also 4-0-4- I =0 
Hc-e ,he e,, nation for X is ,X-f ip = o, and the stationary 

nils <ii{‘ the roots of 


point 


yz- ~2ou -/3 = 0, 


^ = (a±/)V 

The substitution may be written in the form 

^ - (a + _ s- (a + i)iy 

( a - i)!y ~{)fy ' 

from which we see that it is elliptic and of period 2. 
il. ( 3 [ + By- = 1. 

It IS enough to suppose that a + 6 = 1, because if a + 8 = - 1, 

we call clnin^m the signs of a, y, 5 throughout, without altering 
the substitution. ” 


The oiiuation for \ is 


V + \ + l = 0, 


and therefore, putting p = ~ ^ 

2 

\^p or p\ 

The etjuatioii for the stationary points is 


whence 


= ?“ ~ f ±s/( 2gj- 1 )2 4- 4 (aS - 


1 ) 


2y 


^ 2a- 1 ± i\/3 
■ ^ 


on reduction 


__ a + p a + p 
= •- or ^ 


H\PKR];{OLie SITBSTITUTIONS. 
It we take \ we must put (Art. 97) 


100 


= 




= 


o. p 


ry 

and the normal form of the substitution is^^ 

£ - (a + p-)ly _ z -(a + ^2)/^ 

St r ss t 

III. a + 5 = 2. 

Here (X - 1)^ = O, and the equation for the .stationary point, i. 

yz- - 2 (a - 1)2+ 0 

7 

/ a — IN- 

n^--^)=o. 

The substitution is parabolic, and may be written 

1 _ 1 
^'-(a-l)/y-2_(„_i)/,y + 7. 


or 


omes 




yz--{a.-B)z-f3^0, 


100 As in la.st chapter, it may be shown that to every 
quadratic equation with integral coefficients and real roots corre 
spends a group of hyperbolic substitutions which have the roots 
of the equation for their stationary points. Namely, if the 
equation is reduced to the form az'^ + 2bz + c = 0, where 

dv (a, 6, c) = 1 , 

IfesT" m ««bstitutions 

in question will be given by 

^ ft ut>J D\^ z — Zi 

where (t. u) is any integral solution of f‘ - Du^ = < 7 ^ and 2 2 are 
the roots of + 26^ + c = 0. , ai e 



110 


BINARY QUADRATIC FORMS. 


It i.s intciostiiipr to see that the 


(It is left as an exercise to tlie reader to vorifv that the 
normal form of the substitution here given is only a tiansfor- 

, • , (f — hu) z — CK 

mation of ^ ' 

+ (/ + hit) ' 

S,|U,IIV.I fnotor oiisi.res that X anri X- are both positive, as they 
<.ii,[;ht to I).', heeanso X + X- = (a + 6)-- 2, which is positive.) 

101. Points which can l)c stationary points for a substitution 

of the conii)lctc ffi-oup may be called critical points; it appears 
tli.at thc\ fall into tour sets, which may be termed respectively 

(i) rational [joints^ for which z=p 

(ii) surd i^ointx z = (p± \/q)fr, 

(iii) /-noints - = (;>±0Vy. 

(iv) p-])oints - = (p±pyq- 

Here /i. 7. r denofe real integers: in (iii). p and q must be 
I’clative primes; in (iv), with tlie u])per sign p and q must be 
relative piime.s, and with the lower sign p+A and q must be 
relative jirimes. 

102. A complex quantity z = :c-\-yi for which y>0 will be 
said to have a positive imaginary part ; its representative point 
will be on the positive side of the axis of cc. 

Two (piantities z, z will be termed equivalent when real 
integem ot, /?, 7, B cjxn be found such that 

+ 1 3 
yz B * 

aB — ffy = 1. 

The corresponding points will also be called equivalent. 

Equivalent points are on the same side of the cuvis of x. 

For suppo.se that as above, and let be the 

conjugates of j and z \ then 


and therefore 


^ a^., 4- 

"" 7-0 + B ’ 


{yz + B) {yz^ + B) 


z-~ z. 


Nm {yz + 5) * 
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a p«i«™ ;:r,i“:'.; «,:.' i,sr«,f 

quantify is^’all e,,.m alent to a roa! 

103. Suppose now thot f\ • * • 



Co„„d„ the ,,oi„„ „ tehiel, eeti.fj. ,|,e ...„,. |iii„„, 

I w 4- &>., ; < 1, 
wo,, > 1. 

Expressed in terms of a; and y these are 

2k|<i, 


•'^ + 3 /->l. 

Now the points (.r, y) for which 2 i .r I < 1 r-' + > i „ ^ o 

rtri" f, ty ^ 

lines and ^z;- i i-u between the parallel 

in J„Uoi ilhld. 



s-SSv ' 

/arulamental tHam,k, and denlted bj V ' " 


For it is evident that the transformation 

<o' ==S (eo) = oj + 1 
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con\erts every j^oiiit o> on the line a’ = — ^ into a corresponding 
])oitit (o on = and it one of these is on the boundary of V, so 
is the other. Also the transformation 

or, which is the same thing, 

. . , . — A* + yi 

convei’ts every point oj on the ciicular are (‘xtending from p to i 
into a point on the arc from i to (1 + p). 

A ])oint will b(‘ called a reducerl ])oint if it is either within V 
or on that half of the boundary of V which is on the iieirative side 
of th(' axis of //. The* ))r)int / is included. 

'rile ie<lueed points p, i are eritical. The third vertex of V, 
which is at infinity, may also lx* considered a critical point for the 
substitution S{<o) = ci> + 1. 

This seems the |)rn|K}r ]>Iaco observe that from our prrA^nt poiut of vior 

: = x simply meaiKs that the absolute vahic of * is infinite, and \vc shall have 

no ruitson to distinj^iish between (say) ;=x, a real quantity, and j=x/, a 

pure imaginary. We shall therefore speak of ihe point x. Perhaps the 

reader may be assisteil by considering the offect of inverting the plane of 

refei’encc into a sphere: to ever^' accessible j)oint on the plane will oorrcsprmd 

one |>oirjt on the siihei'e, but all the infinite elements of the plane will be 

represenU'd by a single jM»int on the sphere, and this repi-csenbition will l>e 

sufficient so lonp oj* r=x can be jwee/ without <lu<tinclion for uni/ quuntiti/ of 

which the norm is infinitcti/ </rcat. This is the case, for instjincc, in the theory 

of algebraic integrals and Alx-lian functi»ms as expounded by Riemann. On 

the otlier hand, if we distinguish those c<inij>lex quantitie.s : = .r-\-i/i for which 

Xin(^) is infinite, accoitling to the ratio of .r toy, our ‘infinite’ elements will 

fonn a linear multiplicity. This is what is di>ne in plane projective geometrv, 

and it is for this reason that we spc-ak of ‘the straight line at infinitv in a 

% 

Italic.’ A gix'at deal of nii3umlei*stinding is avoideil if it be remembered 
that the terms infniti/^ infinifi\ :cro, iufutitesimul must be interi>rcted in 
connexion with their context, and admit of a variety of meanings accoiding 
to the wa}' in which they are defined. 


105. There are no reduced critical points e.rcept ?, p, » , the 
vertices of the fundamental triangle. 

For if we put = (ct + 0 7, the conditi(»ns that w shoidd belong 
to the fundamental triangle arc 

7>0. + 

ft 

and the only iiitogml solution is a — 0, 7= 1, whence &) = V. 
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REDUCED POINTS. 

Similarly a, = (a + p)/^ is ,ed„ced only if „ = q ^ = 1 
, and of the two points p, 1 + ^ only p is reduced. 
Obviously no rational or surd points can be reduced. 

106. two reduced points can he equivalent. 
Suppose, if possible, that 


113 


or « = 1 


CO and co' 

are both reduced. 

We have (by Art. 102) 


yco + 5 


O) — O),. = 




now 


Nin {yco + S) ’ 

Nm (yco + 5) == y^oicoo + 7 S (ft> + Wy) + 8- 

>y~~y8-h8^- 

with a possible exception when either 7 = 0 , S= + l. or 7 
5-0. Hence, with these possible exceptions, 


= ± 1 , 


But since 


^ — O),/ \ < \ CO — co„ i . 

Sco' ~ 0 


CO — 


— yco + a 

and 6 ,' is reduced, we have in the same way 

I I <lco'-(o„'l, 

except perhaps when either 7 = 0 . a = + f, or a = 0, 7 = + 1 
It is impo.ssible that | a,' _ < | a, - a,„| and 

I &>' — Wy'l > I (y _ I 

•simultaneously. Hence it is sufficient to examine the case.s 

7 = 0, a = S = l 

7=±1, « = 5 = 0, 

whence also ^ I 

The first case gives co' = o> -i- 

so that if (x y) are the coordinates of the point oi, tho.se of «' will 

fi?A ^ Vi^ ^ ^ numerically, and since 

t^he width of V IS just equal to 1, it follows that « and a,' cannot 
Doth be reduced. 

In the second case o)' = — l/w, 

Nm(co). Nm (co') = 1. 

M. 


8 
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If Nni (<w) > 1, Nm (o)') < 1 and w cannot be reduced : similarly 
il ^in (&))>!, CO is not rediiced. If Xni (&))=!, co can only be 
on the circular arc going from p to /, and then w' = - 1 w is on 

the arc going from i to pH-1, and is consef]uently not reduced. 
(Cf Al t. 104.) 


107. \\ c shall now .state and prove a proposition the object 

of which may not be very evident : it is, in fact, preparatory to 
the important theorem which follows it. 

Within the area, above Ote axis of x, which is enclosed by the 
parallel lines .*■ = + ^ and the line y = c, where c is a finite positive 
(piantity, there can only be a finite ninnber of points efpnvaleni 
to a fjiven point co, the ordinate of which exceeds c. 

Let CO = ^ -h where 77 > c. 


1 * 1* ^ ^ j • . *1 • 

1 hen it CO = = .r H- ?p be an eciuivaleiit pf)int, 

yco H- o ‘ 

’/ = ' " “ "■ ') = (f-' + ,=) + 2yS( + 5-' • 

Therefore if y > c, 

r{? + V~) + SySf +S-<r) ^c. 

that is, (f7 H- ^)‘ + V'y^ < vlc- 

Now since the expression on the left-hand sicle i.s the .sum of 
two s(|uares and f, y are real, it is clear that only a limited 
number of real integers 7 , 8 can be found to satisfy the iiKMpiality. 

Suppose that ( 7 ', 8') is any suitable ])air of values, y\ 8' being 
relative piimes. Then if a, are any integei's such that 

a'S'-^V= 1. 

the most general solution o{ a8' — ^y = I i.s 

a = Of + niy' , 

(3=^'^m8\ 

m being any integer. 

aco H- Cl CO H” 1^' 


Hence 


CO — , , — ‘ I j' d" m. 

7ci)H-o 7<o-1-o 


Suppose, now, that we consider points on the boundary .r = — ^ 
as belonging to the area defined in the enunciation, but points on 
a: =4- 4 as being outside of it. Then it is possible in one way 
only to determine the integer m so that the conditions 

-h%x< I 


reduction unique. 
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may be satisfied. Therefon- 

which y, a- are relu eombination (y go 

obtain one and only one point o'* ^ ^ + O'V < ^ c, mo 

area defined by - r = .y ^ ’ ^^qnivalont to a,, witlnn the 

is therefore finite. " ^ - ^ c'- Ihe number of these points 
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that P'"'' f'i»'ianiei.t.,l 

miS *“ ■' “ "> »• «»t' .»(, «. 

Let ct) = |: 4. where ?? > 0. 

The integer may be uniquely detennined .so that 


Put 


~ ^ f < J . 


2 


cd' = <i> + 7?i : 

then if I a,'| > i_ reduced : if not, let 

then the ordinate of <u" = -n/Nm ^ ^ 1 

IfNm(a,0=l either^'or 1 ^0^0.') = !. 

y j i, eitnei <y 01 w is reduced. If otheiavi^P l*:.f ' 1 

chosen so that icjwi.se, let /// lx* 

O)'" = + yf/ ^ y,'" _j_ 

satisfies the conditions 

~~ i c X < ^ ; 

and if a,'" is „ot yet reduced put o>‘'- = - l/a,'" Then itt h, f 

the ordinate of a,''- exceeds thu nf i ^ 

.. . ‘^^ceca.s that of w and a fortiori that of r„ 

y pioceedmg m this way we must at last arrive at a reduced' 

defined br"" 

- i < « < i, y > 77, 

and by the preceding lemma thi.s area contains only a finite 
number of points equivalent to co. 

Thus it has been proved that to every point <« above the axis 

ot a; an equivalent reduced point can be found. Further if a, 

were equivalent to two different reduced points, these reduced 

points would be equivalent to each other; but this has been 

proved to be impossible (Art. 106 ); therefore the reduction is 
unique. 
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109. If a non~critical reduced point is transformed hp two 

different substitutions the transformed points 

cannot be identical. 

For if they were, the substitution 

/a, 0 

V7. S 

which is not identical, would transform the reduced point into 
itself; but this is impossible. 



110. It follows from the propositions just proved that by 
means of the gioup of proper unitaiy substitutions, that part 
of the plane of reference which lies above the axis of roa! 
quantities is divided up into an infinite number of equivalent 
triangles. A few of these are shown in the figure, where, as 
before, the fundamental triangle is shaded. The triangles fill 
up the half-plane completely, without overlapping : as we ap- 
proach the axis of abscissie, the triangles become smaller and 
smaller, and are ultimately infinitesimal. Every mtional point 
on the axis of jc is the common vertex of an infinity of triangles ; 
no other point on this axis belongs to any of the triangles. 

It may be observed that the whole number of triangles is an 
infinity comparable with «*, where n is an indefinitely large 
positive integer. 

The propositions which immediately follow are intuitively 
evident from the figure ; they may be rigorously proved ^vith 
the aid of the preceding articles. 




i^LEMEXTARY SUBSTITUTIONS, 


...xv 1 ouj5«jitUTIONS. iiY 

of which' s'seplS^tS fZ'!t ty oS of 'itl 

p-point is a common vertex ofsiv nr>i-,f* 

The angles of every triangle are 
<ue at a rational point and two p-points respectively.^ 'eitices 

graphically upon the SDhprp'f fi ^ ^ Projected stereo- 

10 0. ThL oppooito 

on the sphere bounded by arcs ofZallZcr'^^^^^V"’'" 

whole surfoee of a hemisphere dhdS up to ’ "" ""r ^ 

-vh oh h. j, ^rz:\Tr'r 

point .■ in th. 7ooo if "If J f*' 

circle which bounds the hemisphere- the « ^ g'l^at 

becomes symmetrical. ^ ' spherical figure then 

112. The whole theory of the reduction of definite ou-irlmf 

forms may now be summed up by savi.ur fiv.i T Q^^iatic 
one of whinij fi>^ • • 1 ^ - ■ v' *^g th«it a i educed form is 
K I *. v ^ principal root corresponds to a point whieh 

belongs to the fundamental triangle - and that \ ^ 

of toduotion i. . „.th«,in., f £ „ " “ f 

vbe.,V th. t..i.„g,. in ,Moh th, prineip., Lt of it “ 
forni may he is transformed into the fundamental triangle ^ ^ 

..e .itomipl >»■ “>« oodncti.,. i. .ff.n.nd 

O) =B - l/o>\ or &)'= 1/(5 - (y); 
and this may be considered as compounded of 

0)i CO — 8 

and T/ 

CO = i/cOi. 

Now the substitution 0)1 = &> — 5 is thp ( liAfi. c 

1 .V , , ^ o \h> tne (— 5 )th power of 

prnpf itt "" * P-'-f of the i„p„,.p.„, 

Every iy,-oper unitary substitution may be expressed as a 
product of powers of the elementary svhstitutions 

'^^( 0 , 1 )’ («' = <B + 1>, 


( 1 ,’ 0 )’ ("' = -l/")- 
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riu' sub^tifiition jS 7 '= f *’ A ) = — l)/a) is elliptic and 


The substitution *S', which is parabolic, corresponds to a 
lianslation through unit distance parallel to the axis of j\ 
The substitution 7', which is elliptic, and of period 2, is 
C(piivalont to inversion with respect to the unit-circle 

•'- + , 7'- 1 = 0 

followed by rcHexion with respect to the axis of y. 

I, -1 

1 . 

of jjcriod 8 : for it may be written 

w' — (p4-l) — (p-fl) 

=P‘ 1 

<i) p o) + p 

Hence {STy=l; that is, *S'7W7VS7'= 1. Besides this, and 
7’-=l, there are no other independent identical relations con- 
necting S and 7"; this follows from the fact that the critical 
points with elliptic substitutions may be arranged in the two 
groups (if /-j)oints and p-})oints (ef Art. DO). Each identical 
relation may be deduced by making a circuit round an /-point 
or a p-point, as tlic case may be. 


113. Within each triangle in fig. 4 is written a symbol for 
the geometrical transformation by which it is derived from V. 
It should bo observed that on account of STSTST — 1, and T- — 1, 
the transformations may be written in a great variety of ways; 
also that the order of composition <»f the geometrical operations 
aS, T is from left to right ; thus, when 'fS is ]>laced inside a 
triangle it means that this is derived from V by first performing 
the operation T, and then the operation <5*. 


It should also be observed that, in conformity with 
/lofiniti(»ns of Art. o7, the substitution o>' = ST{(a) means 
result of combining 

fo' = ct), -h 1 


the 

the 


and 



30 that the substitution co' = ST{(o) connects with a reduced point 
CO a point co' within the triangle marked TS in the figui*e (not 
ST): and, in general, to obtain the algebraical substitution 
CO which converts a reduced point cu into any point co', 

we must revei'se the s^'tnbol written in the triangle to which 
co' belongs. 


KLEINS CRITERIA OF REDUCTION. 
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indefinite forms. Proceed to discuss the reduction of 

e.-o„p „r vp=,b„iic'.„LTt«“„'"' ' «'>« 

f{^ — hu)l<T, ~cul<T \ 

V au/a, (t + btfya) ' 

where -/)„-• = ^6, c) = cr (Arts. 82 ,8:3) 

I.. S::.!:' <•..= .. 

aia^’ + y=} + 2bx + c^0. 

wJgta irL"l'.pllnnL“ 

o. .h"’;r nr, 2, n;: :;.f ::::t ■“ 


This leads to 


a (a;~ + ^-) + 2bu; + c = 0. 
<'« (a ± 6 H- f) < 0, 


✓ 

ni-, on substituting (b~-,n\ ,, #•,. i i . 

positive, ^ observing that D is 

a- ±ab-h b- < I). 

This may be written 

(2a ± b)--hSb'< 4;JJ, 

which it is clear that only a li,nitcd nn.nber of integers « b 

zi°, rn «* * »> 


116. If we 
substitution S = 


operate on a reduced form (a, 6, c) with the 
.0, l}' obtain (a, b', c'), where 

b'^b + a, 

c' = a+ 2 b -he; 

a(a-6'+c') = a(a + 6 + c), 

‘ ‘•+,-)< 0, r I. 
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Similarly, the opei-ation leads to (a, b\ c) with 


whence a {a + b' -\-c) 
(a, b\ c) is reducefl. 


6 ' = 6 — a, 
c =a- 2b -\-c, 

= o (a — 6 + c) : therefore if a (« — ft 4- c) < 0, 


Suppose now that o(o + ft + c)>0, and a(o-ft + c)<0; then 
the form {c, —ft. tr), derived from (a, ft, c) by the substitution 

O'’ reduced. For it is clear that (a + ft + c) 

and (rt — ft + c) have up|)o.sito signs: hence either c(c + i»+a) 
or c(c — ft + u) is negative. 

The sime conclusion follows if 

« (« + ft + c) < 0 and a (« — ft + c) > 0. 

ihcrcforo if («, ft, c) is any reduced form there will be, in 
geneial, two adjacent reduced forms e(|uivalent to it; if (a + ft + c) 
and (a — ft + c) have the same sign, these forms are derived from 
(a, ft, c) by the substitutions S and #S'“* ; while if (« + ft + c) and 
(u — 6 + c) differ in sign, the substitutions are T and either S or 
accorfliiig as a (a + ft + c) or a (a — 6 + c) is negative. 


116. It may happen that one of the quantities a (a ± 6 + c) 
is negative, while the other vanishes; in this case (a, ft, c) will 
be called a cnitcai form. Its representative circle passes through 
one of the points p, p + 1 and includes the other. We have 
a"±«6 + ft=' = A so that these critical forms will only occur when 
21 ) C4in be repre.sented by the form (2, 1, 2). 

Suppose that (a, ft, c) is a critical foiin with « + ^ + c = 0 and 
« (a — ft + c) < 0 : then aft is positive. The substitution S changes 
(«, b, c) into (a, — c, b) which is not reduced, becixusc 

a ((t — c + 6) = 2a (a + ft), 

which is positive. Similarly the substitution T converts (a, b, c) 
into (c, — ft, a), which is not reduced, because 

c (c — ft + a) = 2ft (a + ft) = +, 

On the other hand converts (a, ft, c) into (a, b~~a, —3ft) 
which is reduced, because a (a + b - a ~ 3b) = - 2ab = - and is 
not critical except when a = 2ft. 


example. 
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Moreover, the substitution convorf^ / / w 

, U. 1/ {«. b, c) into 

[b 'tlf transforms this into 

( a, -3a), ..h.ch .s .-educed but not c.-itical, except whe; 

!Now if a — 26, c = — 36, and the form is t26 6 'Vi\ fi ■ ■ 

foi-m, fo,. wl.i* 1 1 L „ ; h '™' -IJ th. l.ri.ni.i™ 

with the .i.igle fxcepti™ „f “ ',1) - ' "■“•-'Iwo 

fonm” Ttr“r to the „,ho,. „„ of oritid 

:=£.B£'=:B~= -- 

s, S~', T, STt>, S~‘2'S-’, 

whc.-e the la«t two me only to be applie.l to citical 

Observe that 6-7-^-. = (_ J) = (^.^tS')- = 7’.S'7’; hc.ce if . 
put V tor STS, the five substitutions are S, S-\ T, U, 

An example Avill make this clearer. If i) = 37, the periods 

of ..docjtd f„™. , 0 ,. th. c.™o. b, 1 

are 


c 


I. 


(1, 0, -37), (1, 1, -36), 
(1, 4, -21), (1, 5, _12), 

(-1, -5, 12),...(- 1, 6, 1), 
(1, - 1, 36). 


(1, 2, -33), ( 1, 
( 1 , 6 , - 1 ), (- 1 , 
( 1 , - 0 , - 1 ), ( 1 , 


3, -28), 

- e. 1), 

-5, 12),... 


II. 


(3, 1, -12), (3, 4, -7)*, (4, -3, -7)*, (4, 1, -9), 
(4, 5, -3), (-3, -.5, 4), (-3, -2, 11), (-.3, i, 12), 
(-3, 4, 7)* (-4, -3, 7)* (-4, 1, 9), (-4, 5, 3), 

(3, -5, -4), (3, -2, 11). 

In the second period the c.-itical form (3, 4, - 7) is converted 



122 


BINARY QUADRATIC FORMS. 


117. In tabulating peiiods of leduced forms, we may omit 
tliose forms which arc connected with both the adjacent ones 
by the substitutions *S', ; the remaining forms mav be called 

pj-incipal reduced forms. Thus, for the two periods given above, 
the principal reduced forms are 


I. 

II. 


(1. 6, -1). (-1, -6. 1), (-1, (i. 1), (1, -G, -1). 

( .S. 4, -7). ( 4, -:h-7). ( 4. 5, -:i). (-3,-0, 4), 
(-3.4. 7), (-4.-3. 7). (-4.0, 3), ( 3. 4). 


The characteristics of a principal reduced form (a. b, c) arc 
that either (i b -h c and o — 6 + c have opposite signs, or if one 
of them vanishes, the otlni* has a sign opposite to a. Geo- 
metrically. the repicsentati ve circle of a j)rincipal reduced form 
ineludes one of the points p. p I . and either e.xcludes or passes 
through the other. 


1 or t Ik- exce])tional 
principal reduced forms : 


ea^o D=7. there 
of these one is 


a re 


two periods of 


(1. - 2. - 3). (1. 2. - 3), (2. - 1. - 3). 

(2. I, - 3), 

and the other is obtained by changing the signs of the coeHicients 
throughout. All the principal reduced forms are critical. 


118. Kvery form is ecjuivalent to at least one reduced form. 
For supj)ose the representative circle of the form constructed: 
this will intei'sect an intinite number of triangles, and the 
substitution which transforms any um* of these into the funda- 
mental triangle will convert the givt-n form into an ctiuivalent 
reduced form. 


119. It may be proved by considerations similar to those 
adduce*! in Chap. III. that two equivalent reduce*! forms must 
belong to the .same period. It does not seem worth while to 
give the proof in *lctail : it may be observed, however, that 
with regard to the automorphs derived from the periods, and 
the corresponding chain-fractions obtaine*! from them, a distinc- 
tion hits to be made between periods which contain critical forms 
and those which do Jiot. 

Thus for 1) = S7 the non-critical period 

(1. 0. - I), (-1, -6, 1). (-1. 0, 1). (1, -G, -1) 
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leads to an autoinorph of ( 1 , G, — 1 ) in the form 

TS-^-TS^' = ( 

and exactly as in the Gaussian tlieoiy we obtain from this the 
expansion 

\/37-6=(0: 12). 

On the other hand, the period of (3, 4*, —7) leads to the 

( 25 S4<\ 

36^ 191 j > ^he corresponding 


expansion 


\/‘17 — 4, * * 

— =(1; -3, -4, 3, 4). 


CO = 


120. In conclusion, a word may be said about the geometrical 
meaning of the automorphic substitutions. Tlie infinity of tri- 
angles which have a common vertex at a rational ])oint may be 
said to form a sheaf of triangles. In i)articular, those which 
have a common vertex at infinity may be said to constitute 
the lyrimary sheaf. 

Suppose now that is a sheaf with its vertex at the rational 
point — 5 / 7 , where 7 , 5 may be taken as lelativc primes. 
Determine a, so that a5 — /37 = 1 ; then the substitution 

act) + ^ 

7&> -f- 5 

will transfer the point — 5/7 to infinity, and 2 will therefore be 
transformed into the primary sheaf 2. 

The most general substitution by which this is efiected is 

(a + vvy) (M> + + «iS) 

7C0 -H 8 

— CO in, 

where m is any integer. 

Now the substitution co" = Q)'-\- rn, simply produces a cyclical 
permutation of the triangles of the primary sheaf : hence we see 
that it is always possible, and in one way only, to transform any 
sheaf 2 ' into the piimary sheaf so that any assigned triangle of 2 
may become the fundamental triangle V. More generally, any 
sheaf 2 ' may be uniquely transformed into any other, X", so 
that any assigned triangle of 2 ' may be converted into an 

assigned triangle of 2 . 


0 } = 
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It is now evident that the rejji'eseutative circle of any form 
will intersect the same number of triangles in every sheaf which 
it crosses: this number being equal to the number of reduced 
forms in its complete period as defined in Art. 116. 

The effect of applying an autoinorphic substitution is to 
produce a cyclical pi'rmutation of the sheafs which are crossed 
by the representative circle of the form: that is to say, if we 
represent tin* series of sheafs in order by 

V V V 



they will be changed into 


V , V 

— — iM-f/i > — )/«4 14-/) 



S" 

V V 

V 

— * “M » 

— 1 > 

n f 

— M + l* • 

V 

m 

V, 

V 

V 

^—\+h . 

“/f * 


“H-f i + A 


where // is sf>me inteirer. 

In particular, the funriamental automorph 

{T — bU ) a, ~~c U;a 

aUa, {T-i-bU):<T 

will convert each sheal into a consecutive sheaf. 

I ho shoafs divido the upper half of the representative circle 
into an infinite number of eipiivalent arcs; and the effect of 

the fundamental automorph is to transform each of 
these into the next following. 


iMetbod of Nets. 

121, Another useful geometrical method is that of reseaujc, or 
nets. Let the plane of reference be divided up into a system of 
cfpial and similar parallelograms by means of two sets of equi- 
distant parallel straight lines; such a system will be called a net, 
each of the ])arallelograins a mesh, and each point, where two lines 
cross, a node. 

Through any node O di*aw two rectangular axes OX, OY 
(fig. 5). Then if UPRQ is a mesh with one vertex at O, and if 

= p + qi, 

CTg = r + si, 

are the comijlex quantities corresponding to F and Q, the net is 
completely defined by bt,, and may be denoted by (w,, ta-j). 
The system of nodes is given by 

where m, n liave all possible integi’al values, zero included. 
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The quantity ps — qr measures the area of the parallelogram 
OPIiQ\ it is called the norm of the net, and written Nm(CTi, ct-.,). 



Fig. 5. 

Let a, 7, S be any integers such that ah — 1 : then if 

-or/ = a-oTi + 70x0, 

w 2 ^ yS'OJ j “f“ ^oTo, 

the net (-or/, cxa') has the same nodal system as (-oti, ot.,). Two 
such nets are said to be properly equivalent, and we may wi’ito 

(-or/, -or/) csi (-cr,, -oTo). 

More generally, if ah — 0 y = n, a real integer, all the nodes of 
(-or/, -cTa') will belong to the nodal S3^stem of (or,, 0x2) but not con- 
versely ; in this ease (or/, org') is said to be a multiple of (or,, or^). 

It is easily verified that 

Nm (or/, or/)= (aS — ffy). Nm (or,, 0X2), 

and hence, in particular, if 

(or, , -0X2 } cs> (-or,, 0X3), Nm (or, , -0X2 ) — Nm (-or, , oxo). 

122 . Suppose, now, that / = am^ 2 bnin + cn- is a definite 
form of determinant — A ; then 

af —{am + 6n)- + 

= Nm \ina + n{b + i\/A)], 

This suggests that the form af may be represented b^^ the net 
(a, h + iV^) J same way if f* — -h ^b'mn + c n- is the 
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form into whicli /' is converted by the substitution we may 

say tliat of is represented by the net (ct,, n-,,), where'^’ 

CT, =«(? +7(i + i\/A), 

CT, = + 5 (6 + 2'\/A). 

I| .V,, .S-, aie the lengths of the sides, and r/,. cL the lengths of 
the diagonals of a mesh of the net (zr,. we have 

5,- — (aa + yd)- + y-A = aa\ 

Sr ~ + hh)- = ac\ 

dr = {aa + 76 + / 3 a + 8 by- + (7 + S)~ A 

= «(«'+ c' + 26 '), 

dr = a(a'+ c' — 26 '). 

(Cf Alt. .")-t.) 

123 . It is easily jiroved geoineti’ically that every net is 
properly o-inivaient to at least one net of which the mesh is such 
tliat neither of its sides is greater than a diagonal. 

Ivir sn]>pose that O is any node of the given net; then there 
will be at least two othei' nodes which are at a minimum (listance 
from O. Let P be any one of these; then the line OP produced 
nulefinitely both way.s will contain an infinite number of nodes. 
Let this line be moved parallel to itself until it first passes 
through another set of nodes; and let Q be a node on the line 
m its new position which is at least as near to O as any other 
irnde on the new line. Then the paiallelogram OPPQ, of which 
OP, OQava adjacent sides, will be the mesh of a net which contains 
all the nodes of the given net; moreover, it follows from the way 
in which P, Q were chosen that OR ^ OQ ^ OP, while if RQ is 
produced to if .so that QR=^RQ,R is a node, and PQ = OR^OQ\ 
hence OPRQ siitisfies the geometrical comlitions above stated. 

Such a net will be called a reduced net. 

\\'ith 0 as origin, let be the complex quantities as- 

sociated with the points P and Q; the conditions of reduction 


are 


KilrUo-i + ctjI. 

If (w., CTo) is a reduced net, we obtain four associated reduced 
nets by variation of sign from (± Of these 0 ^,, and 
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(•=r,, -ST,) are improperly equivalent, so that one of this pair must 

be properly equivalent to the given net. 

The nets (ct,, ct-,.), (-ct,, - ct,) may be considered identical: 
moreover, if (ct,, ct,) is reduced, so al.so is the eipiivalent net 
(ct.,, - CT,), hence we may add the further condition ra-, ^ ct., . 

The corresponding .piadratic form of .satisHes the con.litions 

(la'if-u (d' ±20' + c'). 

ac' ± 2b' + c), 

aa' 4^ ac\ 

or, which is the same thing, 


The.se are precisely Lagrange’s conditions of reduction ; .so that 

the method of nets gives a complete geometrical interpretation of 

the theory of transformation and reduction as applied to detiiiite 
forms. 


It may be observed that it immediately follows from the 
geometrical method that if (a, b, c) is a i-educed foi’in, a is the 
numerically least of all the numbers representable by forms of the 
class to which {a, h, c) belongs, and that if ,c > a ,c is the next 
least numerically. This may, of course, be proved analytically; 
and, in fact, it is upon the existence of minimum repiesentable 
numbers that Hermite has based his geneial theory of the rofl no- 
tion of definite quadratic forms. 


124 . It is easy to see that, in general, the geometrical reduc- 
tion of a net is unique ; there are, however, two exceptional cases. 
The first of these is when there are two nodes P, P' nearer to O 
than any others, while there arc four nodes at the next smallest 
distance. These nodes are the vertices of a rectangle >vith its 
centre at 0 ; and if cti is the complex quantity corresponding to 
Py the quantities which define the vertices of the rectangle may 
be taken to be + ^ 3 , + There will be two reduced nets 

properly equivalent to the given one, say 

(cr,, CT 3 ) and (tn-,, - OT, -h tD-J ; 

the corresponding reduced forms will be of the type {a, ± c) 
with |al<|c|. 

Secondly, there may be six nodes, all at the same minimum 
distance from 0. They must cWdently be the vertices of a 
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regular hexagon, and the corresponding reduced forms are of the 
type (a, ± a). Here there are three reduced nets, say (cti, -nT^), 

(cTi, — cTi + CT.), — CT, + CT..) with = y there are 

only two reduced forms; the reason being that (cto, — -cti + is 

cojinected with (ct,, ct.) by the substitution J j , which is an 

autoniorphic of {a, ^a, a). 

All this is in agreement with the results of Art. Go. 


125. The method of nets may be extended so as to apply 
to the theoiy of indefinite forms. We may construct a perfectly 
consistent algebra of ‘hyperbolic’ complex (juantities z = x yj 
upon the lines indicated by the formuhe 





{X + ///) ± {x + yj) = {X ± x) + (// ± y) j. 


+ !/j) ('•' + ///) = (A*'*' + !/!/') + + a y)./ 


Nm (x + yj) = x- 



aig {x + yj) = cosh“' 
It is easily verified that 


X 


V.r-- 


= sinh“’ 


4 

.V 


y 

- If * 


Nm {zz') = Nm (j) . Nm {z'\ 


arg {zz') — arg z -f arg z'. 

Following tlu‘ analogy of the ordinary theory, we represent 
the <|uantity x + yj b}* a point whose rectangular coordinates are 
(x, y): then the formula* foi* addition and subtraction have a 
geometrical iiiterpretation exactly the same as that for the 
ordinary theory; and the other formula* express geometrical 
relations to the hyperbola .?r — //-=!. Thus if P be the point 
corresj)onding to x-\-yj, and if OP meet the hyperbola in P\ 
^\\\{x yj) = OPjOP', and arg (.r + is twice the numericiil 
measure of the area oi' the hyperbolic sector OAP\ wdicre A is 
the vortex of the hyperbola on the same bmneh with P\ 

Now' f = itin^ Cii‘ is an}* form w’ith positive deter- 

minant D, w'e have 


af = (am -f- bti)- — Dn- 

= Nm (7»a -f (6 + jfD)\. 
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We represent the form af by the net in h^- mx , • . , 
.just a.s above (Art. 122) that if ’ 

CT, = a« +y{h+jx,/D), 

CT, = ^f, + a(i + y\/X)), 

the net .„ay be taken to repro.sent af, vhon f' i-s derived 

fi-om / by the substitution 

V7t 5/ ‘ 

126. If we draw the lines .r-f-v = 0 ,> ■ 

metHoany evident that the net ^ cpn.'.ale.rtr’fu V;,-^^;; 

can be determined so that the points arc on oppo.sitc shies 

thaT For .suppose 

that OM either asymptote : choo.se any two nodes P Q one 

on each side of OM, a.ul on opposite sides of the other as.’nmtote 
nodes within it or upon its perimeter (excei.t at <),P Q) t he mril 

of which OP. OQ ..o odjocc,,. .i,i, ,„ovk,x,;, : 

a me.sh of the required net: if otl, erwi.se. there will be a point P’ 
within or upon the perimeter of OPR and a point Q' Jithin or 
upon the perimeter of OQR .such that OPf is a trial, lie withmu 
any nodes except at 0, P', Q', and then if the quantitlss ' 

correspond to P'. Q'. either of the nets (./. J). (^/, _ ^rwill 
have the property re<tuired ; an.l one of the.se must bo properh 

equivalent to the given net. * * ■ 

If we call a net of thi.s kind reduced, the analytical condition 
oi a leduced net (^„ is that Nm (.ir,) and Nin must hai-e 
oppo.site signs. Now with the notation of last Article 

Nm (ct,) = aa', Nm (n-,) = ac', 

so that in the form f = f , b', o') the coefficients c' will have 

o^osde syns A form of this kind may be termed reduced ; and 

It immediately follows (cf. Art. 67) that every form of determinant 

IS piiyoi y equivalent to at lea.st one reduced form, .and that 
the number of reduced forms is finite. 

It should be carefully observed, however, that althouirh the 

nmnber of reduced /orni., is finite, the number of reduced nets i.s 

nfinite. In fact, if is a reduced net, it is geometricallv 

obvious that either (..,.. +..,)„, 

and similaily either (w., ct.-st,) or (tir,-®., ct,) is reduced. Each 
1 educed net is therefore connected with two adjacent reduced nets 

.9 
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by means of one of the substitutions ^ and one of the 

substitutions • In the same way every reduced 

form is connected with two adjacent reduced forms: for instance 
(4, 3, —2) is converted into (8, 1, —2) and (4, —1, —4) by the 

substitutions and respectively. 


The infinity of reduced nets belonging to a given class may be 
arranged into a linear series by means of the above substitutions; 
the col resj)()nding reduced forms will form a recurring series, and 
everything proceeds as in the Gaussian theory. 


AUTHORITIES. 

Tmk analytical theory of binary quadratic forms contained in Chap. III. 
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Tho first rigorous theory of its solution was given by Lagrange: Solution d^un 
ProhRme d Arithm^tique (Miscell. Taurin. t. iv. (1766 — 9), or Oeuvres, t. i. p. 
671). A list of fundamental solutions of up to 2>=1000 will be 
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CHAPTER V. 


Generic Characters of Binary Quadratics. 

127. As already explained, the classes of binary cjuadratic 
forms belonging to the same determinant D may be arranged into 
orders, accoiding to the values of h, c) and 26, c), where 

{a, b, c) is any form of the class consi<lcred. The cIjisscs belonging 
to each order may be further arranged into grovips, each of which 
constitutes a genus. The ])rinciple of this tiistnbution depends 
upon a few simple propositions, the proof of which will now be 
given. 

Let {(t, 6, c) he a primitive form for winch dv (fl, 26, c) = o- ; 
then it is (dwags possible to assign integers x, y, prime to each oilier^ 
so that (aor + 2b.vg cf)!<T — n mag be prime to any prescidhed 
number m. 

For suppose that p, p\ p"... are the different piiines which 
divide «/cr, eja and m simultaneously; (j, q\ q'... those which 
divide a jo- and but not c/cr ; r, r\ r'.., those which divide eje 
and m, but not a/cr; finally, s, $\ s'\.. those which divide m, but 
not a/cr or c/cr. 

Let P=pp'p"... 

Q = qqY--’ 

M = rrr",,. 

S = ss's".... 

Since (a, 6, c) is primitive, 26/a- is prime to P. Now choose 
X, g so that both are prime to P, a; is a multiple of Q, but prime 
to P, ?/ a multiple of P, but prime to Q, xy a multiple of St but 
not divisible by the square of any of the prime factors of S. This 
ma 3 ’' bo done in an infinite number of ways and still leave a?, y 
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'“J- i* “o P»* - - QS'. , 

AMiei e ^ ^ ^ IS any resolution of B into two factors. 

This particular choice of y gives 
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n 


_ + 2hxy cy- c 

a ='a-y' ^)> 


(mod r), 

- xij (mod ;>), 


= f'»'^y-(mod s). 


according as y or a; = 0 (mod s). 

Here p, q, r, s denote any prime factors ot P Q R N ..p 

spoctively ; and it easily follows that a is prime to P, i p’aml S' 
and therefore also to m. ’ 

A special cMe of this theorem, which is often useful, is that wo 

can always find a number <r« capable of primitive representation 

by (a, h e) and such that n is prime to 2D, or, which is the same 
thing, odd and piime to D. 

128. Now suppose that (a, b, c) is a properly primitive form 

o e errninant D, and let n, n be any two integers prime to 2D 

and capable of primitive representation by (a, b, c). Then if wo 
put 

H ~ cict" -p 2&ciiy C'y*, 

71 = 2ibj3B + 

we have identically 

7in' = x^ — Dy‘^, 

^ = aaR + 6 (aS + Ry) + cyB, 

y = aB — Dy. 

(Cf. Art. 55.) 

From this identity we draw the following six conclusions : 

I. If pis any odd prime factor of D, (n\p) = {n\p). 

For since nn = a? (mod p), (nn'\p) = 1, and therefore 

(ri\p) = {n'\p). 
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II. 7/*/)= 3 4), (- = (_ 2)i 

For nn = — Dy- = + if 4), and since nn is odd, one 

of the numbers ar, ij is odd, and the other even; therefore 
nn =1 (mod 4), whence n = n' (mod 4), and 

(- =(_ 

III. If D= '2 {mod S), (- 1)4 '«’-n = (_ l)t(»'>-n^ 

We have nn = — 2y- (mod 8), and x must be odd, so that 

./>' = 1 (mod 8) ; also 2f = 2 or 0 (mod 8) : hence nn = ± 1 (mod 8), 

and theiefore 7i = + » (mod 8), n- = n- (mod 16), and the theorem 
follows, 

IV. Ij /> = (j {mod. 8), (— = (— 1)4 

Here an = or + 2f (mod 8), and x is odd ; so that nn* = 1 or 3 
(mod 8) according as y is even or odd; therefore n=n or 
3a (mod 8) respectively, and in each Ciise the truth of the pro- 
position may be verihed. This is obvious if a = a' (mod 8); if 
a = 3a' (mod 8), we have 

i (a — 1) -f- i (a^ — 1) — ^ (71 — ] ) — L (//- _ 1) = ^ _ ,/) ^ _ ;(>) 

= n -f a'^* (mod 8) 

= 0 (mod 2). 

V. If lJ~ A: {mod 8), (- 1 ) 4 •'*-*) = (_ 1 )4'»-a 

lor a7fc' = ^-= 1 (mod 4), and therefore a = n (mod 4). 

VL //i) ~ 0 {mod 8), (- l)4'»-i> = (- l)4<»'-i,^ 

(— 1 ) 4 ‘'*^*' = (_ 1 ) 4 '**^*^ 

In this case, aa' = a:^= 1 (mod 8), and therefore a = n (mod 8). 

It will be observed that these theorems express properties 
wliich are common to all odd numbers, prime to Z), representable 
by the given properly primitive form. 

Thus theorem I. states that these numbers are all quadratic 

residues of p (an odd prime factor of D\ or else all non-residues; 

theorem II. asserts that when Z) = 3 (mod 4), the numbers in 

question are all of the form 4Z*-|- 1, or else all of the form 4Z' + 3 ; 
and so on. 


129. Let pf p t p * be the diflfei’ent odd prime factors of Z); 
and, as above, let n be any odd number pnme to Z) and represent- 
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OF CHARACTERS. 


able by the properly primitive form (a, b, c). 
proved that the sjanbols 


Then it has been 


(n\p'l (/I I /')... 

will have values which may (and in fact do) depend on the form 

{a, 0, c), but not upon the particular value of n. They are called 
the quadratic characters of the form. 

Besides these, except when D = 1 (mod 4), there will be one 
or more supplementary characters. Putting, for convenience, 

(- =x, (- = >/r, 

the supplementary characters are for 

i) = 2, 3, 4, 6, 7, 0 (mod 8), 

X> X’ X^> X’ X and 

respectively. 

The^ totality of all the particular characters of any form, 
quadratic and supplementary, makes up its complete or rjeneric 
character. Since any number representable by (a, 5, c) is repre- 
sentable by any other form of the same class, we may speak of 
the generic character of a class. Classes which have the same 
complete character are said to belong to the same genus. 


130. The following table, taken from Dirichlet (Crelle, xix. 
(1839), p. 33cS), shows in a convenient form the assignable characteis 
of piopeily primitive classes. In every case, 8'^ denotes the largest 
square which divides D, so that B = or %PB^ where P is a 
product of different odd primes p, p\ p\ etc.; finally r, r', r", etc. 
are the odd prime factors of >5^ which do not divide P. The object 
of the vertical line which separates the particular characters into 
two groups will be seen afterwards. 


I. Z) = P = 1 (mod 4). 


jS= 1 (mod 2) 
S = 2 (mod 4) 
^ = 0 (mod 4) 


(njp), (nip'), ... 
(nip), (nip'), ... 
(n I p), (n I p'), . . . 


(nir), (nir'), ... 

X, (nir), (n r), ... 

X- "f. («IO. (« !»■'). ••• 


II- D = P(S“, P = 3 (mod 4). 


X. (n\'P \ ■■■ 

X< blp). (n\p'), ••• 

X, (nip), (nip'), ... 


(nir), (nir), ... 
(nir), (n\r'), ... 
ijr, (n\r), (n\P), ... 


S=1 (mod 2) 
>8=2 (mod 4) 
>8=0 (mod 4) 
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,S' 


S 

s 


III D = 2PS^. P = Umod 4). 

1 (.u.xl 2) I yjr, (n\p),(n p), ... („ !,•),(„ ... 

0 (mod 2) I (n\p\ {n p'), ... 

IV. = 27^S^ 7^ H 3 ( mod 4). 

1 (mo<l 2) I xf: (X p). (n p). ... («|,.), ... 

O(mod 2) I x.^.(n p), (n p’),... (n'r), (n\r'l ... 


131. It sliould bo ob.sei ved that in order to assio,, the value 
ol a ,,art.cular eharacter (a p) f„r a given form (a, b, c) it is 
stdlicient totmd a number a representable by (a, i, c) and prime 

lo p\ and m the same way the .sup|,lemcntarv diameter or 
eharaeters (,f any e.si.t) may be inferred from an‘y odd number 
representable by the form. Xow the e.vtreme coeHieients of the 
lorn, are numbers ivpresentable by it: an.l if („, b, c) is properly 
piimitive, one <,r other of the numbers «, c must be prime to any 
.given prime f.ietor of D. and one or other of them mn.st be odd. 
All the partienlar eharaeters of a proiierly primitive form may 
therefore be determined from its e.xtrerne eoettieients. 

For e.\ample, let the form bo (0, 3, 13). Here 

71 = -69 = -3.23 s 3 (mod 4). 

and the particular eharaeters are (a|3), (a|23), and From the 
eoollicient 13. which is odd and prime to 3, we obtain 

A = (- 1)" = + 1, (a|3) = (13|3) = + 1 ; 

and from the coemcient (i, wc find 

(a|23) = (6|23) = (2123) (3123) = (+l)(+l) = +l. 

Therefore the total charaeter of the form is 

("|3) = +1, (;i|23) = 4-l, x = + l; 
or, as Gauss would c.xpress it, 

1, 4 ; JfS, Ji23. 


132. In the case of improperly primitive forms, the chai-actei-s 
will be as in the fii-st line of Dii-iehlefs table, exeept that n will 
denote an odd number the double of which is represented by the 

orm. Here again, the total charaeter may be assigned by inspec- 
tion of the extreme coefficients of the form. 

Thus, if the form be (10, 5, - 4), for which D = 65 = 5 . 13, the 
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tiou^^For “''® illustia- 

Pi-imitivo o^ repi-esentativos of the positive 

Uie totnl I, ! I '''° '>»« table gives 

beloiiginAr 'tlir ° ^ lepicseiitatives of all the classes 

cxis are , . TT"' P‘-i-«itive geuera, when they 

jcSa a:;:s^ " ^ 


/> = - 96. 


(«i3) 

\ 

X 

' ^ 

I 

t 

1 + 

t 

+ 

1 

i ' 

(1. 0, 96), ( 4, 2. 25) 

“ 

+ , 

1 _ 1 

(•), 2. 20), ( ,5, - 2, 20) 


_ j 

- 1 

1 

(3. 0, .32), (11, .5. H) ' 

+ 

J 

i 

“ j 

+ 

(7, 3, 1.5), ( 7, - .3, 1,5) 


.^ = - 99. 


[ (“|3) 

(«iii) ^ 

! + 

+ 

(1> 0, 99), (4, 1,25), (4, -1,25) 


+ 

, (5, 1, 20), (5, -1, 20), (9, 0, 11) 

+ 

+ 

( 2, 1, .50) 

— 

+ 

(10, 1. 10) 


i> = 136. 


(«|17) 

X 

T/r 


+ 

+ 

+ 

( 1.0,-136), (-8, 0, 17) 

+ 

— 

+ 

(-1, 0, 136), (8, 0,-17) 

— 



( 3, 1, - 45), ( 3, -1, -45) 


+ 


(-3, 1, 45), (-3, -1, 45) 

- 
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I)=loO. 


' («|3) 

(”|5) 1 




H- 


-t- 

j ( 1,0,- 150) 1 


•f 1 

(- 1, 0, 1.50) j 

+ 

— — 

O 

io 

f 

o 

j 

— + 

(“ 3, 0, 50 ) 


/)= 18.5. 



(n,37) 


+ 


(1,0,- 185) 1 

1 

f 

( 5, 0, - 37) 

^ + 

1 

1 

+ 

( 2, 1, - 02) 1 

1 

1 

— 

1 

O 


134. The particular charactei-s of* the form (1, 0, — D) are all 
+ 1. This form is ciilled the principal form of determinant D, 
and the class and genus to which it belongs arc called the 
principal class and principal genus. 

135. It will be observed that in each of the above examples, 
the nximber of complete chai-actei-s which actually exist is pre- 
cisely half that which is a prio?n assignable. For instance, when 
Z> = — 9G, there are three particular chamctei^ («|'^)» X> 

since each may be either -f or the number of complete charac- 

tei-s possible a p^'iori is or 8, whereas only four of these actually 
occur. 

It may be proved by the law of quadratie reciprocity that at 
least half of the assignable characters of properly primitive classes 
are impossible. Thus if n is a positive odd number representable 
by a form / of determinant D, then (Art. 59) D is a quadratic 
residue of n, and therefore if, in the notation of Dirichlet’s table, 

“ it follows that T* or as the case may be, is 

a quadratic residue of v. 
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in the ^'^ciprocity (Art. 42), we have 

(P|?i)=l, 

0^1-^) = O^l-P) (-P|«) = (— (/'-It - 

that is, 

(nip) (nip')... 

D = PS\ P = 1 (mod 4), 

(n|p)(M|/)... =1; 

D = PS\ P = 3 (mod 4), 

X ■(n\p)inl ]}')... =1. 

On the other hand, if (2P|n) = 1, that is, if 

(-J)«'’‘^‘’(P|»i)=l, 

we have 


Therefore if 


while if 


(n\P) = (- . (Pp) („|P) = . 

hence if D = 2PS\ P = 1 (mod 4), 


while if 


'l^■(n\p)(n\p')... = 1 ; 

D = 2PS^ P=3 (mod 4), 
'hX-Oi P)(n\p)... = 1. 


Comparing these results with the table, it appears that in 
every case the product of all the particular characters in any line 
of the table which are to the left of the vertical line of division 
must be equal to + 1. It is easy to see that this condition 
excludes precisely one half of the assignable characters. 


The theorem that half the assignable characters are impossible 

will be subsequently proved independently of the law of reciprocity, 

thus affording a new proof of that law; and it will further be 

shown that actual genera always exist for the remaining characters, 

and that each genus of the same order contains the same number 
of classes. 


AUTHORITIES. 

Gauss : Disq. Arith. Arts. 228—232. 

^ diverses applications de V Analyse infinU^sinuile 

d la TMorte des Nowhres (Grelle, xix. (1839), p. 324, or Werke, i. p. 413). 

See also Dirichlet- Dedekind, Za/ilentheorie, Supplement IV.: and Smith’s 
Report^ Art. 98. 
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Composition of Forms. 


136 . Lei 


F = AX-^ 2BX V + Cr^ 


be any binary .inadratic form of dc-terminant IJ = B--A(y. 
8nj)|ioNe tlmt by means of the bilinear substitution 

"X ^ ■*" ^ 

J = + qs!/!/) ^ * 

F becomes jy\ where 

J = (/./ - + 2bxy + cy-, j’ = (/ V'-* + 2b'x tj + cy '^ ; 
then we say that ^ is transformed into ff by the substitution 

/ Pa » » 2^-i I 

V^o > » q>if q^' 

In all that follows it will be Jissumed that the coefficients of 
the substitution are integral ; and we shall write 

= ;v/i — Piqo, Q = y?u73 - ir,q^ , R = p^q^ — 

^ = Pi*l2 — pjp , T = p^q^ - 2hqi » u = p./23 —Jhqi) 

where observe that PU- QT + MS = 0 identically. 

^ Ihe substitution, or transformation, is said to be primitive, if 
t Q> Rf >i>, y, f/ have no common divisor. 

Write ^2 _ Qj; _ ^ . 

and lot vi, yn be the gicatest common divisois of 2B,C; 
a, 26, c ; a\ 26', c' respectively. 

We may regard the equations which define X, Y, as a linear 
tmiisforrnation of the single set of vai'iablcs x, //, by means of 
which the form (^, C $ yy becomes 

(/'w* f 'b, fc $ X, y)K 
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The determinant of the substitution 


IS 


Q-ud it follows fi'om 
that 


^ + Piy\ p-jc p.^y' 

qoX' + q^y, q.^' + q^y’' (3) 

= Qx'^- + {R + S) x’y' + Ty'-, 
the invariant property of the discriminant 


that is, 


(4). 


(- 5 ) 


Ave have 
Let 


(/'^)- - (/'a) (Z'c) = A= . (_B^ -AC), 

df -^ = D£A 

Similarly, putting 

^ i PnX + 2^iy, piX + 

' q<A: 4 - q^, q^x-Vq^y 

= Pcd‘-V{R-S)xy+ Uy\ 

df- = Z)A'- ((j) 

& = dv{Q, R + S, T), 

S' dv (P, R ~ S, U); 

then evidently, by (4) and (6), 

dm'^ = BS^ d'm^ = DS\ 

Again let k dv (P, Q, R, S, T, U ) ; 

then it can be easily proved that 

k=^dv (S, S'). 

For suppose dv{B, S') = /ii: then p divides P, Q, T, U, 27? 2.S' 
and therefore either k = y. ov k = \y. In the latter case y must 
be even, Pjlc. Qlk, T/k, Ulk must all be even, and RIk, Sjk both 
odd. But this is inconsistent with the identity 

R S^Q T_P U 

k k k ' k k ' k ' 


therefore 

Hence 


k = fju ~ dv S'). 

Dk'^ = dv m'-) 

= dv{dm'^, d'rnr) ( 7 ). 

It is clear that cZ/Z), d'jD are rational squares; so that putting 

dlD^n\ d'ID = n'^ (8), 

n, n* will be rational. 

It has been proved that 

A* = A'2 = 
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we can therefore choose the signs of n, n\ so that 

A = 7if, A' = nf-, 

liaving done this, we find by comparison of coefficients 

P R-S U 


a 


- 7 ~ " 


26' ~c'~" 


Q_R + S T i (9). 

a 

Tlio form / is said to bo taken directly or inversely, accordinfr 
as n IS positive or negative : and similarly for/, ^ 

It !nay be verifiori that 

AA = (ry,7, - + ( y;,yy^ + ~ X f 

+ {P^lh-p.Ps')y■^ (10) 

Kleiitically ; aiu] comparing this with 

. ^ ^ nf .n'f^nn^F, 

we Uifer that 

^ /V/3 -f p/lo - yJiVo - p, f/i _ />, y;, - y,„y>3 _ ^ 

1 I ). 

Conversely’, if the nine equations 

P = ««', n-S= 21,11', U = cn' 

Q = an, R + S= 2b' n, T = c'n 

*b'h — <h<u = A nil', p„rp + p^q„ — p,,j., - p.rp = 2Iinn', 

PiP, - PoP, = Cnn' 


...(«) 


are satisfied, then the substitution (P^’ P‘- P-' PA ,vil| transtorm 
Fiuto/f. W.qi.qi.qJ 

Gaus.s obtains tlio sy.stom (Q) by direct comi^'inson of the coefficients in 
the identity 

(Ay By CJ.V, }■)- = («, by c\xyyY-K(a\ h'y r'i^yy')^: 

tliis leads to nine equations such as 

^ly?o^ + 2Z?/>oyo + Cyo* = oa', 

■^^PoP\ + ^ (p0?i +/'i7(i) + ~<ih'y 

amt «o on ; from these the equivalent set (O) is derived (see D. A. Art. 23.5). 
100 10 -)”***^ niethod lieie adopted is duo to H. J. S. Smith (Report, Arts. 

137. It follows from the identity 
AX^ + 2BXY +CY^ = + 2hxij + ctf) (aV“ + 2b'xy' + c'/) 

that M divides mm'. It can be sheivn that mm' divides )»//[•=. 
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For by equating the coefficients of ccv in nK 
identity, we obtain ^ 


af' = A ^ 


dXV 
du’ 


+ 2B 


S)( 


dr 

dx 




\ 


\ dx * 

Cf ^ A ^3 Vy 

Uy) dy dy+^\dy) 

Multiply, in order, by 

/^y dY dY 

, j. , \SyJ ’ dx'dy’ 

and add ; thus 


dx dY . dx ari _ . 0]- 0j 


dy + dy + 


^y I • • ^)- 


'?Z 

dx 


*> 


A (~ f 

0y I® 


^^y_2^,0F9F 




Every term on the nght-hand is divisible by mm' -. hence the 
expression on the left, that is 4A^ is divisible by mm' In he 
sarne way we can prove that 2BA^ CA^ are each divisible by mm" 
and therefore mm divides MS'^. Similarly mm' divides 71/S^ ■ and' 
hence finally MB- = dv {MB\ Md'^-) is divisible by vi 7 n'. ' 

Again let 

JSl ==dv{A, B, C), m = dv (a, h, c), m' = dv (a', h', c') ; 

^n it can be proved in precisely the same way that mm' divides 


It wifi now be supposed that A; = 1, so that the transforn.ation 

of/a.Jd/'''° ^ 

It follows from what has been already proved that in the case 
ot composition 

D ~dv d'm-) | 

M = mm\ ~ 0 (mod mmO 

and also that 


mn' ^‘Jd'm?ID, and m'n = 
will be integers and relatively piime. 

The second of equations (12) shews that divides m»i' : and 
in the same way it divides m'm: hence if m = w and m' = m', 
that IS, if/, f' are both properly primitive or derived from properly 
primitive forms, F is properly primitive, or derived from a properly 
primitive form ; whereas in any other case i®l = ^mm' = J M, and 
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improperly primitive or derived from an improperly primitive 

138. Wo are now confionted by the fundamental problem 

Giren two forms (a, b. c\ («'. b', c'). to find, when possible, a 

.form {A, li, C) compounded of them, each component form beinn 
tahen in a prescribed leai/. 

In Older that a solution may be possible, the ratio of the 

Hetoninnants of the given forms must be a mtional square. 

Suppose this to be the case; let d, d', m' have the same 

meanings as before, and let J) = dr(dw% d'm^) taken with the 
same sign as d, d\ 

n = fTTn, n' = fd", I), 


Let 


tin sig-n of each being taken positive or negative accoiding as tlie 

corresponding form /• or /' is to be taken directly or invemely. 

linn a, a aie lalional, and n/a , in'ii aie integers and rclativcK' 
J>rime. 

Hence by the first six of equations (f 2 ), P. Q, i?, S, T, U are 

tletermined : and it is easily seen that they are all integral and 
relatively prime, so that k = ]. 

I he next step is to find eight integers p^, /r,, (p, 7 ,, r/.,, (p 
so as to give Q, T, U these known values. 

Consider the skew-symmetrical .system of e(|uations 

•r, U — a\T + xji = 0 

- .'T,, U -I- a\R - = 0 

~a\R +,,- 3 ^= 0 

— -f- .r,(3 — (t.R = 0 : 

these are equivalent to two independent relations; for if we 
mult iply tlie first three equations in order by 7?, T, U respectively 
ami add, we are led to the identity 

cc^^iPU - QT + RS) = 0 ; 

ami similarly for any other group of three. 

Now let 6^, 0.., ^3 be any multipliei's whatever, and put 

e^P -h d,Q -h e,R, 

= - BoP -f- e,s + 
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then the preceding set of equations may be satisfied (and in the 
most general manner) by putting 

: A‘i : a\ : ~ : tji ; 7?. : 'jjy. 

We may suppose 0,, 6,, 6,^ Oy to be rational, or indeed integral, 
and chosen so that do not all vanish; and then ^ve may 

suppose a’o, a-j, a-o, Xy to have integral values proportional to 

Voy Vly V-2^ 

Call these values f/„, //,, q.,^ ; we may take them so as to have 

no common divisor, and therefore m*o can determine four integers 
TJ'o, 'TTj, TT.y, TTjt, such that 

■TTo^o + Trj^i + 'rr./i, + Tr-iq.. = 1 . 

Furth<?a:, let p,, jh bo the values of 7^,, 7?,, 7?.. when 

Oq, Oy = TTy, TTi, TTy, TT^; 

then pi, jhi 2hi (lot <l\> fj’, will be a set of eight integers such 
as is required. 

We have in fact 


Mi - V^<l^ = (tt,/* + tt.Q + 'irjl) q, + - w.E - Tr,^) q, 

= (Mo + + 7r,,/y,. + TTj/p) P 

+ TT, (- q^S + - q.J^) 

+ TT;, (- + qji - 

= P, 

= 1 , 

and the coefficients of tto, tts in the other terms vanish. 

This is one of the equations which have to be satisfied : and 
the rest may be verified in a similar way. 

It remains to be proved that the values of yl, P, C derived 

from the last three of equations (H) are integral. Returning to 
the identity 

[Px^ + {R~ S) xy + Uif\ + (R + S) x'y' + 7^'^] 

= 7i7i'(AX^--\-2BXV-{-Cr^), 
and remembering the meaning of S, b', we see that if (R^S)/B 
and (R-S)/b' are both even, 2Bn7i\ 2Cim' are divisiljle 

by 2bB'. 

Now DB^ = dm'^, and therefore ^- = 7n-n-: similarly 5'^ = mV-, 
and BB'/nn' = + vwi = an integer. If, then, as in the case 

M. 10 


now 
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coDsidorod Ann ± A Imiii is an integer, a fortim'i A is an 

integer, and similarly B, C are integei's. 

On the other hand, if either or (R~S)/B' bo odd, 

then either 26/m or ^h'jni is odd, and hence either m or vi is 
even: 2Ann\ 2Bnn\ 2Cnn are divisible by BB\ the quotients 
(neglecting sign) being 

2A/tnm\ ^Bjmni, 2Cjmm \ 

and since mni'/2 is an integer, we conclude, as before, that A, B, C 
are integers. 


139. It will be obseived that a form /’compounded of f,f' in 
a jncserihed manner ma}’ be fonml in an infinite numbei* of ways: 
hut it, can lx* shewn that all sue!) fomis are ]>roperly etjuivalent. 

I'i»r sn]i|»ose F={A, B, C) and R = (A\ B\ ('*) to he any two 
snrh hums, aixl let 


P 


Vl. <lly ' ' V‘>'> Vl'- 7/ 


he t wo pi iinitive substitutions which transform R rcsj)OCtively 

into yr. 

'rhen — pi'f/,,' - p.//i — ;>i7« = f'”' i 

and similarly for any other corresjK)nding pair of detei'ininant.s. 
Now let integers (01 ), (02), (12), etc. be chosen so that 
(01 ) ( pjp - p,f/u) + (02) ( p^rp - pjp) + . . . = 1 , 
or say X (\, p) ( p^fj^ - Pt^fjx) = 1 : 

and put 

- m) ( 

2 (\, /j.) - ?V7»a') = 

2 (X, fl) - i/m'?a) = 7 . 

2 (\, )!.) - P^q/) = 8. 

'Phen if e is any one of the numbers 0, 1, 2, 3, 
ap^ + tiq. = 2 (\, /x) 1 /)., ( p^'q^ - p^'q^) + </. ( PkP^' - 7Vi>A')l 

= 2 (X, /x) ( 7 ^ a' ( iKqy. - p^q,) - 7 V ( T'.'Za - 7^a<7.)1 

= 2 (X, /x) ( p/ ( pjq/ - P^’q/) - 7V' ( T^/Va' - P»'q^')\ 

= 2 (X, /i) p/ ( q)/q/ - p^'q/) 

= 7’/s (X, P-) ( taaVm - p^qi^) 

= pJ- 



Siniilarlj 
and hence 
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;>A, 

'/a; 


th ere fore 


_ I o.pK + /3//a , + yS(7, 

ypK + 5^/a, 7/)^ + Bq^, 

= (aS - ^y) ( 

aB - /3y= 1 . 


Now if .Y, 1' arc the variables of F, and X', V' tliose of F', 

X' = + ;j,'ry + p,rr'y + y,;,/,/ 

(o£^^o "1" ^qi}) + . . . 

and similarly + S 1"; 

from which it is clear that F is transformed into F’ by the |,roiier 
suhstitution . so that F, F' are cpiivalent. 

^ It is obvious that, convcrsolj', if F is comjionndcd of y; f and 

F' is properly equivalent to F, then F' is also comiiounded ’of/, / 
in the same way as F is. 

More generally, if F’ is transformable into //*', but not necessarily coin- 

l^unded of / and f\ and if, as before, F is compomided of /; f' then 
r contains F. 

For with the same notation as before, we shall have 

-Piqo=^' (/V/i <^te., 

and it can be shewn that, as before, 

Pj = ^Pu + * q^ = = % , 

= - /3y) (/\!/„ ~P,JP) : 

and F' is transformed into by the transformation of determinant/- : 

that is, F is contained in F\ 

Many of the succeeding xiropositions may be generalised in the same way. 

140. Let f be transformed into an equivalent foiin 0 by 
the substitution ; then it is clear that F is transformed 

into by the substitution 

X = { + p,y') (ax + ffij) + ( -f (yx + By), 

Y =(p^'-^ q,y') (ax + z9y) + ( q.jy/ + q.,y') (yx + By), 

/ap^ -t- yqy ., , ap, + yp^ , fip, + , fip^ + Bp,\ 

Wjo + yq 2 . aqi + yq^, fiq^ + /9y, + BqJ * 

10 — 2 


that is. 
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L(‘t the (lotorrninants of this matrix bo called 

P\ Q\ R\ r, u\ 

ami lot. = {a'\ h'\ c”). 

TU we find by direct calculation 

P' = a^-P ay (R-S)-\-ynr 
= n' {(ta- + 2l>ay + C 7 -) = ; 

a»id similarly R' — S' = 2h"ii\ 

« * 

Attain. t/ = (aS — fiy) Q = (aS — Sy) n'n, 

and so }{' + ,S" = 2 (aS — ^y) b'tt, 

T' = (ot8 — I3y) cu. 

Kinally, 

(orr/, + — (07., + 77 j)(/97, + %,) 

(otS - ^ 7 ) ( 7 , 7 .. - 7 ,//,) 

= (aS — ^y) Ann ., 

and similaily the other two correspondintf expressions forine(l ns 
in the last thre<‘ of e<piations (f2) reduce to 

2 (aS — (3y ) Jinn', (aS — jSy) Cnn' 

I'cspcct i\ ol}’. 

Now if (f) is jn<)))e!ly ecjuivalent to /*, a8 — l3y — \, and wo 
concliid<‘ t hat P is compounded of </>, /' in the same way jvs it is 
compouii(h-d of /’and /'. If, on the other hand, aS — 0y = — l, 
so that <f) is improj)erly erpiivalent to /’ F is still compounded of 
(f) and /', but n hixs to be taken with a ditVerent si^t ; that is, 
<f) has to be taken iiivorsely or directly accordini^ as / \\i\s taken 
directly or invoi'sely. 

It follows that in all jnoblems of composition we may sub- 
stitute* for any form, taken invei'sely, an improperly eepiivalent 
form, for (*xainple its opposite, taken directly*. In future, unless 
the (‘ontrary is expressly stated, it will be supposed that all forms 
which are compounded are taken directly. 

141. It is now evident that we may speak of the compo.sitioii 
c»f chfsses ; namely, ify’ f' are any two forms belonging to classes 
JC, A'”', then any form F compounded of them will belong to a 
perfectly <leterminate class, which may be said to be compounded 
of JC, JC and denoted by JvJC, 
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It is clear that the synbols K'K, KK' .ueau tl>e sa.ne tinn. 

because in compounding two forms, the process 1ms bcem sv.n - 
inetiical with respect to the conipoiieiits. 

conipoundeil with itself: this process is 

142. The composition of forms nmy be treated in another 
and in some rc.spocts a simpler way, which is due to F. Ar.ulf. ’ 

d, d , m, in' have the same nioaning.s as before; let 
D = dv n = V d/D, n = VeZy D. 

Then we see, as before, that nui and m'n are integers and relatively 

imo# t 

Now supiiose that hy definition 

I = an , Q = a'n, It = Ij'k - j - 1,^' ^ 
lf=cn', T=c'n, S = b'n-bn’: 

then it follows from the definitiojis that 1\ Q, ^S', T, U are all 
integers and relatively prime. 

Let ti. = dv{P, Q, ii); then we can prove the following nro- 
positions : — ® ' 

(i) The integers ah', a'b, hU + Dan', are all divisible by 

(Observe that Dun' = >ddd', and is therefore an integer, since 
by supposition, djd' is a rational square.) 

We have 

ab’ . mn' = h'riiP, ab' . m'n = m' {all - bP), 

a'b . m'n = bm'Q, a'b . mn' = m {a'R - b'Q), 

{bb' + Dnn') mn' = m {b'R - c'Q), (bb' + Dm,') m'n = m' {bit - cP). 

Now all the expressions on the i-ight-hand of these equations 

arc divisible by /i: and since mn', m'n are prime to each other, 
the truth of the proposition is evident. 

(ii) In the next place, aa' is divisible by y?. 

Smcc aa! ,mv! = a* mP, and aa\vi'?i = ayn'Q, 

we see that aa' is divisible by /*. Hence aa'P, aa'Q, aa'R are all 
divisible by /a®. 


* Crelle, t. 56, p. 64 (1S59). 
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loO 


Again aai^~ah'Q — abP, 

luiT = ah' R — {hb' 4- Dmi ) P, 
aa' U = (ibR — (bU + Dun) Q. 

Hence, and fV<an (i), we infer that aa8, aa''I\ aaU arc all 
divisiljle by fjp \ and since P, Q, i£, S, U have no common 
di\ isor, it follows that aa is divisible by fP. 

(iii) Let aa 'nP = >1 ; then an integer li can be found so as to 
satisfy siinultancously the three congruences 

ii 




'w 


'l.H. 


bb' + Dnn 
(’boosing integers a, /3, y so that 

aP + + yR = 


(mod A). 


let us put 


,, aU ab - hi) 4- Dnn 
R= -.a4-— ./94- 7 

Li fJL tL 


then it may be verified that this value does in fact siitisfy all the 
congruences. 

For we have 

— ah') = P \ab'a 4- a'bfB 4- {bU 4- Dnn)y] — fiab' 

= aU {fji — PQ — yR) — ^aU 
4- P [abfi 4- {bb' + Dnn) 7 ) 

= y3 \abP - ab'Q] 4- 7 \{bU + Dnn) P - aUR\. 

Substituting for P, Q, R their values, and writing — ac) 
for Dn'-y this reduces to 

{bn' — b'n) — 7c'7t j cui\ 
that is, to — {pS 4- yT) aa. 

Hence ^ {PB — ah') = 0 (mod tui) ; 


and therefore 


~ . B — ^ = 0 ( mod A ). 


It may be similarly verified that the other congruences are 
satisfied : in fact 

/* {QB — ab) = {aS + ylf) aa\ 
/^lRB-{bb'~^Dnn')}={aT + 0Q)aa\ 
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Since P//^, ave relative primes, it follows that all 

va lies of B which satisfy the three congruences simultaneously 
ai*e congruous (mod A). 

After some easy reduction, wo find that 
^2 — B) = aa' (etc a- + a c/3- + cc 7- 

+ 2b'c^y -h 26c V + 2 (66' - Dnn) a/3;, 
whence B' - D = 0 (mod A). 

B~ ~ D 

Putting = C, the form (A, B, C) will be of determinant 

D, and it can be shewn to bo compovinded of (a. b c) and 

7 / /\ ^ V > ^ / 

(a, 0 , c). 

In fact, if we put 

Z = xy' + ^ 

a a 

66 + — 7? (6/t' + 6'/f) 

, “ Vf/ , 

\r , a 7i , hil' -p h' II 

+7r^^+ —^-yy- 

all the coefficients of the substitution arc integral, and we have 
identically 

i (o^ + 6y + nys/D) (aW + by + ay VP) ^ AX + BY Y^D, 

Avith a similar identity obtained by changing the sign of 
throughout. 

Multiplying these together, we obtain 


-,a/. a'f^AF, 

H' 


and therefore, since A = axt'lfir, 

that is, Pis transformable intoVy*', 

It is easily proved that the six determinants of the trans- 
formation are P, Q, R, S, T, U: hence the substitution is primitive, 
and P is compounded of /* and 

In every case, then, where composition is possible, we cun 
compound (a, 6, c), (a', 6', c') into (A, B, G), where 

A = aalfjTj 
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fl fJL 

an _ ah 


b' n + bit 


If 


bb' + Dun' 

C={n^~D)IA. 


n = 


(mod A), 


rvi 


D = dv (fZ///'-, d' tir ) ; 

n = Jd,lj, n'=JdiD- 

^ = do {tin, iin, b'n+ba'). 


143. Sujiposo that A, K', K" arc tliroo chissus the deter- 

mitiaiils ot wliicii aiv in the |)ro|Mntioii of three S(|uare mnnl)ei*s: 
and let J, J , J be any thiee forms belonging to them. Then by 
‘■o'npontHling / and /' we get a form of the cla.ss K K\ and by 
( )nn|Mninding tlii.s witli y ", we get a form belonging to the cliuss 

{kK )}{". If tirst eompmind /' with and then the result 
uilhy, we get a tbrm of the class K (}{' K"). 

it will now be shewn that the two forms obtained by tliese 
ditlereiit processes are eipiivalent, or, which is the same thing, 
that tin; classes (KK')K" and K{K'1C') are identiciil. 

Let (n, A c), {a\ b\ c'), («", b", c") be the forms 
(k d, d tlieir determinants, and so on; the notation beintr as 
before, witli the addition of corresponding symbols fory ". 

Ihen by Arndt's process wc may compound f.J'' into (A,B, C), 
or A say, where A = aa etc. as above. The determinant of F 
is D^do(dm \ d'nr); and do (A, 27?, C) = mm. 

iJy the same process let us compouiul F an<I y" into a form 

d> = (A, B. P). 

Let A be the determinant of d>. 

Then A = do{ Dm"^ d"M^). 

Now since , D = dv {dm'\ d'm-), 

Dili*- = dv {dm'-m'*^, d‘m”-m -) ; 

d'AD = d"m^m '- : 

therefore A = dv (dm'=m"-, d'm"^-m% d"iir-m'^-). 

Let us write v=\^d/A, p'=^/d'jA, p'=^^/d"fA: 

these quantities arc all rational: and moreover iiitn'u, iii*mv\ 
vim V are all integers, and relatively prime. 
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Further, let 
We have 
where 


Now 


iV = VZ)/ A = vjn = v' In'. 

/a' = dv (An", a"N, Nb" + v"B). 

fj. = dv {an', an, nb' + nb), 
and therefore fifj,' divides the following integers ; 

fji . Av” = aa'v\ 

an' .a" N= a" ai^\ 

a'n . a!'N = a'a'u, 

{nb' + n'b) . a"N = a" {vb' + vb). 

Again, since an'B = ah' {mud fjuA), 

therefore an' {Nb" + v"B) ~ a {v'b" + v"b') (mod iu.A i"). 

Hence we see that /i/i' divides a{v'b" + v"b') ■, and similarly it 
divides a' {v"b + vb"). ^ 

Finally, since {b'n + bn)B = bU + Dim' 

= bU H- ^vv (mod aA ), 

we have 

{Nb" + v"B) {b'n + bn) = vb'b" + vb"b + v"bb' + Avi/V' (mod ^lAv"), 
SO that ybp! divides 

vb'b" + v'b"b + v"bb' + A/zi/V". 

It is easy to see that the seven integers aa'v" , aa"v, etc. have 
no common divisor greater than fjLfjf \ hence putting fxfjb' = < 7 , we 
have 

a- = dv [a'a"v, a"av', aa'v", a {v'b" H- v"b'), 
a' {vb" A v"bl a"{vb' + v'bX 
vb'b" A v'b"b A v"bb' + i^w'v"]. 

It will be observed that this determi*iation of o-, like that of A, 
is symmetrical with reference toff'.f". 

Take X, Y to be the variables of F, t] those of <I> ; then the 
successive compositions give rise to the identities 

^ {ax A by A vy^/^) (aV + b'y' A z^YVA) 

= AX A /^F+iVFv/A (i), 

and i {AX A BY A N FVA) {a"x" A b"y" + v"y"^^ ) 

= Af + Bt; + 77\/A (ii). 


154 


COMPOSITION. 


Hence by .substitution 
Af 4- + 7;^/A 

= l(,^c+?>y+,,y,/A)(«v+6y+,.y,/^)(,,'V'+6'y'+,/yvA).. (iii). 

Now it follows from (ii) that f, ,? are lineo-linear functions of 

a/'. >j", X, V with intefjral coefficients ; and from (i) that X, Faro 

similar functions of./-, //, x', y’ with integnd coefficients: hence 

?, V me trilinear functions of .-r, y, a-', y'. .r", y" with integral 
coeflieients. 

-Miiltii/Uing out the riglit-hand side of (iii) and comparing 
witli the lt‘(t-hancl side, we have 


/ ft 

a a V 


/ // 


/ // 


v = ^ X X i/ + '' a;"xu' 4- ^ ' '' 


A W }J 


, ^ a (u"b + i,b") ,a''{vb'+ub) .. , 

^ ""U !/ ' ^ Jiii 


<7 


(T 


y + 


yu 


4 


I’h'ir 4- I'b"b 4- p'bb' 4* ^vvv 


fi 


9 H 


vuv . 


and it has in iuet been |H'oved that all the seven coefJicieiit-s are 
integral and relatively j)iiine. 

have 

<r A f ) ( a V 4- 6'/) 4- U’y”) 

4- A \vv\ax-\-bij)y}i”-\-v”v(iix-\-U}j)y”}j-V vu\a'x' •\-b’'y”)yy\ 
-ctBt;. 

anti lienee wc conclude that B siinidtanconsly sjitisfies the fol- 
lowing seven congruences: — 


aa"b 
a'ab' 
aa'b" 


/ 9/ 

va a Ii 

V a a li 

99 0 t'% 

V aa B 


«6V'4- A«i.V' 
ab"b 4- AttV'V 
a'bb' 4- ^u'uu 


eO 
= 0 
= 0 

a{ub'' + v%')M = {) 
a* {v'b 4* vb”) B = U 
a'{vb' + u'b) B = 0 


(mod <rA), 


bb'b'' 4- A (bu'p" 4- b'i^"p 4- b"pu') 

- {pb'b" 4- pb"b 4- p'bb' 4- Appp") B = 0 

Again since B is determinate (mod A), and since in the 
above congi-ucnccs all the coefficients of B are divisible by <r, it 
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follows that the seven integers a'a'b, a"ub', aa'b", ab'b" + 
ab”b + ^a'v'v, a'bb' + Aa'Vi/', hb'b" + A {bv'v" + b'v'v + b"vv') are 
all divisible by a, and that the congruences may be replaced by 

a'a'b 


I // 

va a 


B = 0 (mod A), 


and so on. 


Now suppose that by Arndts process we hrst compound f' and 
f" into F and then compound F and / into (A', B', T') : and let 
a'. A' be the quantities corresjjonding to cr, A. Then it fdlows 
from symmetry that c' = o- and A' = A : hence A' = A, and there- 
fore the congruences satisfied by B' are the same as those satisfied 
by B : hence the forms (A', B', T'), (A, B, T) arc C(iuivalent, and 
we may in fact suppose them identical. 

This proves that {KIC) 1C" ^ K {K'K"), and the symbolical 
notation for the composition of classes is fully justified, because 
the commutative and associative laws of multijjlication are both 
satisfied*. Instead of {KK') K" or K (IC'JC") we may write 
without ambiguity KK'K" and call this the class compounded of 

AT, K', K". 


As an example of the direct composition of three fanis, let 

/=(2, 1,2) /'-(4, 1,7) /" = (3,0, 4). 
c/=-3, d'=-27, o^''=:-12, 

?rt= 2, m'= 1, m"~ 1 : 

A=-3, v=\ u' = 3, = 

(r = dv (12, 18, 16, 4, 8, 12, -IG) 

= 2 : 


Here 

and hence 
We find 


and therefore A = 2 . 3 . 4/2^ = G. 

The congruences to be satisfied by B arc 

G-Gi3 = 0 ^ 

3-9B = 0 
8B = 0 

18 + 2b = 0 
12 + 4B = 0 
12 + 6B = 0 
12 + 8b = 0 

whence B = 3 (mod. G). 


(mod. 6), 


1 The distributive law is not required, since such a symbol as A + K' will not 
ooour. Gauss writes K + K' instead o(KK’: this, of course, is equally legitimate, 
but not quite so convenient or suggestive. 
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lakiiiL^ H = \vc have 


A ** 


Ni» that the I'C.siilt i>f the co]ii|Mi.sitioii is 

(«, :i, 2) ~ { 2 , 1 , 2). 

Tl,is,,.f c•„.„•^sc. iniyl.t l.avc been foreseen, .m finding A= -3; for it is elc>r 

Mt the icsultant ela.ss will he nnproiierly i.riinitive, and there is only one 
such cIjlss for A ^ - 3. 

/<■ 5 transforms (A, B, P) or 

y ( I '-'+y + 3//V-3) (3.f" + 2yV-3) 

= (ia +3// + ,yy- 3, 

aii.l hence hy e.xifandint;, ami comparing ].oth sides, 

> = f; r'.r"y -f + Kr.r',/' + 2.r///' + he'// 'y + d.;-"//y - .S////'y', 

A = 2.ryy' _ 2yy',/ - iyyy _ 4 .,,,-y' _ 4 ,yy’ _ 

144. It, is now evident that if/,/,../,, are any number of 
hums uh.ise deterniitiaiits are |)ro|)(»rtional to n wjuare numbers, 

■ iiul it ai-e the classes U* which they belong, then it is 

possible to tind a toriii coinpoumimi <d’ ; and in whatever 

order the toinis ar<‘ compounded, the resulting form will belong to 
one and the same class, wliose determinant 

taken with the same sign as tliat of f/,. f/,. . This class may 
thei etore be den(*ted without ambiguity by K J{ . K d'he 
eUusses K need not l)e all diflerent; thus we may have sucli 
compositions as are denoted by and so on. 

145. Consider more particularly the composition of two forms 
JyJ '*! tile same determinant and I'or winch wi, vi are relatively 
prime. Then if D be the determinant of the form F={A, B, C) 
compounded of them, we have 

D = d ~ d , n = n' = 1 , and = dv (a, a\ b + b'). 

I utting, as befoie, A B is determined by the congruences 

“ 2 ? - ^ 




ab 


h-\-U 


(mod A). 


B = 
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Also 


M^dv 

and if iW = rfy(A,£. (7), m = dv{a,h,c), XW' = dv{a,b\c), 
tl^n if in = m and in' = m', 01 = il7. while in every other case 

itt = iM. 


Hence we at once infer the following" conclusi 


usions : 


a.s f. 


class. 


(i) If/' IS properly primitive, F belongs to the same order 

(ii) Any class is unaltered by composition with the principal 


Toi if/ (1, 0, Z)), we liave /i. — 1, A — ci, and the cotie’rueMces 

to find i? are 

aB =0, B = b, hB = D (mod a), 
whence B = h (mod a), and F<^f. 

If then H denote the principal class, so flu* as composition is 
concerned we may write //= 1. 

(iii) Two opposite properly primitive classes compound into 
the principal class. 

Namely if /= (a, h, c), /' = (a, - h, c), 

= A — \, .6 = 0 (mod A), 
and F={1,0,^D). 

Hence if K denote a properly primitive class, we ma}^ express 
its opposite by K~^, 

(iv) If K is a properly primitive class, and <t> any class, 
there is one and only one class which compounded with K will 
give <I> : namely 

(v) If K is properly primitive, and <b,, aie all dif- 
ferent, then K<1\, are all different. 

loi* if we suppose , then com[)ounding each with 

we get contrary to hypf)thesis. 

(vi) The duplication of a propei ly primitive lunbiffuoKS class 
produces the principal class. 

For an ambiguous class is its own opposite : so that, if K 
is a properly primitive ambiguous class, K = and therefore 

- KK-^ = 1 . 

Conversely, if = K {KK-^) = K ; that is. 

R is its own opposite, and therefore ambiguous. 
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(\ii) rho class coinpoundocl of the opposites of auy nuiribcr 
of projHTly primitive classes is the opposite of the class com- 
pounded of those classes. 

Foi- example, (KL) = K~^ R . Z-Z = 1 ; therefore 

A '/> * = (AZ) *; and so for any number of classes. 

In particular, the class compounded of any number of am- 
biguous classi's is itself ambiguous. 


146. \\ e are now able to compare the numbers of classes 

bt longiug to the dillcrent orders of a given determinant D. 

Su})|)osr 7) is divisible by a sipiarc' number m-, and let D = Am-. 
1 hen t hei’e will be an order Q derivc'd from the properly j)rimifive 
ortler of <Ieterminant A. As the simplest representative form of 
t his order wt* may take (///, 0, — mA). If A = 1 (mod 4) there will 
also be an older il' derived from an improperly primitive order of 
determinant A : and wo may take for its simplest representative 
form (2///, i/i, ^/'(l - A)). 


Now let /={<t,b,c) be any properly primitive form of deter- 
minant A : and let us suppose, as we ma}* do (see Art. 127) th;it a 
is jirime to 2/nA : then the form (a, bm, cm'') is properly j)rimitive, 
and it is easily verified that (mo, mb, me) is comp(umded of 
(o, bm, cm'-) and (m, 0, — ?nA), 


Similarly every class of the onler H' will contain .a form 
{2mo, )nb, 2mc) in which a is prime to 2/aA : and this form is 
compounded of (2m, vi, Jm(l— A)) and («, mb, 4m-c), the latter 
of which is jrropcrly pi*imitive. 

We conclude tlierefore that every class of a derived order may 
b(* obtained by compounding the simplest class of that order with 
a properly primitive class. 


Again, every class of the order may be obtained by com- 
pounding any assigned class of the order with a properly primitive 
class. For let <!> be the assigned class, any other class, d>o the 
simplest class, K, L properly primitive classes which compounded 
with d>ugive <I>, respectively. Then <I>'=<I>yZ=d>X7v’”'; 

tliat is, <!>' is obtained from <1> by compounding it with the properly 
primitive class LK~^. 


Now let <^|, be all the clas-ses belonging to a given 

derived order: and let F^, F^...Fn be all the properly primitive 
classes of the same determinant. Then the classcsZ’,<l>„ 
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include all the classes 4> ; therefore v cannot e.xcced n. It can 

easily be shown that n is a multiple of i.. In fact, if « > a some 

two or more of the classes FA^...F,A\ must bo ideiitical 

ouppose 

-P’1'1’1 = = . . . = Fi(l\ . 

Let F^' be any properly primitive class not contained in F,, F,...F,. 
and let K = F,'Fr\ so that F.'^KF,: then KF„ KF.,...KF/^\yiU 
be properly primitive classes different from each other and from 
the preceding set ; and putting KFi = Fi\ we have 

F/<t>, = F.A\ = . . . = . 

ri similar case. Art. 18) 

la i4>,, maybe arranged in groups each eontainimv 

/r identical classes, the classes of any two groiqis being differenr- 

and therefore n = vk, that is, n is a multiple of v. 

# 

147 . It is evident that k is equal to the number of properl 3 - 
primitive classes which, compounded with the simplest (or any 
other) class of the derived order, reproduce that class: and the 
problem of determining k was considered from this jioint of view 
by Gauss , who did not, however, succeed in obtaining a complete 
solution. The following investigation, which depends on the 
theory of transformation, is due to Lipschitz^ 

Wo comsider in the first place two determinants D and jy = /lyr, 
where 2> in prime, 

(«, h, c) be any properly primitive form of determinant 
Df and let us suppose that a is prime to p. Then Jipplying to f 
the substitution 

” " C: ?) ■ 

where aS - ySy = 

or, say, a substitution of order we obtain 

f = («', h\ c'), suppose, 

a form of determinant Dp^. Suppose that all possible substitutions 
P are applied to /, and let us examine how the resulting for?ns 
may be classified. 


^ I). A. Arts, 253—0. 


« CroUe liii. (1S57), p. 238. 
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Let L where ah — be iuiy (initary substitu- 

tion ; then 

U ^IW, h')-\ya’^hy\ y^' + hh') = ^^^^y> 

IS a substitution of order p. It is clear that the forms Pf and 

I J aie equivalent, the first being transformed into the second 

by the substitution U. q'he substitutions P, P' may bo called 

eciuivalent: and we need only consider the non-cqnivalent P-sub- 
stitutions. 

Since aS -^7 =y>, and p is prime, it is evident that dv(y, S)= 1 
or j), 

b iist, I(‘t do (y, h) = 1 : then putting = h, y' = ~ y, anil deter- 
mining ^ , h so that ah' ~ 0'y' = yj^' + ^h' = 1 , the substitution PIT 

nr 1* becomes Moreover the general values of P', h' are 

of the foiin + /-S, S„' — /ly, where k is any integer: hence 
ft = a^,' + phT -f- f’ (ah — 0y) = //„ 4 - hp : wo may therefore suppose 
that h is replaced by its least positive residue (mod p). 

Similarly, if do (y, h) = /), we may jjut a' = h/p, y' = — yjp, and 

( hen <letennine /S', S' so that a'S' - /S'y' = 1 , and PU= . 

Hence every substitution of order p is eijuivalent to one of the 
following (y> -H 1) representative substitutions: 


/l, ON 

lo, p) ’ 

g’ {) (A = 0, 


148. We will now apply these (;> + l) substitutions to the 
properly primitive form (a, b, c) of determinant D. 

bii'st let p be an odd prime. 


J hen ~~ '-s properly primitive, 


P 

since a is prime to p. 

ap 


wliero 


a = 


b' = (ah -b b)p, 
c' = a/t^ -b 2bh 4- c. 
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iDom these equations we rled 


uce 


p-a = a , 

V'h = py — ha\ 
jf-c = joV - 2phb' - ]r‘a\ 
and since dv (n, 26, c) = 1. we infer that 

dv{a', 26', c')= ],;) or;)= 

Now ac ={ah +h)--D -. and tlierefore if p divides c it, will b( 
possible to choose h so that 

{(ih -{-hY — D = 0 (mod p), 
an<I since a is prime to p the converse is t rue. 

There are four cases to consider : — 

(i) D divisible by p-’. The congi uence in h has one solution, 
given by ah+b = 0 (mod p) : this value of h makes b' and c 
divisible by p^’: so that in all there are p properly i>rimitivo foi ins 
(a, 6, c ) and one form for which dv(a\ 2b\ c')=p-*. 

(ii) D divisible by p but not by As before, the congruence 
has one root, and for the con esponding form.y'', dv {a\ 2b', c) — p. 
The remaining p formsy’' are properly juimitive. 

(iii) D not divisible by p, and {D\p)= i. 
has two roots given by 

<dt + b ± D = 0 (mod p) : 

there are two forms f for which dv (a, 2b', c') 
properly primitive forms. 


Tin? congruence 


= ]), and (p — 1 ) 


(iv) n not divisible by p, and (I)\p) = -l. The congruence 
is insoluble, and all the (p + 1) forms f' are properly primitive. 

In every case the number of properly primitive forms f ma}^ 

be expressed by p — (Z)|p), with the convention that (/>[p) = 0 
when i> = 0 (mod p). 

Next, let p = 2. 

Hereto* c) = {a, 2b, ^c), which is jiroperly primitive, 

since a is supposed odd. 

/ 2 , h 




(ah + ft)- — Z) = 0 (mod 2). 


M. 


] I 
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If D is odd the congruence has one root given by 

nh + ^» 1 (mod 2), 

and if D is even, there is again one solution given by 

(th b = 0 (mod 2). 

In the foi-mer case, dv (a\ b\ c') = 2, and dv (a\ 21/, c) = 2 or 4 
according as - 3 or 1 (mod 4): in the latter, 

dv {a, b\ c) = dv {a , 2h\ c) = 2 or 4 

according as /) - 2 or 0 (mod 4). 

In every case there arc two jiroperly primitive forms. 


149. Evc'i’V projierly jnimitive class of determinant Dp- can 
b(‘ dt-rived tioni a propeily primitive class of determinant D by 
incans of (me (»f the (/>+ 1) representative substitutions of order p. 

I'or let (^1 , //, t') be any jnoperly ]»rimitive form of determinant 
Dp% in whi(*h A is prime to p. Apply to it all possible substitu- 
tions of order : tlien the resulting forms of determinant Dp* fall 
into {p + 1) sets, the forms of each set being ecpiivalent, and those 
of oiH' set, ami only one, having a divisor/)^. Suppose 


where a.S—/3y = p\ then (a, b, c) is a properly primitive form of 
<K*t(‘rmiiiant D\ and it is easily verified that 

( ~%i.h,c) = (A,B,C)- 

\“ 7 > 

that is, (^1, Ji, C) is derivable from (a, h, c) by the substitution 

Moreover the class to which (o, b, c) belongs is 
pei fectly determinate. For if 




but all the forms of divisor derivable from (A, (J) belong to 

the same class : therefore y>V) co {p-a, p^b, p^c) and 

consequently (a\ h\ c')oo((i, b, c). 
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emains foi us to discover how many of these are enuivalent It 
ows from the last paragraph, and from the fact that /' 

must^bTdJ'- «"ch cquivalcmt forms 

nust be derived from the same form/ Suppose then that 


(“’ f):«. c) = M. /I, C ), 

w, S'/"' = O'), 

where aS - /3,, = «'§' _ ^ ^ 

If the unitary substitution transforms (A', 71', 6") int 

(A, B, C), then 

/a', /3'yX, ya\ 

W', S'Xi', p) 

changes (a, h, c) into {A, B, C) and must therefore bo of the for 

(Ti-hUi, -cUiYoi, B\ 

\ (lUu T+hUi%y, S/’ 

where (Tt, is an integral solution of T- — DU- = 1 
both substitutions with , ^ve get 




tn 


Ol 


Jci’ating 


on 


/j)\, pp\ ^ / 

\pv, pp) 1. 


S', -0'YT,-hU,, -cU.Ya, B\ 

aUi, Ti + hU-Xy, Sj 


-7 

A, B 




_/A, B\ 

~ir, a) ^^y- 

so that the conditions for equivalence are expressed by 

A = B = r = A = 0 (mod p). 

irf, s) (y, from the reduced sub- 

stitutions of order p, there are only two distinet cases to consider. 

11—2 
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in 4 


let (“; f) - (J J) , (“; = (J; ®) ; then it will be 


found by actual calculation that 


A=jril\-br.l 

n = f>{h{T.~hir)-cUi\, 

r = y^ur,, 

A^Ti-\-{ah+b)Ui, 

I ho sin^K* condition ncci'ssary foi* (‘([uivalcMici' is therefore 

y',H-(n// -hb)Ui~ 0 (mod j>). 

Siiieo ft is prime to p, this oives one determinate value for h, 
such that. 0 A < yj. exct'pt wben “ 0 (ittud p). Li-t bo the 
least positive value of I",- wliich is divisible by jt ; tlien ])utting 
i — 1, 2. ..(o'— I) in the above con^rueiu'e we ^et (o-— 1) corre- 
sponding values of A. ('all these A,, A^...A^_,, each being positive 
and le.ss than />. Then tlu* forms 


■y>, /',V ; 

0, 1 r'’ 


c) 


(/= I, 2.. .<7-1) 


are all etinivaleut to (^' ^^}[(t,b,c). Moreover they are all ditfer<*nt, 

\ 0 . pr 


p 

and there are no other forms 

j). A 


(o 1 C(iuivalent to b. v). 

F<u’, supposing neither Ui nor Cj = 0 (mod ji) we have 

, .Ti^bUf Tj + bUj^ , . 

_ T,Uj-T,U, 

» I I 

u 

a 



and therefore hj==hi, if and only if Uj^i = 0 (mod p) that is, if 
j — i = 0 (mod a). 

Altogether then we have a set of a equivalent forms derived 
from (a, h, c) by the substitutions 


/I, 0\ (Ji, A A 

Vo, p) Vo, 1 ) 
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In a similar way wc find that 


) 


CO 


'p, h 






that is, if 


{h - /,') Ti ~ {hh'a + (/, + h') b + c]U; = 0 (nio,l p), 

,.^h{T,~bUd-cU. , ^ 

~ haU^ + iTi + bUi) 


Lut hi be the least positive value of h' derived from this 
congruence. It is clear that the value of is determinate except 
when there is a solution of the Pellian e<iuation such that 

lialJi + {Ti -\-bUi) = 0 (mod y>). 




CO 




Wc also find that 


hj' - hi' = 


{nh-^ + 2bh + c) Uj^, 


H- c = 0 (mod p), b, c) is not properly p 


tive; rejecting these cases, when they exist, we see that h- if 
and only if^' = i (mod a). 

As before, we have a set of a equivalent forms, viz. these are 
derived from (a, 6, c) by the substitutions 

(2h ^h) fp, h./\ (p, hj\ 

Vo, 1 ^ 1,0, 1 1 

(where observe A/ = A), or else by the substitutions 

(S: (S: ft’: . ft:;), ft: ;•'*■) 

according as A does not, or does, satisfy a congruence of the form 

haUi + {Ti-\-bUi) = 0 (mod j^)- 

Since the same reasoning applies whichever form (a. A, c) be 
taken, we conclude that the total number of properly primitive 
classes of determinant Dp^ is 


n 




<T having the meaning above explained, and {D\p) being put e.iual 
to 0 if i> is divisible by or if = 2. 
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151. Hy successive applieiition.s of this result it is easy to 
eunclu.le that if D' = DS\ and are the numbers of properly 
priniiti\ e classes of determinants I), D' respectively. 




where the product relates to all odd primes which divide S, but 

not I), and where <7 is tiie index of the first inte^al solution 

i'J I < 7 ) I — IX - = 1 for which is divisible by S. The 
lesult may also be expressed in the foiin 


i"g(r+rvyr)” |* 


w hei-e (7, ^ ), ( 7 , r ') are the fuinlamental solutions of T- — DU- — 1 , 
and 1 - — D L '=1 respectively. In this form it was originally 
obtaiiieil by Dirichlet, although by means of a very difterent 
method, which will be explained later on. 

W hen I) , and therefore D, is negative, the Pellian e(|uation 
lias in general only two solutions, viz. T= ± 1 , U=0: it is easily 
seen Irom the foregoing analysis that all the substitutions of order 
j* give non-e(piivalent forms, and that 



If, how'ever, /> = —!, the equation T--])U‘ = \ has four 
solutions, T— ±1,6^ = 0 , and T = 0, U — ±\\ the derived forms 
may be grouped into etpiivalent paii-s, and 


n n 


P ) 


152. It wdll be observed that the preceding analysis enables 
us not only to determine the number of j)roperly primitive classes 
for a determinant DS- when that for a determinant D is known, 
but also to compare the numbei's of properly primitive classes for 
any two determinants which arc in the ratio of tw'o square 
numbers. It is clear also that we can find the mtios of the 
numbei's of classes in the diflerent derived ordei*s for any deter- 
minant, because the number of classes in any derived order is 
ctpial to the number of (properly or improperly’) primitive classes 
foi the determinant from which the order is derived. 
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1 07 

153 . In order to complete the investigation, vo luive to 
compare the number of improperly primitive classes with that 
ol the properly primitive classes for the same determinant. 

Let = (2a, h, 2c) bo an improperly primitive form of do- 
ternunant 

D = h- ~ 4ac = 1 (mod 4) : 

and suppose (as we may do) that a is odd. Appl3 ing to d the 
reduced substitutions of order 2, viz. 


(o! 2) ’ (0,’ 1) ’ (a J) ' 


we obtain 2<^j, 2(f)-j where 

4>i = (a, b, 4c), 

^2 = (4a, b, c), 

<f>^ = (4a, 2a + b, a + b + c). 

The first of tliese is properly piiniitive: with legai-d to the 
others we have to distinguish the cases - 1 (mod 8) and = o 
(mod 8). 


1£I)=1 (mod 8), a, b arc odd, c is eveji, and therefore </>.., <f,, 
arc improperly primitive. Thus <p is transformable into the double 
of one and only one properly primitive form: and it may be proved 
as above (Art. 149) that the double of every properly jnimitivc 
form is derivable from an improperly primitive form by a substi- 
tution of order 2. Hence if B=1 (mod 8) the numbers of 
properly and improperly primitive classes are equal. 

^ ^ b (mod 8), c is odd, and <f >3 arc all properly 

primitive: we have to discover how many of them are equivalent. 

Suppose that 

(4a, b. c) = ^ L, 4c), (aS -0y = l), 


\ i > 

^hen 4(t = aoC- -f 2hoi^ + 4c7" (1)^ 

b = aafi + 6 (aS + /^y) + 4C7S (2), 

c = aff- H- 2b^S -h 4cS- ( 3 )^ 

0 = aa^ q- 2b0y 4- 4cyS (4), 

and hence cy = (/3y - aS) = - 

Putting y = aU, ^ - cU, 

(4) gives a-48 = -2bU, 
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ami writing a + 4S = 27", 

where T is evidently integral, we have 

ci = T--~bU^ 

B^{T+hU)i\. 

Now iioin ( I ) we obtain 

4(1- = {(ia-h by)- — Jjrf, 

and on substituting for a, 7 their values, a- divides out, and wo 
find 

T^-J)U^ = 4. 

'I'lu' e(.ndition for e(|uivalenee is therefore that solutions of 
— J>U-~ 4 must exist for which 

'I'-\-bU=0 (mod 4). 

We have {T bU ){T - bU ) = 4 - acU% 

and d , c ai'c bitlli (nid. If, then, U is even, T+bll cannot be 
<.livisil)k- by 4: for if it were, T — bU would be odd, and 

{T-bU)4-{T4-bU) = 2T 

Would be odd, which is absurd, since T is sujiposed integral. 

J herefore U inu.st be odd. Convci'sely if U is odd, T and bll are 
bolli od<I, an<I therefor<' by taking U with the proper sign we can 
make 7'+ divisible by 4. 

II' (V’,, L\) is the fundamental solution, and Ux is even, all the 
siibseipient values of U will be even too; therefore Ui must be 
odd. 

Suppose this to be the case, and let the sign of Ui be chosen 
so that 

7", + bill = 0 (mod 4). 

I'hen putting 

= ^’1 - hUi, A = — cUi, 

7i = all I , Sj z= ^ ( 7", 4- b Ui ), 

(7'/ ^0 integral unitary substitution whicli transforms 

(a, b, 4c) into (4«, b, c). 

Changing the sign of f/,, p'lt 

a.j — Ti + bUi, /S.. = cL^,, 

B, = i(Ti-bUi), 

then S.J is half an odd integer: a. is divisible by 4, yS., 73 are odd. 
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('LASSES. 


1()9 


Hence 


c 


c 


4-(a, + 2/3,), -^7. + 25,) 

are integers, and it may be verified that 

■72. ^(72 + 25,) 

IS an integral unitary substitution, which tra.istbr.ns (u, b, ic) into 

(4((, 2ft + b, a + b + c). 

Expressed in terms of a,, /3„ y., S, this substitution is 

■45, , 25. - /3, \ 

-7i, K«i-2y,)y- 

We conclude, then, that if U, is even, no two of the fo.-ms 

f,, <!>., <f>, are equivalent, ami that if U, is o<ld, they all belong to 
the same class. ^ 

When D is negative, the e-juation -DU"- = 4 has in general 
on^y two solutions T = ± 2, U = 0 ; the only exception is when 
^ d, m which case there are six solutions ?’= + !, + 1 

f ^ n f ^ ^ = - 3, </>, , </>,, <!>, arc all cjuival J.t 

loi all other negative determinants they belong to three <Iifferent 
classes. 

The results thus obtained are exhibited in the following tal)ie, 

where n, n denote the number of properly and improperly piinii- 

tive classes respectively, and (T,, If,) is the fundamental solution 
of T’-.nU-^ = 4, 


I. D positive. 

D= 1 (mod S), a = a, 

i> = 5 (mod 8), U, odd ; ,i = n, 

-0=5 (mod 8), U, even : n = • n. 


II. D negative. 

^ — 3, n — ^ n, 
= — 3, n = n. 


As an illustration suppose Z> = 21, </) = (6, 3, -2). The a.sso 
dated forms are 

<^i = (3, 3. -4). 0, = (12, 3, -1), </»3 = (12, 9, 5). 



170 


roMPosiTrox. 


Wc have 'i\ = 0 , U^ = 1 , ami calculating a,, y, , 5 , it will be 
t'oumi that 

ft 2 )^^’ -•i) = (12, 3,-1), 

(_3,’ -•*) = ( 12, 9, 5), 

and hence )i = n, as it should be. 


It may be inferred from the foregoing, and can be proved 
indeptndently, that when f/, is odd, U.^is also odd, and t /3 even : in 
fact, tile solutions ('T,, Ui) fall into three sets corresponding to the 
triple groujiing of tin? juoperly primitive with reference to the 
improjH ily j»rimiti\e classes. 


dompositlon of Uenera. 

154. Let iC be t wo properly primitive cliisses of deter- 
minant y>, and let a, n' be two nuinbei's jiriine to each other and 
to 2D representable by forms of the classes 1C respectively; 
then it follows from the theory of the composition of classes that 
mi' is representabh' by a form of the class KIC which is com- 
pounded of K ami 1C. The generic character of KIC may 
therefore be inferred from a/d; and it is easily seen that any 
particular character relating to KIC may be obtained by multi- 
jdying together the corresponding charactei's relating to K 
and 1C. 

For the cpiadratic charactei's this is obvious since 

With re gard to the supplementary charactei-s >/r, wc have 

(a — 1 )(h'— 1) = 0 (mod 4), 
so that (// _ 1 ) -p (ji' _ 1 ) = — 1) (mod 4), 

therefore J (,^ _ 1 ) ^ 1 ) (mod 2 ), 

and hence (K) x (A") = x * 

again (//= - !)(«'* - 1) = 0 (mod G4). 

whence i(nV=> - 1 ) = i(«= - 1 ) + 1 ) (mod 8 ), 

and therefore yfr {KIC) ^^^r(K)y^r {1C). 

The genus to which KIC belongs is said to be compounded of 
the genera which contain K^ 1C \ and the genus compounded of 
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the genera T, A may be represented by FA. The compnsiti,,,, 

1; irr" 8--..,, i.e. tha! U hieli 

contains the principal class. 

nrbJv^^ ^ i'”P>«perly and the other properly 

p iitive, KK IS improperly primitive; and it i.s easily- seen that 

as before Its particular characters are obtained by multiplying 
together those of K and K\ ^ 1 ^ 

If both K and K' are improperly primitive, KK' is the double 
of a properly primitive class, and the characters of this properh- 
primitive class are obtained by multiplying together those of K 
and K . For if 2ii, 2)i' arc two numbers representable by K and 
K respectively, n, n being prime to each other and to 2Z> the 
paidicular characters of K, K' arc inferred from n and n' : and if 

KK = 2L, the characters of L are inferred Ifom nn, since 2mi' is 
icprcscntablc by KK\ and therefore nn by L. 

155. Each fjenus of the same order contains the same number 
of classes. 

Let r, F' be any two genera of the .same ordii-, and let F 

contain the classes K„ K,...K,. Supiio.se A" to be any class 

containc^^ m F', and let P be a properly primitive class such that 

i A, _ K. Then the chesses PK,, PK„...PK, will all be different 

mid will all belong to F', since their total characters are the .same. 

Hence F contains at least as many classes as F. In the .same 

way F contains at least as many as P'. Therefore they contain 
the same number of classes. 


Number of Ambiguous Classes. 

156. The following is Gauss's investigation of the number of 

properly primitive ambiguous classes for a given determinant D. 

In order to avoid a trivial exception, it will be .supposed that B 

IS not equal to -1. This case is immediately disposed of by 

observing that, when Z) = - 1, there is only one class and this is 
ambiguous. 

It will bo remembered that a form (a, h, c) Is ambiguous if 
26 = 0 (mod a) ; also that (a, b', c') ~ (a, 6, c) if b' m b (mod a) the 
determinant being the same in both cases. It is therefore only 
necessary to consider forms of the types (a, 0, c) and (26, 6. c). 
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\Vc obtain a properly primitive furiii (a, 0, c) by resolving D 
into any two lactor.s which are prime to each other, and taking 
one of them, with either sign, for a. Each resolution of B thus 
gives rise to four ambiguous forms; but since {c, 0, 0)00(0, 0, c), 
and wo wish to find the number of ambiguous classes, we may 
reject two of the four, retaining those for which oi <|c!. If a is 
the luiniber of difterent primes which divide D, the number of 
forms which we obtain in this wav is 2'*. 

For example if /) = - 00 = - 2 . .‘F . a, the forms are 
(±1.0. ±00), (±2,0, ±4r)). (±5.0, ±18), (±9,0, ±10): 

that is 8 or 2^ in all. 


A propcily primitive foitn {2b, b, c) is obtained by taking for b 
any (])ositive m- negative) divisor of D such that c = {b- — J>)/2b is 
an integer ]>rime to 2b. Now c being odd. c^=l (mod 8). and 
t herefoie 


l> = b~ — 2bi: = {b — c)- — c~' = 8 (mod 4) or = 0 (moil 8), 

aeeoiding as b is odd or even. Hence D must be of the typo 
8/<, 8// + 8, or 8/1 4- 7 if there are tt) be any forms of the kind now 
considered. 


First suppose (mod 4). Then if we take for h any 

divisor of I), b is nece.ssarily odd, b‘ — D^2 (mod 4) = 0 (mod b), 
so that c is certaiidy integral and odd: also 2c = b — B/b, so that 
c is prime to b if, and only if, B/b is prime to b. Since b may be 
taken positively or negatively, we thus obtain 2. 2'* = 2'*+' forms, 
n having the same meaning as before. 


Noxt let B = 0 (mod 8), so that b must bo even. Then since 
'Ic = b — B,b, we see that by dividing B into any two even factors 
b, D^b which have no common divisor except 2, c will be odd and 
prime to l^b, and therefore also to 2b. In this way we get alto- 
gether 2'*'*'* forms, allowing for variation of sign in b. 


For in.stance let i) = 120 = 8 . 8 . 5 : the forms are 


(±4. ±2, + 29), (±8. ±4. + 13). (±12, ±G, + 7). (± 24. ± 12, ± 1). 
(± 20. + 10. + 1), (±40. ± 20. ± 7). (± GO. ±30. ±13). 

(±120, ±60, ±29): 

in all 16 = 2K 

In every case the forms {2b, h, c) ni.ay be ananged in pail's 
such as 


where 


(26. 6. c), (26'. 6'. c), 

6' = 2c - 6 = - B/b. 
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Observing that h + h' = 2c =0 (mod c), 
we have {2b, b, c) ro (c, b', 2b') (2b', - h', c) 

- i^b', b', c). 

only retain that form which has the .smallo 
Thus we have left 2" foi nis (2b, b, c), for which 


SO that we need 
middle coefficient. 


so thnT ^ 'Hvidc D 

■ hat 71-/4 or /4+ 1 according as D is odd „r even • then the’ 
total number, N. of nmnc. lv . ^ 


(including both 
e following tabh*. 

types when thov 

D zi 0 (mod 8), 

iV = 2 . 2" = 

„ “ 4 (mod 8), 

= 2" = 2/^+', 

o 

1” 

„ = 2.2'* = 2'^'', 

„ = 2 (mod 4), 

II 

_ Om n 

•• > 

» “ 1 (mod 4), 

= 2« 

II 


tAu ohaiacters 

(Alt. 1.30) It appeals that in every case N is equal to the ,annber 

of assignable total characters for the determinant I). 


157 In the case when B is negative, the forms retained wi 
be half positive and half neg.ativc. We now reduce the system to 
one-half by rejecting all the negative forms. The JiV positive 
fornis which remain all belong to distinct classc.s. For every form 
(a, 0, c) IS reduced, because a < c : and every form (2b b c) i.s 
reduced unless 2b >c, in which ca.se the ecpiivalent form (c c’-b c) 
IS reduced, because 2b > c gives c>2(c-b). where observe that 
c 0 IH positive, because b (which is positive) <~ J)lb<2c~h 
and therefore 2 (c — 6) > 0. 


No two of the reduced forms (a, 0, c), (2b. b, c). (c, c-b,c) can 
be oppo,site or identical; so that, finally, the number of positive 
properly primitive ambiguous classes is ^N. 

Next, suppose that D is positive. Let (a, b, c) be any one of 
the N forms which have been retained. Choo.se b' so that 

h'=b (mod a), and 0 < fB -b' <\a\-. 
this can always be done, and in one way only. 
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Lot c = (1)- — D)'(f \ then (a,h\c) is equivalent to (o, ft, c), 
and we can show that it is also reduced. The conditions for this 
are that 0 < ft' < and ^/D -U < a i < s'D + ft'. Now if I « | < 
it is clear from the conditions by which ft' was determined that ft' 
is positive and <\/D, and since a <\'A a fortiori \ a\<\fD-\-h\ 
so that (o, ft', c) is reduced. If a > \//>, the form (a, ft, c) must 
be ot the type (2ft, ft, c), wliero ft < \'D. Putting ft' = |ft | we have 
ft' ~ ft (mod 2ft) while 0< \'D~U < \^/> < u \ that is, ft| satisfies 
th(* C(»ndi(ions which determim* ft'. ^loreover 

= 2ft =2 ft <^//>^- ft <^^7I + ft': 

heiK'c ((^ ft', c) is ri'duced. 


In (his way W(‘ toplac<* eveay •>no of the N forms by an 
er|uivalenl. ledneed and)ignous b)rm ; ami these n^duced forms are 
all didenait. 


It can be proved that everij reduced properly ])rimitivc am- 
biguous form will be found among the above set. For suppose 
((t, ft, c) is any reduced proj)orly primitive ambiguous form: then 
because it is reduced 0<b<\'D, and hence if ft = 0 (mod o), 
(f < \ I), and the form (o, 0, c'), e(iuivalent to (u, ft, c), is one of 
our original set, and hence (o, ft, c) is the corresponding reduced 
form of the final set. If ft is not divisible by a, a is even, and 
(o. ft, c) eo (a, \(f, c ) : while, since for a red\iced form | o | < 2\/Z), it 
follows that Ao divides D, ami | la \ < \/D, so that (o, ha, c ) is one 
of the origdiial set, and therefore as before (o, 6, c) is the corre- 
sponding reduced form. 

Every ambiguous class contains two, and only two, reduced 
ambiguous forms; therefore, finally, the number of properly 
ju’imitive ambiguous classes is iiV. 


158. The number of improperly primitive ambiguous classes 
(when any e^ist) is equal to the number of properly primitive 
ambiguous classes of the same determinant. 

For let (a, ft, c) be any properly primitive ambiguous form. 
1’hen if ft is odd, a must be odd also: for if a were oddly even c 
would also be oddly even, because D = \ (mod 4), and the form 
would not be properly pnmitivc. Hence ft = 0 (mod a) and 
c = 0 (mod 4). If ft is even, a and c must both be odd : and the 
e(|uivalent form (a, a + ft, c) comes under the preceding case. 
Tlius when D = 1 (mod 4) everj' properly primitive ambiguous 
class contains a form (a, ft, 4c) wdiere a, ft arc odd and ft = 0 (mo{I a). 
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This is one of the three forms derivable from fhn * t 

Now let <f} - (2a, b, 2c) where b = 0 (mod «> 
be any improperly primitive ambiguous form ; 

<pi = (a, b, 4c), 

<f >-2 = (4a, b, c), 

</>3 = (4a, 2a + b, a + b c): 

mwe thit a>»biguous, and wc have to 

p ove that </,„ <^3 cannot belong to properly pri.nitive an.l a.n- 

biguous classes except when (/>i co (^,co 

ArtT^Si* P'indtive (see 

Alt. 1.j3), and the theorem is proved. UDs r, (mod 8) let 

fi = (4, 1, HI - ^)), f. = (4, 3, HO - i))), 

and lot <P., dt,, <r>,, F,,F, be the cla.sscs containing <f>, 6. <b f f 

I hen It may bo verified that ?>-■ 

d\ = , d\ = <I>iF 2 , or = 

according a.s i s 1 or 3 (mod 4). 

Hence if d >3 are ambiguous classes, .so must be F^ and F.,. 

Now F,- = F,, and Fi = F,, hence F,, F., arc ambiguous, 

^ \ ^2 — Ij a^nd therefore oo 0., co 

In every case, then, there is a (1, 1) correspondence between 
the properly and improperly primitive ambiguous classes, and 
therefore the number of classes of each kind is the same 


The method of this article is applicable to the more general prolilein of 
Art. 153. For in the general case, .since is compounded of and cither f 
or /i;, it follows that if 02 0i, either /, or and therefore also tlic other' 

must belong to the principal class ; and also that if tliis is so, 0, ~ 02~0,. ’ 

Now it is easily found that (1, 0, - D) i.s transformed into f, hy the 
substitution * 

(T, k{T-^DU)\ 

k{T+U) )' 

where : and it can be proved as above (p. 1G8) that if (T U) is 

any integral solution in which U is odd, wc can choose the sign of U so as to 
make the substitution integral. This being done, the substitution 

/ T, i{ZT~DU)\ 
i( T~ZU))* 

is also integral and unitaiy, and transforms (], o, - /)) into/j,. 
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Tins is tlio pfiiut of view from wliicli (t;iuss the corrcspoiKlenco 

l)etween the properly and im[>ro[>erly primitive classes. (See D. A. Art. 
'2:>Vk VI.) 

169. If I\ is a class of any actually existing genus, K- belongs 
to the principal genus. Let K'- = If, and let 1, Ai, be 

all tin' ]u*o])erly primitive ambiguous classes. Then II is produced 
by the duplication of J{, KA^, KA.,...KAi_^, but by that of no 
other class. Hence if S be tlie number of classes of the principal 
gt iins whieli can bo producetl by duplication, the total number of 
(■la''S( s of which the <lu])licates behuig to the principal genus is SI. 
Ihil the iluplicnte of ecc/// class belongs to the piincipal genus. 
'l‘herefor<‘ if // b(‘ the number of existing genera, r the number of 
classes in each genus, r/e = / 8. Now 6 cannot exceeil : therefore 
// cannot exceed I : that is. 

The 7iiiii/her o/' dcfuttllt/ c.cistiurf (fenei'a anniot c.iceed that of 
the propci'hj jn'i/in(irc nnibi(jitous classes. 

160. h^rom this and Art. 1 oT we at once infer the impossibility 
of half the assjonabio m'lu'ric charactei'S, and thi.s, it will be ob- 
.servi-d, independently of the law of quadratic reciprocity. Wo 
have, in fact, tin* material foi‘ a new and entirely different pniof of 
that law : this is (Jau.ss’s ‘ demonstmtio secunda,' (I). A. Art. 202). 

\\\‘ observe that when /> = — !, 2,-2 or an odd prime ±p = 1 
(mod 4-), there is only (me genu.s, namely tlie principal genus; and 
t hat if /> = + p<j= 1 (mod 4-), where j), q are ])rimes, there cannot 
be more than two genera. The law of reciprocity is established 
by tlie following propositions: — 

1. If a is any positive number of the form + 3, — 1 AV. 

For if — 1 were a re.siduc of u, wo could find integers h, c such 
that — 1 = b‘ — ac, and then (a, h,c) would be a form of determinant 

— 1 with the character = — 1, which is impossible. 

2. If p is a prime and = 1 (mod 4), — \Rp. 

For the form (—1, 0, p) must belong to the principal genus for 
the determinant yj (which Ls the only exi.sting genus), and therefore 

- \Rp. 

«‘I. If p is a prime and = 1 (mod S), both + 2 and — 2 are 
residues of p. 

This follows from the consideration of the forms 

(±H. L +i(;>-l)) or (±8.3. +i(/>-9)) 
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according as 7^ = 9 or =1 ^mod t. *4.1 

4.SP.. % 4.1. ^ either case we infer 

± blip, and therefore + 2 Ep. 

4 . If a is any number = 3 or 5 (mod 8), 2 Ta 

5 . If a is any number s 5 or 7 ('mod S) - 

6. If is a prime, and = 3 (mod 8), - 2 Rp. 

'tbe f”*’ for the determinant 2 p 

the forms (1, 0, - 2 p), (_ 1, 0, 2 p) show that these are (n \p) = + l 

= + 1 , and (a I,,) = - 1. _ 1, ^ow the form (- 2 O n) 

gives x'l'-+l, and therefore also (_ 2 | p) = + i, that is, - 2 Rp^ 

The theorem may also be proved by combining (1) and (4). 

7 . Ifp is prime and = 7 (mod 8), 2 Rp. 

One of the forms (8, ] , i (p + i)), (g, g, i (p + 9)) of determinan. 

-p, iH properly primitive: and since there is only one genus, we 
infer HRp and therefore 2R2). ^ 

We might also combine (1) and (5). 

8. Letp, rj be two odd primes. Then first, if p h 1 (mod 4) 
and r/i^p we shall have pNrp For otherwise we could find a form’ 

{q, o, c) of determinant p with the character (n |y)) = _ i 

Secondly, if p s 3 (mod 4 ), and ryiFp, then -pI 7 g. For other- 
wise there would bo a form (rp h, c) of determinant - p with the 
character {n\p) = ^ l, ‘ 

... ‘Jl’ = 1 4 .) and qRp, then pRq. If = i (.^od 4 ) 

this follows from the first case, because pXq would involve r/.Yp 

If </ S 3 (mod 4 ) then - ry s 1 (mod 4) and -qRp, since - 1 /fp. 
jlence by the second case we infer pRq. 

Lastly if p s 3 (mod 4 ), and qRj), then - pRq. 

U q = 1 (mod 4 ) it follows from the first case that pRq and 
therefore ~pRq. ^ 

^ ^ ~ 4 , 0, pq) shew 

that the generic characters for the determinant pq are (?^ = + j 

(n I g) = + 1, or else (w \p) = - i, („ | ^) = _ i, ^he form (9, 0, - ») 
gives (w 1 ^) = + 1 . and therefore (- jt, | ^) = + that is, -pRq, 

This completes the proof of the law of reciprocity. 

12 
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161. It is a roinarknhle fact that every class of* the principal 

p:cnns may bo obtained by duplication: that is to say, in our 

formor notation (Art. loO), h = v. and therefore «; = A’. Two proofs 

of this important proposition will be given later on, one depending 

on the theory of ternary quadratic forms, and the other deiived 

from Dirichlet’s transcendcmtal analysis. Meanwhile, the truth of 

the theorem will be assumed, for the purpose of giving a more 

com])Icte account here than would otherwise be possible of the 

lelations which connect the difterent chisscs in respect to com- 
position. 


Let II be any cla.ss of the principal genus, other than the 
piincipal class. J hen since there are only r distinct classes in the 
genus altogether, and since the classes H, H\ 

all belong to it, at least two of them must be identical. 


Supposf* = //#* where \ > y.\ then = 1, or W = 1 where 
/ is a positive integer not greater than v. Let / now denote the 
positive integer such that //^= 1 : then f ma}' be called the 
exponent to which the class If appertains: and the classes 
1, //, ll- . . may be s;ud to form a period. 


Exactly as in 
moflulus (see Art. 
every class of the 
//•'=!. 


the analogous theoiy of residues to a prime 
IS), it may be proved that / divides v, so that 
pi incipal genus satisfies the symbolical equation 


Again, the period of //'" will contain fjd terms, where 
d = dv{m, f) \ in particular, if / is prime to ?«, it will contiiin 

/terms. If / is prime, the period of will contain / terms, for 
all values of m. 


162. If the principal genus contains a class G appertaining to 
the expedient v, the determinant is said to be regular. In this 
ca-se, the period of G comprises all the classes of the principal 
genu-s, ami the class G enjoys properties similar to those of a 
primitive root of a prime modulus. For instance, taking as a 
‘ base, any class of the principal genus may be specified by its 
index : there will be 0(i') classes such as Gy any one of which may 
be taken for a base, etc. etc. 

\\ hen the determinant is regular, the principal genus contains 
one or two ambiguous classes, accoixling as i/ is odd or even. For 
if is ambiguous, G^' = 1 and therefore 2m = 0 (mod v ) : hence 
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if is odd the principal class is the only ambignons class in the 
genus, while if i, is even, G'’'- is also ambiguous. 

If, then, the principal genus contains more than two a.nbimious 
classes, the determinant is certainly irregular. This considemtion 
enables us to discover irregular determinants. For instance the 
ree piimes d 1.3, 61 are such that each is a quadratic residue of 
each of the other two; and the determinant - 2379 = - 3 , 13,61 
IS irregular, becamse the principal genus contains, besides the 
principal class, the three ambiguous classes (8 0 798) riO 0 

(13, 0, 188). ^ nil. 


163 It may also be shewn that every negative determinant 
of the form -(8A-m + 3)m^ when k is any positive integer (not 
zeio), and m any odd positive integer greater than 1, is irregulai- 
For let/, = (m-’, m, 8km + 4),/, = (4m\ 2km + 1), and let K, , K. 
be the classes to which /. and belong. Then K, and A\ are 
properly primitive classes of the principal genus, and it can be 
shewn by Arndt’s formiilaj of composition (Art, 142 above), that 

and K./ = Ko~\ whence also = ] 

Moreover/, and / belong to different classes; for either / oi- 

the adjacent form (8A-m -h 4, - ni^) is reduced; and similarly 

either / or its equivalent (2A:7n + 1, - w, 4m^) is reduced ; the two 

reduced forms are in no case equivalent, and neither of them is 
the principal form. 


We thus obtain three distinct peiiods of three terms 
(l,A,,y^,=), (\, KJQ). 

But, in the case of a regular determinant, a period of three terms 
can only occur when v is divisible by 3 ; and even when this is the 
case there is only one such period, namely (1, (?-/», where O 

IS a base of the period of piincipal cla.s.ses. The determinant 
considered is therefore irregular. 

We see, then, that an infinite nunrrber of irregular determinants 
may be found ; it should be observed, however, that we cannot 
obtain, in either of the ways just explained, all the iiregular deter- 
minants which exist ; thus there are pHme irregular determinants, 
such as — 307. It does not appear to be possible to find a general 
formula which will apply to all cases. 


164 . Returning to the case of a regular determinant, suppose 
that G is any class whose period eom prises all the classes of the 

12 — 2 
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principal prenns : then, by the theorem which, for the present, we 
are nntici])atin.i^, there is a class H such that G = H-. If v is odd, 

we may evidently put = and in fact this proves the 

theorem about duplication for this special case. The principal 
"enus (1, G^G\...G'~^) contains only one ambiguous class: and if 
Ai, i-l... . are the other ambiguous classes, the remaining 
genera will be 

(^ 4 ,, A^G. 

(. 1 ,, A,G...A,G*-^)...(Ai:^,. Ai:^,G...Ak_,G^-^). 

Next suppose that t> is evon. In this case H cannot belong to 
tho ]>rinei]ial genus; for if it did, we should have // = G"* and 
= 1, which is impossible. There will therefore be two asso- 
ciated genera, the piinci]>al gemis 

( 1 , 11 % 

and (//. II\ 

If (' is a class ()f any other existing genus, all the classes of 
that g(‘nus will be given by 

{C, Cn\ CH\..CIl^% 


and there will be an associated genus 

(C//, 

It is also evident that every genus contains either two 
and>iguous classes or none : viz. if any genus contains an 
ambiguous class A, it will also contain A IP and no others. Half 
of tlie e.xisting genera will contain no ambiguous classes. 

We may, if we please, adopt a similar armngement when v is 
odd, by putting // — j-l A being any ambiguous class, not 

the principal cla.ss. Thus in all cases we have a class H with 2v 
terms in its period ; and the genera arranged in corresponding 
pairs 

{A, ATI\ AH\...AH^'\ {AH, AH\...AH^% 

where A is ambiguous: each ambiguous genus being associated 
with one that is non-ambiguous, or ambiguous, according as v 
even or odd. 


166. In illustration, we give the complete tabulation of the 
primitive classes for D = — 3G5. There are four genera, each 
containing five classes: so that both modes of arrangement are 
possible. 


example of TABUJ.ATIOX. 
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Characters Comp. 


I. 

( 1, 0, 

365) 

\oj \1^)^ 

+ + + 1 

(ii). 

1 


( 6, 1, 

61) 

p 

0 


(9, -2, 

41) 

p 

9 - 


( 9. 2, 

41) 

p 

9" 


( c, -1. 

61) 

p 

9* 

II. 

(11, 3, 

34) 

+ - - f 

^i9' 


(15, 5, 

26) 

p 



(10, 5. 

39) 

p 

«i 


(15, -0, 

26) 

p 

^i9 


(11, -3, 

34) 

p 

«j^“ 

III. 

( 2, 1, 

183) 

— 4- — a 



( 3. 1, 

122) 

«/= 

^i-^9 


(18, r. 

23) 

^p 



(18, -7, 

23) 

up 

<^ 29 ^ 


( 3, -1, 

122) 

ap 


IV. 

(17, -3, 

22) 

- - +af 

“s'/’ 


(13, -5, 

30) 

uf-‘ 

“s'/' 


( 5, 0, 

73) 

ap 



(13, .5, 

30) 

«P 

“3// 


(17, 3, 

22) 

«/" 

a.,g\ 

166. 

• « 

When the determinant is 

irregular, the 

classes of the 

principal 

possible, 

. 11 j_l_ . \ 

genus cannot be 

however, to a.ssign 

. « 

arranged 
a certain 

in one period; it will be 

1 number of bases such that 


aie uxpressiDie oy powers and products 

of powers of these bases : and any particular class niay then be 
specified by means of two or more indices. 


Suppose that is the highest exponent to which any class of 

the principal genus appertains : then the exponent belonging to 

any class of the genus will divide g. This is proved by shewing 

(compare Art. 20) that if H, K appertain to the exponents c, / 

tlK will appertain to the exponent where /t is the least common 
multiple of e and f. 

Again g divides Vy the number of classes in the genus. For if 
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1. (r, bu any period of 7 terms, then the chisses of the 

genus ma}* be airanged in sets such as C, CG, CG^...CG^~^, no two 
of which have a class in common. 


The quotient v ff is called by Gauss the exponent of irregu- 
larity. In Gauss’s tables relating to definite forms, which include 
moie than 4.000 negative determinants, the only exponents of 
irregularity which occur are 2 and 3. with one exception, 

/)=:_ 11007. 

for which it is 0. According to Pepin, the exponent is also 9 for 

Ko) turtluM details, especially with regard to the choice of 
ha.ses tor irregular di tei ininants, and the arrangement of classes 
not contained in the* principal genus, the reader is referred to 
Smiths Arts. ITS, 110. 


APTIIOUITIKS. 


<iAL'S'> . />. .1, Al’ts. 234 — 205. 

i)i inonMiiilion d*: ijHuhpics tht/ori mvit cvnost'nant Ui pe'riodcs dcs cUtsses de* 

Jonacs biuaire/t du Kfjcond dcfjn^ (Werke, ii. 260^. 

Tnfcl (IcM* Aii/;ihl cler Classen biniirer (]uaclratischer Fonncii (^^erkc, 11 . 
4 10), with notes and corroctions by Schering (ibid. p. 521). 

Smith, H. J. S. Uepoi-t un tlie Theory of Numbers, Part iv. {KfiH)rt uf 
Pritish Ass. 1802;. 

Diiuchi.kt-Dkdkkind : Vorle.sungen iil>cr Zahlontheorio (3ixl edition 1879) 
Suiiploniont x. Sec also Dirichlet : De formm'Hm hinaviarum secxindx gntdxit 
rout posit lone (Crelle, xlvii. (1854) j). 155). 

Ahni>t, 1 *'. : A v flosuny dner Anftpdn’ in der Conipindtion der 
h'ot'inen (C’rclle, Ivi. (1859) p. 04). 

Ceber die Anzahl dee (Jenera dev ipuidvatischen I^'onncH (ibid. p. 72). 
larscHlTZ, U. : Izinige iSHtze aua der Theoric dev quadratUchen tonnen 


(Crelle, liii. (1857) p. 238). 

Schkiuno, E. : Die Fundamental-Classea dev zusammensetzbaren arithne- 
tUchen Fovmen (Gottingen 1869;. Also in vol. xiv. of the Abhandl. d. 
kunigl. Gcscllsch. d. Wiss. 211 Gottingen. 

Poixcah 6, H. : Snv un mode nouveau de representation g^onietriquc des 
formes quadratiques dejinies on indejinies. (Joiirn. do I’^cole Polytechnique, 
call. 47, t. xxviii. (1880) p. 177.) See especially pp. 226 and following. 

The theory of coini)o.sition, ns now understood, is priuciiwlly due to Gauss. 
Some special ca.sos of composition were discjovered previously, such jw 

(.r2 + = {xx' - yy )- + (.^y +.r'y)^ 

witli tlie analogous theorem of Eider’.s for the pitnluct of sums of four squait's 
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The most interestingof these earlier results will be fouiKl in Lagrange’s memoir 

^ -P'-f indetennines du second degre (Hist, de I’Acad. de 
iieilni 1.6/) ^ M. Lagrange demonstrates a general theorem, which is 
equivalent to what would now be called the duplication of tJic form 

n K + -’'’2^ + a’3^'^+ ... 

to Eulri 9 ’ 

lu Vol LX. of Crelle’s Journal (1862) p. 357 there is a table, calculated by 

Cayley which gives the complete classification of primitive binary quadratic 

forms for negative determinants from D=- 100, and for positive 

determinants, other than squares, from Z> = 2 to Zl = 99. The generic charac 

tei-s are also given, and the composition of the difthrent cla.s.ses is indicatjd by 

symbols as on p. 181 above. The table also contains the periods of reduced 

forms for the positive determinants. There is a supplementary table relating 

to the thirteen irregular negative determinants which are nuniericallv less 
than 1000. ^ 
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167 I'nt: iliooiy ot' indicL's uml puwcr-rosidues cannot have 
faded to leiuind the reader of the binomial etjuation a"' — 1—0, 
upon which depends the division of the period of the circului' 
functions. The analogy is by no means accidental, and there are, 
in fact, many arithmetical results which are most simply expressed, 
and most easily pnn ed, with the aid of tlie complex roots of unity ; 
moreover, as (iauss first pointed out, the problem of cyclotomy, or 
divisi(>n of the circle into a number of e(jual ])arts, depends in a 
\ ery remarkable way upon arithtnetic;d coiLsiderations. We have 
here the earliest and simplest example of those relations of the 
theory of nnmb<‘rs to transcendental analysis, and even to pure 
geometry, which so often unexpectedly present themselves, and 
which, at first sight, are so mysterious. 


168 The equation 1 =0 has in routs, of which only one 
is real, namely 1. Expresstal in terms of circular functions, the 
roots are given by 

'Hitt . . 'Ihir 
>•'!, = cos - - -f- / sin 




in 


ill 


(// = 0, I, 2. . ./n — 1 ). 

From this, and de Moivres theorem, the propositions which 
immediatel}' follow may be deduced without any difficulty; in 
order, however, to ])reserve, jis far as possible, the analogy with 
binomial congruences, they will be proved independently. 

If a is any root of — 1=0, and e is any integer, is also 
a root, because (aO"* = (a’"^ = 1' = 1. 

Let /' bo the leiist positive iiitegi-al exponent (not zero) such 
that a^= 1. Since «"*= I, it is clear that such an exponent must 


PRIMITIVE ROOTS OF UNITY. I85 

apii" Till '"If "■ -hioh « 

only clrof the 47 

The quantities 1, a, «=,. where «. /have the same meanings 
^ before are all roots of a.- -1=0. Moreover they are all dzffbreift 

because if we had «r = „v with p </and <f it iould follow that 

1. or a _ 1 , with / </ which is impossible. 

The exponent /is a divisor of m. For if not, let 

dv (m, /) = g </ 

and choose integers p, q such that pm + qf= 8 ; then 

a« = (a”‘y (a^yj = 

where 8</ contrary to the condition by which /is defined. 

Let 1, a, b, C...I be the 4,(f) numbers which are le.ss than f 
and pnme to it ; then the quantities 

a“, a\...o!- 

are all different and all appertain to the exponent /. The proof of 
this IS exactly similar to that of Art. 19, 

In particular, there are <f> (m) roots of a;'" -1=0 which apper- 
tain to the exponent m. These are called primitive mth roots of 
unity. 

All the roots of .-r- -1=0 may be arranged into groups, each 

group consisting of the 4,(/) roots appertaining to the exponent 
/, where / is any divisor of m. 

It follows that the problem of finding all the roots of ««■ -1=0 
IS the same as that of finding all the primMue roots of 

a.- - 1 = 0, -1 = 0, -1=0, etc. 

where vi, d, d', etc. are the different divisors of m, unity and m 
inclusive. 


169. Let m and a be any positive iiitugeis prime to each 
other ; then if a, 0 are primitive roots of j == 0 and —1=0 
respectively, is a primitive root of a;"*'* —1=0. 

For suppose, if possible, that appertains to the exponent d 
so that 

(a>9/-l=0 

with d < ^ Then since - 1 = 0, rf must divide mn, and 

hence d = mV, where m\ n' divide m, n respectively. 
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Siip|t()s(; that }tt < oi, and ])ut /• = •/ n\ which is an integer. 

riun 


= a 


Ut /I 


si?ic(‘ /i?" — I. Now du(/ti, in'n)= ni\ so that we can find integci*s 
•r. // such that 

.n//n + i//n = in' : 

and hence a'" = (a"* '* t*” ( a'")'' = 1, 

witli nt < lit ; hut this is iinpussihh*. Siniilarly the hypothesis 
)t <n leafis to yS" = I, which is impossible ; therefore ni =)tt, 
n = //. fl = ntn^ aiid the ]>)'oposition is j)roved. 

Ily the K'peated application of this theorem, the discovery of 
tile primitive roots of a"' — 1 =0, where tn — p'^ . is made to 

de|H iid upon finding the primitive roots of — 1=0, 1 =0, 

etc.: />, q, r... being" the did'erent prime factoi>? of m. 

170. Kor the present, we shall suppose that m is an odd prime, 
ft, so that the ei|uation considered is 

xi' -1=0. 

This has p roots, of which (yj — 1 ) are primitive and s;itisfy the 
e<|uation 

A' = - ~ } = ./ c-J - -I- . . - + A- + 1 = 0. 

— 1 

When there is no risk of ambiixuit v, A" will be used instead of 
A'^, to denote the jiolynoinial (a'* — 1 — 1). 

If r is any root of A^ =0, then all its roots are given by 
/“, r',.../c-i. "Pile eipiation is therefore of the type discussed by 
Abel in his uMemoire snr nne cUiase purticulihe d’ equal wits resolubles 
alt/ehriqnement (Crelle iv. (1820), p. 181), all the roots being ex- 
jire.'vsible as rational functions of any one of them. It is, so to speak, 
the normal term of Abelian ecpiation with real integral coefficients; 
the roots of all such eijuations, according to Kronecker, being 
exjiressible as rational functions of complex roots of unity. (See 
Serret, Ahjebre Superieure (4th ed.) ii. p. C84.) 

171. The polynomial X is irreducible, in the sense that it 
cannot be expressed as the product of two polynomials of lower 
degree with rational coefficients. 

Many proofs of this very important proposition have been given; 
the one which will be adopted here is tlue to Eisenstein (CrcIIe 


trreducibilitv of A^ = o. 
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xxxix. (1850), p. 166). Before giving ifc, however it will h 
The lemma is as follows : 

Let = + + be a polynomial in . 

with mtegi-al coefficients, the coefficient of the highe/t power of * 

oZ;:“’ -- 

f(w) = + 6, a.-'-' + +. . . + 0„„ 

<l> (^) = + M”-- + -f- r 

b Tmust ir h >'^‘>°“al, these coefficients 

Of, c; must also be iiitegraL 

AssuTnirfh'lT" 

in anv of t ^ V ^ be a prime which occurs 

n any of the denominators; then among the coefficients b,- theie 

be one, say b,., the denominator of which contains » to a 

igher power than the denominator of any of the preceding 

tdoir as high a power as any of 

2er! nT ; "“d similarly among the coefficients c, 

theie will be one, say c*, the denominator of which involves a 

and^ri^^T denominator of any of the preceding, 

and at least as high a power as any of those which follow. U 

may happen that p does not occur at all in the denominators of 
the be ; m this case we put b,. = 1, and in the .same way we may 

have to put ct-1, but we cannot have b,, = 1 and c*= 1 .simuh 
taneously. Heuce we may wi'ite 


6;.= 




_ e 


where a + ^ 1, and e,/, e',f are integers prime to p. 

Now the coefficient ofai’*-*-* in the product of /(a) and <i(*) 
IS equal to ^ / y' v / 

^hPk + ^h+i Cfc~i + hh+2 Cjfc-1- + . . . 

+ 6a-i c*+i + 5a_2 + . . . 

The first term of this expression is ee'lffp'-+f‘, and the denomi- 
nators of the other terms cannot involve p to so high a iiower as 
p'+^; hence the sum of all the terms must be of the fiirm 

P + Qpy 



188 


CVC'LOTOMY. 


where F, R are integers prime to f), and 7 is a positive integer at 
lea^it etpuil to 1 . This expression is necessarily a fraction, because 
p is a factor of the denominator, and the numerator is prime to p. 
This is inconsistent with the assiunption that the coefficients 
of /(/> or /’are all integral : and the lemma is therefore proved. 

Eisenstein’s pro<»f of the irreducibility of A” depends on the 
following proposition : — 

If p is a prime number, the polynomial f {x) is irreducible if the 
coetficient of the highest power of x is unity, the absolute term ±p, 
and all the other coefficients divisible by p. 


It is clear that if fix) can bo resolved into the product of two 

% 

polynomials with rational, and therefore integi'al coefficients, we 
must hav(‘ 


fix) = (./ 


.tn 


+ b,x"-' + ... +6, ± I )(./"+ + ... ±i))- 


The foerticiiiit of on the right hand is 

i C,i^} i !• 

and since this is divisible by p, we have f„_i = 0 (mod y;). The 
coefficient of ar is 

+ + pbm-i^ 

an.l tro.n this wo infrr that = 0 (mod ,>). Proceeding in this 
way. W(* find that all the coefficients c,, aie di\isi e } 

p; hence the coefficient of .r" on the right-hand side of the 

assumed identity is 

± 1 + 4- cA.- + . . . = ± 1 (mod p) : 

but this coiitra<licts the hypttthesis that it is divisible b} p. f be 
assumed resolution into factoi’s is therefore impossible. 

To apply this to the polynomial X, wc tii-st transform it b} 
changing x into a- + 1 ; it is obvious that if the new polynomial A 
is irreducible, so also is X. Now the value of A'^ is 

1 V' - 1 ^ ^ ^>-3 + . _ + p, 

(a; -t- 1 ) — 1 

the coefficients being those of the binomial expansion (1 +a*)^* 

All the coefficients except the first are divisible by p. so that 
X' satisfies the conditions laid down in the preceding proposition , 
hence X\ and therefore also X, is irreducible. 
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172 Let r be any root of the equation X=0: then every 
lationa intep-al function of r with rational coefficients may be 
reduced, without altering its value, to the form 

Co + c,r + c.,?-- + . . . + 

For suppose that F(r) is any rational integral function of ?• 

the degree of which exceeds (p - 2). By the process of algebraical 
division we can establish the identitj- 

F(x)=QX+It, 

where the degree of R is less than (p-1). Putting a: = r we 

have F’(r)= the value of R when ^ = r; and this i.s an expression 
oi the form given above. 

Since the coefficient of the highest power of a; in X is unity, it 
follows that if the coefficients of F(r) are all integers, the 
coefficients Co Cj, etc. will also be integers. 

The reduction thus effected is unique. For if we put 


Co -f c,r + Cor- -f . . . + c,,_o?*/'-- = 
so that (co - Ca) + (c, - c/) r + . 
we must have 


C,' + C/?’ + C.2 7'- + ... + 


Co Co — Cl — Cl' ~ = Cp—2 — c'^_2 = 0 ; 

because otherwise r would satisfy an equation, with rational 
coefficients, of lower degree than p - 1 ; this is impossible, since 
X is irreducible. 


The simplest way of making the reduction is to substitute for 
every term r* its equivalent ?•*', where h' is the least positive 
residue of h to modulus p ; if, after this, there are any terms in 
rP-^, we replace rt>-' by the equivalent expression 

-{rP-^ + rP-=+ ... +r+l). 


More generally let 

r) = 

be any rational function of r; ^ (r), yft {r) being polynomials in r. 
Then we have identically 



±(r) 


f(r) = <^ (^) • (^) • 0 ^) ■ ^ (rP-^) 

^ (r) . ■\lr (7'^) . yjr (r^) ... yjr (r^~^) * 

Now the denominator is a symmetnc function of the roots of 
X — 0, and may therefore be expressed in a form which is inde- 
pendent of r ; the numei-ator is a rational integral function of 7 % 
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and may therefore be reduced as above. Finally we obtain /(r) 
in the form 

/(/') = Co + c,r -f c-.r^ + . . . + 

where the coefticients. however, will not generally be integei-s. If 
the coetficients of >/r(r) are integers, the product 


... 

is ;i re al integer ^V; and if the eo(*thcients of 0(r)are also integers, 
tlu'ii c,, will be lational fractions, the denoniinatoi-s ol 

which are divis(n\s of j.V. 


In r(‘lation t(> the (Mpiation A" = 0 the (juantities 

ir{r), y/r (/-). ■ ■ • 

are said to bo conjuf/dte: and the e.xpression 

A' = >/r (r) . -v/r (/■-) ... yfr 

is called the }i()r/u of (r) and written Nin . >/'■ (/*). These 
definitions must not be confounded with those of Art. 04. 


173. \V(‘ sliall now give an account of Gauss’s theory of the 

algebraical .solution of A' = 0 ; but before doing so. it seems 
<lt‘siiabl(‘ to explain the precise object of the investigation. So 
fai- as notation goes, tiie simplest way of expressing the solution is 
to say that the roots of X =0 are all the \ nines of except 1 ; 
and in a certain sense this is also the theoretically simplest form 
of the solution. But if we classify algebraical functions according 
to tin' character of the irrationalities which they necessarily 
involve, the matter is quite different. Thus, for instance, when 
p= 5, the e(|uation X = 0 is 

.y* + ar‘ + .^ + a: -f- 1 =0, 

and if we put .r + .r"* = y this becomes 

?/-+</-l=0; 

the roots of which are 


-1 + n/ 5 
Z/i 2 


.y-.- = 


- 1 - V5 
■ 2 


Hence the four values of .T are obtained by solving the 
quadratics 

+1=0, — y^x +1=0; 

whence 

- 1 + V5 - V- iO + 2V5 


two 




- 1 ± + V- 10 + 2^/o 


or 


4 


4 


gauss’s periods. 
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and although these expressions are more complicated than l>/= of 

which they are values, still they are to he considered more simple 

in so far as they do not involve the extraction of any higher root 

than the second; and from this point of view the reduction of the 

solution of 1) = 0 to that of a set of <iuadratic equations 

IS to be regarded as an essential simplification. 

In a similar way it can be .shewn by Gauss’s method that in 
the general ca.se when p is any odd prime, the solution of .Y, = 0 
may be made to depend upon a system of auxiliary equations, the 
character of which is e.ssentially connected with the rc.solution of 
(p - 1) into Its prime factors. In particular, if p is a jirime of the 
form 2«+ 1. such as 3, .5, 17, 257, etc., the simplest auxiliary 
system is compo.scd entirely of quadratic equations: and since 
quadratic equations may be graphically solved by the construc- 
tions of Euclid’s Elements, the remarkable conclusion follows that 

^^gular polygons of 3, 5, 17, 257, ... sides may be con.structcd by 
liiUchdeau methods. 


174. The whole investigation is based upon a peculiar method 

o grouping the roots of X=^0. It has already appeared (Art. 170) 

that if r is any one of the roots, then the whole set of (y?- 1) roots 

is given by r, r-, r® rP~\ Now let ^ be a primitive root of the 

congruence -1=0 (mod p ) ; then the roots of X = 0 may be 
equally well represented by 

r, as before, denoting any one of the roots. 

Let p 
and write 


11 

1 

' be any resolution 

of 

(/>-!) 

into 

Vo 

= r 


4,^ 



* ]M 
y 

Vi 

• 



4 


. . + 

> 

• 

Vk 

9 

« 

= 




. . 4- 

» 

« 

V>!-1 


4 


+ • - 




These quantities will be called the y-nomial periods of the 
roots. If we change r into r'". 77, is transformed into where 
i = ind^m; that is to say, we produce a cyclical permutation of the 
periods. The particular peilod denoted by r,„ will depend upon 
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the choice of //, as well as upon that of r; but it is easily seen that 
in every case we have the same set of periods, only in a different 
order. 

As a matter of convenience, we may extend the notation of the 
periods by allowing the suffixes to assume all integral values 
whatever. The etpiations defining the periods will remain just 
the -saint', and we shall have if // = /• (mod e). 

Of coui*se, in the practical calculation of the periods, the 
exponents of the different powei-s of r may be reduced to their 
least residues (mod p). 

Kntmple. Suppo.se p = 13, e = 4, / = 3. 

Taking g=2, we have the four periods 

t;, = 

7;., = }'* + 7 '’^ + r'-, 

7;, = r + J-" + 

If 7 = (i, the periods are tlie same, in the same order; if we 
take g = 7 or 1 1 . they are 

= Vo, Vy - ^ 3 . Vi = Vif V^ = ^ 3 . 

175. If in the expression for we change r into the value 
of 7 ? 4 . is not altered; all that haiipens is that the terms which 
comjiose it are cyclically interchanged. \\ ith this tact is con 
neoti'd tlu‘ important proposition that 

Everg rtttional function of r which remains nnaltered when r is 
changed into mag he expressed as a //aeor of tie 

f-nomial periods. 

By Arts. 172, 174 we may suppose the given rational function 
of r reduced to the form 

(7') =r aoT + + ... + ‘ 

where o«, o,, ... are independent of r. 

Change ?■ successively into : oach of these 

substitutions leaves unaltered : therefore 

(r) = + • ■ • 
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Hence, hy addition, 

/• <f> (?') = «oT?o + «ii7i + . . . 4- Vp-Q 

— + (tp + a.y^ + . . . + (/j-,.) 7},t 

+ («1 + «r+i + -f ... + 7?, 

+ . . . 

and the proposition is proved. 

If the coefficients a„, a., etc. are rational, wo have 

4> O') = + 6,9?, + . . . + 6<,_, 

where 6 6., etc are rational: and if the coefficients «, arc inte^^ors 

the coefficients b,- mu.st be integers also, because each power r 

occuis in only one of the periods and then with a coefficient 1 L, 
tact, we have in thi.s case 


and so on. 


^0 = . 

= (/j = = 




~ ^(/—V r + i , 


unimie^^'V" >«J''ction is 

unique, and, m gcneial, that a relation 

aoVo + a,vi + . . . + a,_, + b,Vi + . . . + 7?,_, , 

with coefficients a,, 6, independent of r, implies that a, = 0- 
bocau.so if we substitute for the periods their exp.essions in term.s 
of n and then divide both sides of the given i-elation by r we 
obtain an equation .satisfied by r the degree of which docs' not 

ffienSy ^ equation reduces to an 


176. It follows immediately from the theorem of last article 
that every rational function of the periods may be expre.ssed lus a 
linear homogcneou.s function of them ; and, in particular, that 
eve^^ rational integi-al function of the periods with integral 

coefficients may be expre.s.sed as a linear homogcneou.s function 
ot the periods with integi-al coefficients. 

In the i>ractical application of this theorem it is useful to re- 
member that Zrji = 7’ -I- 7^2 q. ^ _ ] 

As an illu.stration, lot us take the example of Art 174 i,, 
which p = 13, 

4 - 7 '®, r }., = 7 ^ 7 *'“ 4 - 7*^2 

-f + r°, = 7.7 4 7^ q_ 7.11 

M. 
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\Vt* liave hero, for instance, 

r],r = r- + 2 r‘ + + 2 /*"‘ + 2 r‘' + r' = + 27 /,., 

7;„7;.. = 7/| -f 7 ; . 4- •! = — St;,, — — St;., — 2?;^, 

and so on. 

177 . Even/ mtiomil .'it/minetric function of the periods with 
rotionai coejjicients is <t rofionot nnnther. 

Lot S ho tlu' givon suninotrie limotion; t))on it may ho ro- 
dnoo<l to tho fniin 

S — o.,ij„ + 0,7;, + ... 4 (ir-i t;,*-! 

whore a.,, arc rational. Since S is not affected b} 

ovolie.d |»‘nnntat i(ni ol the periods, 

S = o„ 7 ;i 4 - 0,7;.^ 4- . ■ ■ + f'f'-i 

= f/„7;._, 4 - 4 - ... 4 - (if-i V] 


= o,.7;^_i 4- 4- . . • + fif-i Vr-i- 

Thondoro, by addition, 

cS = 'Eni'liji = — Srtf 

and S is a rational nninbor. It is, in fact, ob\ious enough that 

S = — (f,t — — 0| = . . . = “” 1 • 

In paiticuUir, the elementary symmetric fimctions ot the 
,K.rio.ls, tl,at is tn say, ^Vint, c'tc. arc rational mtef?ci-s. 

Therefore the periods 7 ,„, v„... are the roots of an e.piation 

/^(v) = o 

of (h'greo e and with integml cocrticients : tho coefticient of ij 
being unity. 

4'ho polynomial F{v) irreducible, in the sense that it cannot 
b<- resolved into the product of two integral functions of 7; of lower 
degree with rational coefficients. For suppose, if po.ssible, that 
F{ 7 }) = <f>(y)).^{n) '' then the cipiation (7/) = 0 is satisfied by a 

cei'tain number of the periods, sj\y 7 ;^, 7;^,.,.7;a, and ''c 
suppose that none of those periods involves rJ^\ becjui-se, if 

did occur, we could take (i)) instead of (j> (7;). Let 

</>(»?) = + + ••• ; 

then, by supposition, a is rational, and therefore integnxl (Art 171). 
and we have 

Vfi + • • • 4* d" i 
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but if V ^,etc. are expressed iu terms of r thi.s is an equation in 

A r Vl ir'' les« than (p_ 1), and by 

Alt. 171 this cannot possibly be .satisfied. ^ 

The .same result may also be very easily deduced from the last 

paragraph of Art. 175 . nom uie last 

forming the equation F( 7 ,) = 0 
IS by actually calculating the v.alues of the .symmetric functions 

^ViVtVi. etc. which are the coefficients of FM. Prac- 
tically, however, it is more convenient to proceed as follows. 

Let 7, bo .any one of the periods: then, by Art. 176, wo can 

th^t^ ‘be periods, so 

Wo ~~ ^iVl + ■ . . + «e— 1 1 , 

Wi = ^oVo + + . . . + , 


We~i— l»'r}a + l^r}^ + ... + le-i 

From those e linc.ar oqii.ations ly,, ... m.ay bo eliminated 
and the result appears in the form 

— tto), — cti, — a.*,..., 

- &o, iv-hy), - h., 


F (tj) = 


= 0. 


“ ^0, — ll, — L, , (V — 

Jhus, for instance, in the examj^le already considered (p = 1.3), 
if we take t) = 7)„ we have 

Wo - T/i - 2 i72 =0 

-Vo-^{v-'^)vi -Vj^O 

+ 27fi + (77 + 3 ) TJ., + 2 ?;;, = 0 

~Vo — 1J.7 + (tj — 1) 7}.J = 0 : 

V, - 1 , - 2 , 0 

- 1, 7 ; - 1, 0 , - 1 

3 , 2 , 7 ; + 3 , 2 

1 - 1 , 0 , ^1, rj-1 \ 

which reduces to 

7?^ + 77^ + 27?2-4i7 + 3 = 0. 

The reader who wishes for more numerical illustrations should 
consult Reuschles Tafeln Complexer PHmzahlen (Berlin, 1875). 

13—2 


whence 


= 0 . 
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179. Every root of — 0 may be expressed :is a rational 
inti‘t,^ral function of any one assigne<l root ?/. 

Suppose, fo!' instance, we put ?; = t?,, ; then we can form the 
system of equations 

— 1 = Vo Vi + V 2 • • • + Vr-i . 


= k.Vo + IfiVi + + . • . 4* ’/r-i . 


' = L.v« + ••• + h-i Vf-i* 

and In ner, if A is thr drtriininant formed by the coetticients on 
tiu! l i^dit-hand side, we have, for all values of /*, 

A . 7}/^ = A „ A , 7 ;,, + A .-v,^ A f.-\ J?..** h 

wlu're A„, Aj, ... A,.-i are integers. This prov(‘S the proposition, 
ptovidrd that. A is not zer*). But A cannot vanish, because if it 
di<l 7 )„ would satisfy the ccjuation 

A^, -¥ A ,7j„ + • • . 4" f-i Vo^ * ” 

which is imjjossible, since F (v) irreducible function. 

'I'l.c iiu'tlK.d t liis article attoids another way of constrncting 
the eiination 7<’(»/) = 0: namely hy combining with the above 

system of equations the similar one 

Tj,,*" = m,,Vo + 4- 4- ■ . . 4- 7?^-i , 

and then eliminating Vi> ’?-*• ••• ^'•-e 

As an illustration, the reader may verify that for the trinomial 
periods 7/.,, 7 ;., 7)1 as.sociated w'ith j)— Id, 

d?;, = — G 4- •^Vo 4- ^Vo 4- 27;„^, 

= 3 - 2v„ - Vo, 

3i;.j= — ^yVo — ^Vo - Vo- 

180. Each of the ./' roots of A' = 0, the aggregate of which 
makes up any mie of the/-nomial periods, sixtisties an equation of 
the /Ih degree, the coefficients of which are linear functions of the 
periods with integral coefficients. 

It has already been observed (Art. I7d) that the efifect of 
changing r into is to produce a cyclical permutation of the 


SOLUTION OF A^, = 0. 


197 


roots which make up a period: hence all symmetric functions of 
hese ^ots remam unaltered, and may therefore be expressed "s 
linear functmns of the periods. This proves the proposition. 

r of whth th*! loots 

, . > or Inch the sum IS 77„, satisfy the eipiation 

- 1 = 0 ; 

and in the same way the equations 

a? - -n.x^ + - 1 = 0 , 

x'-V2X- + 7,,fic-\ = 0, 

«■’ - V.0- + Vi^; - 1 = 0 , 

are satisfied by (r\ r* (r^ r»o n»^ri /..7 ..s ii\ , • . 

j • )y \r , r , r ), ana {r, r^, ?••') respectively. 

Remembering that niay be any root of 

-p' (v) = •>?' + >;"+ 2-72 - 4^7 + 3 = 0. 

and that 9?,, r,.,, can be expressed as rational functions of a, 

wo sec that by the ‘ adjunction ’ of the single irrationality -r,„, which 

IS defined by the equation F(r!) = 0, the polynomial maybe 

rc.solved into the product of four polynomials each of the third 

degree; so that the solution of = 0, which is of the twelfth 

egree, is reduced to that of one (piartic and three cubic 
ecjuatioiis. 

But in the case considered the reduction may be carried one 
stage further. There arc two periods of six terms, 

?i = ’?o + t 

^■2 = Vl+V3, 

and it is easily verified that 

+ = - 1 , 

= - 3 : 

so that fi, are the roots of 

2"- + z~S=^0. 

Moreover 7)^7).^ = 77, 4- + 3 = + 3 ; hence 7/,,, 7 f.. arc the roots 

2/" “ + (f3 + 3) = 0, and in the same way 771, tjj are the roots 

~~ + (?i + 3) = 0. Hence the solution of 

V + 97"+277=-4^-3 = 0 

is made to depend upon the system of auxiliary quadiatics 

z-3 =0, 
y^-riy + (r3+3) = o, 

^^-f32/+(ri+3)=o. 
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'J'hc algebraical solution of ^^,3 = 0 may theretbre be stated in 
( lu! lollowing form : — 

Let f be any root of c-4- c — 3 = 0, 
any root of ;j- — f// 4- < - — f ) = 0, 

f any root of .r‘ — r;./ * + ( t — v) " 1 = 0 ; 

t lien X = f is a >olntion of AU = 0. 

181. In tlu‘ g('neial case, wheiievi'i* e i.s a composite number, 
say ef, the exj)ressions 

^.1 = Tf,, 4- 4- 4* ■ ■ ■ 4- »;(/—!)/, 

4- 4* ... 4- V(/‘-af‘+i. 


?.; -i — V>- ~\ 4- Vie'-\ 4- 4- ... 4- Ve-u 

are peri(Mls, and will satisfy an e<|uation Fi(f) = 0 of degree e 
with integral coefficients; and b}' the adjunction of a root ot this 
e<niation, the polynomial F {i)) may be resolved into the product ol 
e polynomials, the coefficients of whicli are integral functions of f. 

In the same way, if f is a composite number, say Cifx, any 
period 7)1; may be expressed as the sum ol Cx periods, each of Jx 
terms ; and the y',-nomial jieriods of each such grouji are the loots 
of an eipiation of degree Ci whose coefficients are rational functions 
of the 7 /s, or, which is the sjime thing, of any one of them. 

Proceeding in this way we see that the solution ot = 0 may 
lie obtained from a systein of auxiliary etpiatious, the degrees of 
which are the jn inu' factoi'S of (y> — 1 ) > the number ol the et|uatioiis 

being etjual to tlie number of factoi*s. 

The system of equations will dcpeml upon the way in which 
the roots of A"" = 0 are distributed into successive groups of 
periods. l*nieticallv, it i.s best to keep conjugate roots 1 , ^ 
tegetlier in the sjime jieriod until the last stage of all, because 
then the roots of the auxiliary equations will all be loal, except 
in the case of the last, which will be a (piadratic with complex 
roots. Thus, for instance, when = we may begin with the 
three jieriods of four terms, and form the auxiliary system 

z:' + 2- — 4^ 4- I = 0, 

r// + (r4-?-3) = 0, 

— TJX 4 1 = 0 , 

where { is any root of the first 0 (iuation, and tj is any root of the 
second. 


CONGRQENTIAL ANALOGY. jcjg 

= ® = 0 given e.xplicitly .n 

I fo. .?,53 .3.,4 of the Disquisitiones Arithn,eticw ■. the muler may 
n so consult R.chclot, De resolutione aUjehraica <.q„ationis .Y- = 1 

etc. (Grclle IX. (1832), p. 1). and Cayley, Note eur la Mon de 
I equation -1=0 (ibid. xli. (18.', 1 ), p. ,si ). 

It is now well known that thei-e is no general formula for 
xpicssuig the root of an cciuation as an algebraic function of 
the coefficients, when the degree of the cpiation exceeds 4. This 
was to some extent anticipated by Gauss {D. A. Art. 3.59, with the 
reference there given), but was first proved by Abel. Now the 
degrees of the auxiliary equations, upon which the solution of 

- 0 has been made to depend, arc the prime factors of (» - 1) 
some of which may, and in general will, exceed 3. Hence Gau.ss’s 
theory of the periods gives us no assurance that the roots of 
Ap-0 may be obtained in the form of purely algebraical irration- 
alities. lhat this IS in fact the case was discovered by Gauss 
whose method was afterwards simplified by Jacobi; but since the 
mtorc.st of the problem is mainly algebraical, and its solution 
immediately follows from the principles laid down in Abel’s 
memoir on equations which are solvable by radicals, we prefer to 

pass on to aiiplioations which are more distinctly arithmetical in 
character^ 

182. If q is a prime of the form X;;-)- 1, where p, as before, is 
an odd prune, the congruence xv - 1 s 0 (mod q) has all its roots 
real, and the same will therefore be the case with = 0 (mod q) 
All the algebraical theory of the equation = 0 may be applied 
mutatiH mutandis to the congruence = 0 (mod q ) : thus we may 
arrange the roots of the congruence into periods, and reduce the 
^lution of = 0 to that of a set of auxiliary congruences, etc. etc. 
For example, if p = 13, (/=r)3, we may take as a system of 
auxiliary congruences for the solution of 0 (mod 53) 

2^' - ft/ + (2 - f) = 0 [ (mod 53). 
a.-3-i7^" + (f-.^)a;- 1 hO) 

I'or the explicit solution of -¥,, = 0 the reader ahould consult Gauss, DUq. Arith. 
Arts. 359— GO, and the posthumous paper DhquisUiottum circa (cquationa puran 
ulterior cvolntio (Werke ii. 243); Jacobi, Ueher die KreUthcilnnu tnul ihre AmcendHn,i 
auf die ZahUntheorie (Bcrl. Monatsb., Oct. 1837, p. 127, or Crelle xxx. p. 1GG)‘; 
Abel, Minioire sur une classe particulilre d'iquatiom rimlubles algehriquement 
(Orello iv. (1829), p, 131). See also Bachmonn’s KreUtheiluny, 8“« VorlesunR, where 
other references will be found. 
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The Hrst may be writ ten (s - 7)(s-hS)~ 0 ; it we take f = 7, 
tlie second congruence becomes 

o ^ /-V 

y- /y - o = 0, 
or (// + 21)(y - 2S) = 0. 

Putting 7 ; ^ — 21 , we Iiave 

+ 21,7^ + 2.S.r —1=0, 

whence 0. 12, 14. All the roots of A’^ij = 0 are given by 

= G/‘, wliere ^*= 1 , 2 , ... 12 . 


It may be specially noticed that corresponding to the cijuation 
-^^(v) = 0, satisfied by the /'-nomial periods (Art. 177), we have a 
congruence 0 (mod /y) all the roots ot which are real, and 

connected by cijiigniential relations ju'ecisely similar to those 
wliich are satisfied b}- the algebraical periods. Thus, tor iiistancc, 
when p = I.'b We have a jicriod-etpiation (Art. 17tS) 

V + V+2;;--47? + 3 = 0; 

t.lie r 4 >ots ol tlu- corres])onding congruence, mod -53, are 

7 = 14. - 21, -22, -25. 

It we |)ut: " 14. then in order that the relations connecting 

the n>ols may be the same as for the corresponding eipiations, we 
mnst write 

7 , = — 25, 7 ;. = — 22, 7 a = — -1 ; 

and so, in general, when any root ot tlie congruence lias been 
chosen to correspond to a particular jjcriod, say 7 u, tlie relation of 
the other roots to the remaining periods is determined (cf. Ait. 

174). 

The result.s of this article were evidently familiar to Gauss, 
although he did not publish them; see the paper entitled Solutio 
cougrucntiw a;"' — 1 = 0 , which is printed in the second volume of 
his works (p. lOG). It will be seen, later on, what important 
conscipiences have been deduced from them by Cauchy, Kummer, 
and others. 


183. For every odd prime p) there will be two periods, each 
containing ^(p— 1 ) terms; denoting them by A and B, we may 
write, in our previous notation, 

A^r + ... + 

B = + 
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Since 1 , g\ arc all incoiigruent with respect to p, we 

have A ='l7'\ w'herc the suniniatioii extends to all the positive 
quadratic residues of p which arc less than p ) and in the same 

way B = where /3 denotes any one of the quadratic non- 
residues of p which are positive and loss than j). 


In order to find the quadratic C(iuation of which A and B arc 
the roots, we may calculate the values of ^ + ^ and AB. We have 
at once A = — but the determination of AB is less eas 3 ^ 

We know (Art. 177), that its value is a real integer; moreover it 
may be written in the form 


AB = 2?’"+^, 

where the sum on the right contains {{p - 1)^ terms. The term 
reduces to 1 if 

a. + IB = p\ 

this gives -/3=a (mod p), which can only happen if - 1 is a non- 
icsidue of p, that is to say, if = S (mod 4). Conversely, if this 
is the case, for every term which occurs in A there is a 
corresponding term in B, and when wc multiply A and B 

together, we obtain i(^;— 1) terms each ctiual to unity. The 
remaining terms of the product, ^ ( 2 > - 1)— ’ (yi - 1 ) in number, 
must reduce to r 4- r= -h . . . -h that is - 1, taken 

times ; hence AB = { p - 1) - l(p - S) = { (p + 1 ), and the c.iua- 
tion satisfied by A and B is 

V' + l{p + \) = 0. 

On the other hand, if p=l (mod 4), it is impossible that 
a 4- ^ =2y> ‘SO that in this case 


AB = — \ X 

and the (quadratic in 77 is 


(p - i) 


{(p-i), 


T'B-v-4(p-i) = 0, 


Both cases arc included in the formula 


^" 4 -^ 4 - 


1 jj 

4 
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If wc solve the quadratic wc obtain 



-1 

2 
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iif.w when p and /• have been chosen the value of ^ is perfectly 
deterriiinate. and the cjnestioii arises how the ainbigiiity is to be 
taken when ;• and p are assigned. We ol)serve that if r is changed 
into where m is prinu; t() y>, .^1 and B remain unaltered, or are 
interchanged, according as w is or is not a «|uadmtic residue of p, 
IleiKi’ it is sutheient to find tlu* \'aiue of A for anv one value of 

/•; we shall suppose that r = c-- This being so, the value of 
may he written 

.V- 1 

Instead id this we sliall (rmisidor tlu- slightly more general 
expression 

5 = n - 1 

B == :£ 

«=(l 

where // is any positive I'eal integer, and the sum eoiisisUs <d' n 
terms. 'J’he determination of tlio value of S has lately been 
elh ctcd by Kronecker in a remarkably simple and elegant manner 
with tile help of Canehy’s theory of comjdex integration (CroIIe 
ov. (IHSP), p. 207); his investigation will therefore be given here 
bi'fore disenssing the less direct, although more arithmetical, 
met hods of (Jauss and Dirichlet. 


Consider the e.xj)ression 




9 p 

er 




1 - e-”'- 


this is a one-valned function of the complex variable :: which is 
finite? and continnons for all finite values of z, except when z is a 
real integer. Putting z=h, a real integer, wo have 


'Ll .{z — h)<h (z) = — 
z^h Ztti 

so t hat 5 = A is a simple pole of <f> {z). 

Now by a well-known theorem, due to Cauchy, the integi'al 
f<f)(z)(Iz, taken in the positive direction round any closed contour 
C which encloses a certain number of poles of <f>(z), is equal to the 
sum of the values of the same integral taken in the positive 
ilirection round closed conton!*s each surrounding one of the polos 
enclosed by C, 


gauss’s summations. 
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lo apply this to the piescut case, we choose for the contour G 
that which IS represented in Fig. (i. [t consists of a rectangle 
with two semicircular notches cut out of it : the vertices of the 
lectangle arc + iij,, + ty,, and the terminal points of the semi- 
circles arc at + iy„, Ja + respectively. We shall eventually 
make y, = -+- =o and infinitesimal : and it will bo suppo.sed in the 
first instance that y„ < i ; thus if a is odd, the poles ivithiu C are 
1, 2, .3 ... * (a — 1). and if a is even they are 1, 2, 3.... (Ja — 1) 



.V 


First suppose that a is odd. The value uf J<f,(z)dz taken 
round an infinitcHiinal circle surrounding the pole = 6' is 

- . 27ri = - 

Next consider the integration over C. The semicircle at the 
origin gives ultimately, when is infinitesimal, 


/ 


W 

2 


the other semicircle gives nothing, since is not a pole. 

The remaining part of the integration gives 

‘4« r-yo \ 

it)dt 

ft/i . fo ry„ r 

+ / t(f> {^1 -f it) dt-h </> (ry, + + I i<f> (it) dt 

j I/O J kn J y^ j 

where < is a real variable. 


/ -2/i fkn r-y^ 

i(f>(it)dt+ <f> (— i^i + t) dt + itf>(i 

- I/O •'0 J -l/i 


+ I 
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Now it is easily seer, that the sccoial and Httli of these integrals 
nltinuitely vanish when yj = + x ^ because ^ 

0 (- .y. + 0 = J 

where -f (/) d(,es not become infinite, and y, (1-2///0 is not 
negative ; while 

0 (/y, + 0 = {t), 

where does not become infinite. In each case the exponential 
fiictor causes tlu^ inU^gral to vanish. 

The tirsL integral in (A) may be written 

- i I (f)(~ ; 

^ .'/o 

hence the sum of the fii-st and last 


/ / + </>(- it)l (It, 

J //o 


>1 


I 

= -i c--"'"''" . (it 

, •' 
on reduction. 

W it h i egar<l to the i^ther two integrals, we observe that 

,‘*i g,—iirt o-inU*in 

whence the sum of the remaining integrals 

= 1 I l<f)(in + it) + tf>(.^n-ii)i (li, 

J Vo 


= -{— 1 )'* i'‘ + ‘ ^li = _ + 1 r* Q-2niOln 

v« J y,. 


dt. 


ll we make y^ infinitesimal and y, infinite, wc have ultimately 

/>» . , iViNfi 

/ '•^dt = \tn I 

J r/(^ J 




= v«/’ 

J Q 

= A^/n 


Q- 2 nUl^ 


where V« is taken positively, and A is a constant which is inde- 
pendent ot rt. Hence finally, n being odd. 


i - (t -h A %/rt = — i 



dirichlet’s method. 
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or, multiplying by 2 and transposing, 

S= %A^n (^ 4 * 

To determine A, put n = 3 : then so that 

2 = 2il (^ - 1 ) ; 


therefore 

and 



1 

2 + 2i * 



^ (1 + 

1 + ^ 



This may also be written 



i + f'-” 
1 



which is Kronccker’s form of the result. It inust be carefully 
remembered that sjn is the positive square root of n. 

The same formiila applies when n is even ; the only difference 
in the work is that \n is now a pole, and the semicircle at J?? ulti- 
mately contributes \ instead of zero to the integration round G. 

The results may be tabulated accoiding to the residue of n to 
modulus 4. Thus if 


n = 0 (mod 4), 


^'=(1 




= i \/n. 


Suppose, now, that n is an odd prime p \ then the expression 
denoted by A in the beginning of this article is ecjual to ^ (>S' — 1 ), 
that is, to 


— 1 + Vp 
2 


or 


— 1 -t 2 Vp 





according as p = 1 or 3 (mod 4). 


186. Dirichlet’s method is somewhat analogous to the pre- 
ceding, but avoids the use of the complex variable. It depends 
upon the lemma that if f{x) is a function of x which is finite and 
continuous so long as 0 a? tt, 

4“ 00 fw 

2 I f {x) . co^ sx dx — irf {0), 

-* Jo 

where the summation applies to all integral values of $. 
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Observinpr that, if ?■ is a positive integer, 


n-lf + Dn 

/ / (.r) . cos .S.7- . (lx = / f(2nr + .r) cos .v.r dr 

/-rr 

/,, ,,, ./(')• . f/.r = / y’(2/‘ + 2 . 7r — a-) cos .s.r f/.7‘, 

wi‘ infer that, if/, is a jmsitivo integer, an<l/(.r) satisfies the same 
Conditions as hefttn* so long as 0 :(► .r :J» 2//7r, 

L S l /(.r) cos ,,.r ,/a- 

~ t «» .IT J (2A- I)Tr} 

4* ^ rTT 

1*/^ ' ^ d"./^ ( ~ a ) + /' ( 27r + .r) + . . .y*(2/(7r — .r)] cos sx dx 

= tt 1/(0) + 2/*(27r) -h 2/(47r) + ... + 2/'(^“2 . tt) +/( 27r)i. 

(^>nsi(l(•l• iw)\v the int(‘gials 

// = r cos A-’ dr =2 f (/^, 

J - ^ Jo /?/ '' 

r=f sin (l.r = 2 f -** ^ r/y ; 

il is (*asily seen tJiat these are finite and deterniinato, in whatever 
way the upper limit, of integration is supposed to become infinite. 

\\ liting aa- for a-, wlu'ie a is finite and positive, we find 

r+» r+r 

j cos 0.7- . (lx = ul\/a, J sin o./.-^ . dr = 

\/a being taken positively: and hence, if 

r+» 

^ = / cos (5 + dv = t/ cos S — V sin S, 
where S is an^- finite (|uantity, we have 


/: 


X 


X 


cos (S + flur=) dx = 


Va * 


Now let ^ be a finite positive (piantity ; then the integi-al last 
written may be replaced by 

+«> px+iifl 

X cos (S + CL/'^) dx 

-tdJ^P 

where the siiinmation extends to all intesrral values of 5. 


But / cos 


r 


{8 + aa^) dx = cos (8 + a (s/3 + a/) dx, 


DIRTCH let’s method. 
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and if we put ^ ~ 47«7r, a = l/8?«7r, where m is a positive integer, 
this reduces to 

/ of \ 

Jo w) 

“Jo fwJ “ j „ 

Since the second integral on the right hand is an odd function 

of and we may suppose the values of .9 arranged in the oider 

i i 2 ,... + // wliere Jt is an indefinitely large integer \vt‘ 
have finally 


+ 3c r^trfin 

= A vSniTT = 2 I cos 

— CO •/ ( 


Vet Q 

Writing, for the moment, 


( fc- \ 

5 + ) cos .9J7 (Lx. 


+ Sm-J" 


) =/(^): 


the application of the previous lemma gives 

AV8m7r = 7r(/(0)H-2/(27r) + 2/(47r)+... + 2/(4?7i-2.7r)+/(4m7r)|. 

Now, if .9 is any integer, /(4»i7r + 2.97r) =/(297r) ; hence the 
expression on the right may be replaced by 

(/(^) +y'(2'7r) 4 - . . . H-y’(4wi7r) H-y’(4?a+ 2 . tt) + . . . (Hm — 2.7r){ 

4m - 1 

= TT 2/(2s7r) ; 

0 


therefore 
A V W = tTs cos fs + —') = 

0 \ 2i/t/ 


TT ^ 


4;;i ^ 1 r.2— Un - 1 

cos o Z cos — sill 6 Z sin 


0 


2?n 


I) 


27a 


Since A = li cos S - u sin S, and the formula is true for all 
values of 8, it follows that 


4m - 1 


2 cos = ?/ V Hml TT, 

0 2m ' 


4m - 1 
2 f 


.9^7r 


£ sin — = W8/yi/7r. 

0 27U ' 


To determine u and y, which are evidently independent of m, 
we put m ~ 1, which gives n = v= V^tt ; and hence finally 


4m — 1 


S^TT 


4m— 1 


S^TT 


2 ^ •• ^ #0/1 A > 

cos = 2 sin — 2^7/7. 

0 27)1 Q 27)1 


Following Dirichlet, we shall write 


= 7i), 

u 
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wlu'ie H is a positive integer, aiui h is also integral but not 
necessarily positive. Thus the result which we have ju.st obtained 
inav be exjiressed by the foiinula 

<f> (1, 4n0 = 2 (1 + ?') 

or, which is tin* s;iine thing, 

0(1, n) = (l+t) if » 3 0 ( 1110(1 4). 

186. It immediately follows from the definition that if 

h'-h (mod »), </>(/,', »). 

Moreover, it (/ is any integer jirime to n, 

f}>{h(t\ n) = </)(//, n); 


because by definition 0 (//o" »)- ^ ;i,„I ^vhen assumes 

(I 

th(‘ \ allies 0, 1, 2 1 ), |,lu* least |)ositivc residues of as to 

modidiis t) consist^ ot the sanu* numbers in a different order. 

Another theoicni which we shall it'(|uire is the following: — 

If the positive inlegei-s }ii, n are prime to each other, then 

0 (A/a, //) . 0 (An, t/i) = <f> (A, am), 

'Fo prove t his, we observe that, by definition, 

\ u tn / . 


0 (A///. ;/) . (f) (A//, ///) = i c 

.V. / 


/.9 = 0 , 1 . 2 , ...// — 1 

V = 0, 1 , 2, . . . ?// — 1 


now 


?//,v- 


// w 7)m 


( hereforc 


<}>{hm, n) . 0(A//, m) — S 

g, t 

But the e.xpression 7n,’i-\-nt assumes mn values altogether, and 
it is easily pioved that these are all incongruent (mod mn), 
becan.se if 

ins + nt' = ms + nt (mod mn), 

we infer that ms' = ms (mod//) and nt' ~ nt (mo<l ?//), whence 
s' ~ s (mod //) and t' = t (mod m), whcre.os in the present c^se all 
the values of s are incongruent (mod //) and all the values of t are 
incongruent (mod m). 

Hence the integers ?//.5 + nt form a complete system of residues 
to modulus mn, and therefore 


Min- 1 


2 ^ (//^ mn). 


o 


and the theorem is proved. 
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187 Suppose now, that « is an odd number; then, putting 
w = 4, n = l, we obtain ® 

^(4, n)(f>(n, 4) = 0(1, 4»). 

As already proved, 4») = 2(1+ and by definition 

0 4) = 1 -f- ^-n^i/4 _j_ ^nvi/4 giR/iiT(74 

= 2(1 +1-); 

moreover, by putting A = 1, a = 2 in the formula 

<j) {ha-, n) = </) (A, ?i), 

fience 2 (1 + i") (1, „) = 2(1+ f)0,. 


or 




= or zVn, 

according as n = 1 or 3 (mod 4), 

Finally let n = 2 (mod 4); then, since 2 is prime to 
we have (2, i«) . <^ (in, 2) = .^ ( 1 , «), 

but 2)=<^(l, 2)=0; therefore ^(1, „) = 0. The value of 

<t> (1, n) has now been determined for all integral values of n ■ the 
results are, of course, in agreement with tho.se of Art. 184, because 
0(1, n) IS the expression there denoted by S. 

188. We will now give some account of Gau.ss’s demonstration 
which, as already remarked, has the advantage of not requiring 
the aid of any transcendental analysis except the elementary 
theory of the circular functions. 

Consider the expression 

( m. = (1 - (1 - . . . (l _ 

(1 - a;) (1 - ar') (1 - ir^) . . . (1 _ a,'*) ' 

where m. are positive integers. If m < the numerator involves 
the factor l-a.\ and therefore (m, +) = 0; we proceed to prove 
that if m -j; ft, (?«, fx.) is a rational integral function of x. 

It is obvious, in the first place, that 

(7n, m — (m, fi), 

if w and also that /*) = !. 

Again, since T . 


1 _ = (1 - (1 _ 


M. 


H 
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follows that (m, m + 1 ) 

1(1 (1 — . . . ( 1 - 


(1 -.r)(l ... <1 

— ( — 1 , ^ + 1 ) + — 1 . fx) 

= (m - 2, ^ + 1) + - 2, /a) + (■/» - 1, 


= {(X + 1 , /A 4- 1 ) + .7- (/A + 1, ;a) 4- -7- (;a 4- 2, /a) + ... 4- .7'"-#'-* (w — 1, /a) 
= 1 + .r f/A 4- 1 . //) 4- 4 2. 4- ... + (/// — 1, /a). 

siippo.sin^ tliat in -«j: /a + 2. 

Ilfiico if. f(H’ any fixed value of /a, the expression (nt, is a 
rational integral fnn(4i<»n of,/- for all ))ositive integral value.s of w, 
the same will he true (»f (///. /a 4- 1). But {in, 1) = (1 — a'’")/(l — 
which is a rational int(‘£rral function; therefore the theorem i.s 

O 5 

true for {m, 2), and lienee successively for (m, »S), {w, 4), and .so on. 
d'his proves tiu* pi(*position. 


189. Now h •t us write 




= 1 — (7n, 1)4- {m, 2) — {m, 3) 4- .... 

This contains (/// 4 - 1 ) terms, the bust being {— 1)"', and since, 
by the jnoposition just proved, each term is a rational integral 
function ofa’,y*(.r, /n) is also a polynomial in o’. 

If in is odd, y'(a:, ?ai) = 0 identically, because the fii'st term 
cancels out with the hist, the second with the last but one, and so on. 


Next, suppose in is even. We have identically 

1=1 


— {in, 1) = — (7u — 1, 1) — a"* * 

4- (m, 2) = 4- (in — 1.2) + a’""- (m —1,1) 

- (7«. 3) = - (in -1.3)- (m - 1 , 2), 
ami so on ; whence, by addition 

_/ (ar, ///)=( 1 — — (1 — .r”'“-)(?7i — 1, 1) + (1 — .r”*~*)(ja — 1, 2) — • 

=(l-a;»'-*){l-(m - 2, l)+(77t -2, 2)-... to(m - 1) term.s] 
= ( 1 — ar”'"’) / (a.', in — 2) 

= (1 — .r»''“*)(l — x'’^~^)f{x, 771 — 4) 

= (1 -a»-') (1 -a:”'-")(l - a-"-®) ... (1 - .r)/(.r, 0) 

= ( 1 - a) (1 - .7:^) (1 - .7^) ... (1 - 


gauss's transformation. 
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^ b°en any quantity whatever; wo will 

now suppose that = where n nr» nriri , ■*.• • * 

-n ^ ' wncre ?? is an oad positive inteo-ei- n.nf] 

we will write m for (« - 1). This hoin„ ...„ u„... “ ’ 


This being so, we have 
1 - a;’” 1 - X-' 

i~x ~ ■ 

1 - .-r’"-! 1 _ a;-2 


1 — A‘- 

*f 0 ^'1 

1 — ’ 

1 — 

1 — 

1 — 

1 - a;'' ^ ’ 

(tm, /u.) 

= (— l)M^'-iM(M+If^ 


hence 

and the identity 

/ (X, m) = (l-x)(l- a-) (1 -a,-’) ... (1 

becomes ^ 

1 + a-‘ + a.-» + . .. + a:-Js(M+i. + . .. + ar-l'‘V‘-a 

1 + iC® + a:® + . . . + 

Multipl, both .id„ by <1 -*-•).. ( 1 - 

ic .£C^ , /xr^ £C^-^ = . 

then on the right hand we have 

(as^ - x~^) . . . (x^~2 _ a;-n+2^^ 

while, if we observe that 

i (n - 1)2 H- ^ ^ I _ 2?2 + (2^ + l)2j 

= J (n — 2^ — 1)2 (mod 71 ), 
the expression on the left becomes 

a;i(n-l}» ^ ^(n~3y^ ^i(n+3ja 

Rearranging this, we have finally 
^=l+a;+a;-+...+ ^ 

o! — £C~^ = ar^+1 _ a^n-i 

— a:"* = ip— »»+a _ 

and so on ; therefore 

'^ = (- - ^) (:r» - a;-») . . . (.r"- _ 

= (- 1 )»'’•-■' . . (1 _ x~^) ( 1 _ 

— (—1)**” *'n. 


• — ?l+2 


). 


14 — 2 
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because = 1 , and ... .r” 2 'i+= are the (» - 1 ) roots of 

the c<iuation 1 + .r + + .r"~' = 0. 

Hence S = ± \/» or + i^n accoiding as » = 1 or 8 (mod 4): and 
it only remains to deteiinine the signs of the ambiguities. 

2//7r 


Now = 2i si 


sin 


: therefore 


n 


^hir 




S= n sin 

h li 

Fiist, su])|)oso »rl (mod 4): then the values of A which make 
. 2A7r 

sin negative are 

^(» + l), .J(a +5), ... (» — 2), 

that is, {(// — 1) values in all ; and the sign of N is the same as 
that of 

SO tliat S = + \'/o 

On tile ether hand if n =3 (mod 4) the values of A which make 
. 2A7r 

sin negativ(‘ ar(‘ 

II 

A (a + 3 ), i (a + 7 ), . . . (a 2), 

that is, there are j(// — 3) values in all. Hence *S=i*S'', where the 
sign of S' is the same as that of 

(- (_ = + 1 ; 
consc(|uentIy S = + ly/n, 

(Jauss proceeds to find the value of S when ii is even: this 
part of his investigation will be omitted here, because it is much 
simpler to proceed as in the latter part of Dirichlet’s proof given 
above. 

191. A very interesting application of the theory is the new 
proof which it affords of the law of tjuadratic reciprocity. Gauss 
ha.s given a more general theorem of which the law of reciprocity 
is a jiarticular case : the proof which will be given here is taken 
from Dirichlet {Zuhlentheorie, 3rd ed. p. 297). 

Suppose that in the preceding formuhv n is an odd prime y>: 
then we have 

0 ( 1 , j)) = 

\Ve may also write 
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where the summation extends to the Hp - 1) quadratic residues 
of which are positive and less than p. Moreover, if /3 stands for 
any one of the ^(p — 1) non-residues of p, 

1 -I- H- == 0, 

and hence ^ (!> p^ = 

In the same way 

Now if hlij}, haRp and hRNp : while if hNp, haNp, hRRp : 
therefore 

4‘ (><; p) = liJ) ^ (1, ])) = {h\j}) 

Honce if q is, like p, an odd prime, 

p) = {q\p)i^'’'-^’yp, 

4> ip, <i) = ip I q) R V'y- 

Also by Art. 186, 

<f>(q, P)<P(p, q) = <p{'i,pq) 

= R>t"J-“Wpq. 

Therefore (p\q)(q\ 1>) = R, 

where X = J [(pry - 1 )= - (p - 1 y _ j 

= i ( - 1 ) ('/ - 1 ) - 2 ( p - 1 ) (y - 1 ) J 

= l(p-^)(q- 1) Kp+ 1)(!? + 1 ) - 2 ] 

= iip—^)(q—^) (mod 4). 

Consequently (p | q) (q\p) = ( 7 - 1 J 

= (— ] ii (V— jq 

which is the law of reciprocity for two odd primes. 

With regard to the supplementary formulaj, we have 

^(- P) = (- 1 \p) 

while, by definition, 

which may be obtained from ^(1, 2 ^) hy changing { into — i. Hence 

(_ = (- 1 

and therefore (—1 |p) = (— l)Pp-ip= (_ 

In order to determine (2 \ p), we observe that 

4> P) </> ip, b) = </> (1, 879 ). 
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Now 


<f> («, p) = (8 \p) 0 (1. = (2 1 ^ (1, pi 

^(1, 8y>) = (1 + i) ^/Hp = 4e*'^'VyJ, 


whilo tho value of <f> (p, 8) will depend on the residue of yj, mod 8. 
By putting p = 1, 3, o, 7 successively it is easily found that* 

<f> ( p, 8) = ^ = 4ii‘^'“*' .cl”"'’ ; 

In iico, on substitution, 

1 1 . (2 p) , p) = <^ ( 1 _ 

or (2 /))= I'-l'/'— » =r(— 

which agrees with the result j)reviously obtained (Ai't. 38). 

192. Chiuss’s more g<'neral theorem is as follows: 

II a is the product of the positive odd primes a, b, c, etc., no 
two of wliich ai'c ecpial, and if yn is the number of these primes 
which are of the form 4/ + 3, then the number of the primes 
(t, h, c ... of wliich fi/a, yi/b, nje ... respectively are non-residues inll 
be even if m = 0 or 1 (mod 4), and odd if m h 2 or 3 (mod 4). 

For instance? if a = 3 . 5 . 7 . 1 1 . 13, we have 5 . 7 . 1 1 . 13 7^ 3, 
3.7.11. 13iVo. 3.r,. II . I3iV7,3. 5.7. 13 7ni, 3 . 5 .7 . 1 1 iV 13: 

t he number of non-resielues is 3, which is odd. in accordance with 
the theorem, since m = 2. 


The proof is easy; let ««' = 66' = cc'= ... = », then since a is 
prime to 6, 

G ’ G ’ 0 = <^(<76 • “) G • '') 

= tp , a6^ , by Art. 186 ; 

G ’ “) (s ■ G1 ■"*")' 


hence 


and so on : finally 

^(1, ?() = (a', a) = n (a'l a)(f>(l, a) 

= i"*n (a'l «) Tl^a = n a), 
because </>(!, «) = •,/a or {•/a according as a s 1 or 3 (mod 4). 

* By a slight oversight, the value of S) is erroneously stated in Uio 

ZaitUntheorit to be 


THE IDENTITY l.V= r2±y>;^2. 
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On the other hand u = 1 or 3 (mod -I*) according as 
or odd, so that 

(j> (1, n) = ; 

hence H (a | a) = 

from Avhich the theorem immediately follows. 


7)1 is even 


193. If p, as before, is an odd prime, and if X, as usual, 
denotes the polynomial {xp ~ X)l{x - \), there is a remarkable 
transformation of X which may be expressed by the identity 

4X = F=-(- 

whore F, Z are polynomials in x Avith integral coefficients. 

To prove this, let 


X^ = {x ~~ r) {x — {x — r’J*) ... {x — 

X.. = {x — r'f') (x — ?^'*) (x — rP'') ... (x — ; 

then if t/j are the roots of the period equation 


V ' + V 'i' 


1 — (- l)i(P-^>p 



X, is a polynomial of which the coefficients are symmetric functions 
of those roots of X = 0 the sum of which makes up 77 ,,. Hence 
(Art. 180) the coefficients may all be reduced to the form a H- 
where a, b are integers: therefore we have identically 

X,= U-^voV, 

where I/, V are polynomials in x Avith integral coefficients. 
Changing r into 7 *^^, Ave obtain 

X,^U + 71,V, 

and hence, by multiplication, 

X — X^X.^ = U- + (770 + 771 ) UV 'n^>r)yV- : 

therefore, substituting for ( 770 + 171 ) and 770771 their values, and 
multiplying by 4, 

4X = 4f7'*^-4C/F+(l -(-l)i</>-^'/7j F" 

= F=-(- 

if we put F = 2t/' — F, X= V. 

For example, let p = 5, then 

Xy = {x — r){x — r^) = 3? — + 1 , 

Xa = ic® — rjyX + 1, 

4X = (2a-“ + ;z; + 2 )“ - 
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Or again, if p = 7, 

A", = (.7; - r) {x - ?-=) {x - /-') 

= + 7;,.f — 1 

and 1 k-iicc* 4A’' = (2.4-^ + a.- — a’ — 2 )- + 7 (a.- + .x-)=. 

The siinplest way of dotorniining the coefficients of X, appeai-s 
to l)e to calcnlate the \alues of the power-sums of its loots, and 
then to find the coefficients by Newton’s formula. If is the 
sum of flic //til powers of the roots, it is evident that 6-* = )?„ or 
according as f,Rp or /,Xp. Thus when p = \S, for which 1, 3. 4 
are resi<Iues, and 2, o non-residues, we have 

A-j = A’a = Ai = Vo, 

A.. =- 1 - 7 ;.., 

and hence, it A j = a/’ + -p p,,/-* -f + yj^.,- p^x -f y>,j, 

Jfi = ~ Vo, 

P, = - i (.9. -P y),5.) = - = 2, 

Pi = - J (A;, + ;?.A., -p p.^s^) 

= - 4- 2vo) = - I - Vo, 

Pi = - :} (a, -P ;>,53 + +PsSi) 

= -Hvo-vo" 2vi — Vo- 
= “ h(Vi — Vo')^ 2, 

Ih = - Vo, = I ; 

tlierefore f/ = .f« 4 - 2 . 4 -* - -P 2 . 4 “ + I , 

V = — x^ ^ x^ — X, 

iiiid y = 2x^ -P a-" -P 4.4-* - ar-* -p 4.4“ -P x -P 2, 

Z = a.-^ -p a4 -p X. 

It may be added that the coefficients of Z are always sym- 
metrical, that is to say, the /nth coefficient from the end is always 
the same as the /nth coefficient from the beginning: the same is 
true for Y if y)=l (mod 4), while ify/ = 3 (mod 4) the corresponding 
coefficients are etjual and opposite. This consideration, of course, 
greatly shortens the work. 

194. It is possible to lind the values of pi.p-j, etc. as explicit 

functions of p. Thus if we write p — 2p' + 1, e, = (— 1)^', and 

c/i = for all integral values of h which are greater than 1, we 
have 

— ][ ^ €h 

aa = 2 — Vo (h>l) ; 


and 


expressions for the coefficients. 

hence, by Newton s formula, and the equation of the periods, 
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Pi 

S])., 

S . 


and so on ; and if 
we have 


“ Vo, 

( 1 ~ + ^i2^) — 4- ( 1 + , 

3 — 3^;, — 4e[ + (1 -f 3e.) 

— (9 H- 6e., + 8^3 + Cj jj) r ]^ , 

~ ^ “ 3(3^3 — 32^3 + (26 4- 1 2e.. + 32ej) + p- 

— 8 {27 4- de.2 + 8^3 + (1 4- Se.) Cip] 


V = 4- 4- c.2u:J ''-^+.. . 


c,= l, 

4c2 = 3 4- e^p, 

8C3 = 5 4- (1 4- 2e.,) e^p, 

3 . 2«C4 = 105 -f (30 4- 24^2 + S2e,) e,p 4- 2>-, 

3 . 2^C6 = 189 4- (90 4- 36^2 4- 32^3 4- 3262^3) e^p 4- ( 1 4- 4e.) p-. 

The quantities ch arc periodic functions of p\ thus wc obtain 
for the coefficients Ci, C2, C3, etc. a certain limited number of dis- 
tinct polynomials in p. For instance, if 

= 1 (mod 24), 64 = ^2 = 63 = 1, 


and 


while if p = 5 (mod 24), e. = 1, = e, = - 1, and 


Cx = 


37 ^^^"“ ~^){p~ 21 ). 


The values of the coefficients above given were calculated 
successively : it is very desirable, of course, to discover a method 
of writing down the general value of c,-, without having to calcu- 
late the preceding coefficients, but it is not easy to see how this 
can be done. We may eliminate p^, 2^^'"Pi~i h'om the first i of 
Newtons equations, and thus obtain pi as a function of s,,s.,...Si 
in the form of a determinant, but the reduction of this determinant 
to the form a 4- brj^ is apparently impracticable when i is large. 

195. It may be observed that, since p is prime, 

~\={x ~ 1)P (mod p); 

hence 4X = 4 (a; - 1)p-^ (mod />), 

and Fh 2 (a; - l)J(/^>i (mod p). 

For sufficiently small values of p, Y may be found by expanding 
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2 (.f 1)-^*/' '' by the binoniijij thooiet»i, and reducing each coefiR- 

cient to its absolutely le.isfc residue (mod p). Thus, when = 11, 

r= 2 (ar'- - o.r'* + 10.r*~ 10a.- + 5a,' - 1) 

= 2a- + - 2a'* + 2a- - a - 2. 

Legendre, in liis Tlieone des Kuinbres, (uroneously stated that 
this rule ajtplies to all cases; he afterwards, however, corrected 
his mistake. (Legemlre : Menioire sur la determination des fonc- 
twns Yet Z (pii satisfont d reipnition 4 (a" - 1 ) = (.r — 1) ( ]'- + /(if'-'). 
n etant an nomhre premier (4^+l), Pari.s, Mem. Acad. Sci. xii. 

(iSd-l), p. SI. Lebesgue : liediercJies snr les nomhres, Liouv. iii. 
(IS.SS), p. ns.) 

W Idle Legeiicires rule ctatainly fails for p = Gl, and possibly 
for still smaller valiu's of ya it hohls good up to yj = 31 inclusive. 
It may, in fact, be verified that when y> = 3l, 

V = 2a;'" + ./■'* - 7a - 1 la'- + 2.r" + - liuf - 5.r« 

-4 5a;' + S.r" - Sa--* - 2a'‘ + 1 la-^* + - a - 2, 

Z = ./■'* + — .r'- — 2a" of — + a-^ — 2a'* — + a-’ + a. 

The following table gives the values of 1^ and Z for all primes 
less than dl. 'I'lie last case, yj = 20, is due to Legendre; theothei's 
were calculated by Uauss. 


Id 


10 


2d 


29 


2./; + 1 

2a.-^ + a- + 2 

2.t‘* + ar’ — a — 2 

2a-- + a-* - 2a-* + 2.^^ - - 2 

2a-'‘ + a-' + 4a'* - a-^ + 4a-‘ + a- + 2 
2.C'* + a-? + + 7a’" + 4.t'* + 7a-^ 

+ oa-^* + a' 4- 2 

2a^ + a^ - 4a’" + da-^ + 5a-" - oa-* 

— d.r" + 4.1^ — a: — 2 

2a>* + a"* - 5a" - - 7a’" - 4a-« 

4 4a" 4 7a'* 4 Kt" 4 5a’= - x - 2 
2a-'* 4 a-*" 4 d.r'-' - da" 4 a"* - 2.r" 
4 da" 4 Oa-" 4 S-t" - 2a" 4 a-* 

- da-" 4 Sa^ 4- a; 4 2 


a-" 4 a - 
a* 4 a* 
a-’ 4 a- ' 4 a 

a-" 4 a-** 4 a*" 4 2.r* 4 a-" 

4 a-" 4 a’ 

a-'* — a-" 4 a*" 4 a'* — a-" 4 a' 

a"’ 4 a" — a" - 2a-" - 2a’" 
— a-* 4 a-" 4 a' 

,4.13 + .fii _ ^10 0." 4 a-" 

4 a® — ar* 4 a" 4 a- 
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By putting x = l in the identity 4-X = Y- ± pZ\ we obtain a 
representation of 4/j in the form 

± 2)n-. 

Thus forjD= 17, wc have 

68 = 34" - 17 . 8" 

and so on. It may be noticed that when = 3 (mod 4 ) this 
process only leads to the trivial result 

except when = 3 . 

196. When = 3n + 1 there will be a set of three periods ?/„, 
Viy which are the roots of a cubic equation 

7?^ 4- CiT?" + c.v 4- Ca = 0, 

where Ci, c^, Cy are integers which have to be determined. 

If g is any primitive root of p, and r = as usual, we may put 

V, = = X 77, = 

All numbers prime to p may be distributed into three classes 
A, B, C according as their indices to the base g are congruent to 
0, 1 or 2 (mod. 3). Numbers of the class A will be denoted by 
a, a ... and in the same way ^ and 7 (accented if necessary) rnav 
be used to indicate numbers belonging to B and C resjJcctivcly. 

With this notation we may write 

770 = Sr®, 77, = X?-^ 77, = X7’V 

where the .summations apply to n incongruent values (mod. j)) of 
a, 7 respectively. 

The class A includes all the numbers whicli are cubic residues 
of ^nd is the same whatever primitive root g may be chosen ; 
if instead of g we take a primitive root g* such that ind^, y =2 
(mod. 3) the classes B and G will be interchanged. 

We observe that 1 and /> — 1 = — 1 both belong to the class A. 
Also the product of any two numbers of the class A is a number 
of the same class, or, in symbols, 

aa = a • 

In particular, p — a, or — a belongs to A. 

Similarly = > 9 ', = 7, 

ay = 7', 77' = 


^y = a. 
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Returning now to the equation of the |x riods, we find at 

Cl = - ??, + 7?,.) = 1. 

The value of is c, = 

= V + ^ + y ^ ,•> + «), 

Now the congruence 

a + /? B 0 (mod. y>) 
is inij)ossible, because it w<mld lead to 

/3= - a, 

a.Kl h, iire (i would holong to the class d. contrary to dcfiiiilion. 
Ill tiu' same way it may he infci rcd that the congruences /9 + 7 s 0 , 
y o. - 0 ale inijiossilile. Hence of the .‘I/i" terms of which 

V q, /'fl+y ^ ?*y+«^ 

consists not one reduces to unit}'. But we know that the ex- 
pression is a rational isiteger; hence its value is (/• + 7 “+ ... 4 ?*^"'), 
or — I, taken (y> — 1 ) = // times. Therefore 

c. = -// = - J (y> _ 1 ). 

J lie value ol the remaining coefficient is 

Ca = - = - Y;-i+^+y 

Suppose that \ denotes the number of distinct solutions of the 
congruence 

a 4/3 + 7 = 0 (mod.;)); 

then by the argument used in finding the value of c, it follows that 

7r’ - \ 


c, = \ — 


3« ’ 


so that c-^ is determined when \ is known. 

Now a may assume any one of n incongruont values: suppose 
ct to be any one of tlu'se. Then if a” is determined so that 
a ct ' = 1 , the congruence a' + /3 + 7 = 0 is eijuivalent to 

a"(a' + >3 + 7) = 0, 

l+;g' + 7=0. 

where y belong to B, C respectively. Convci-sely, from every 
solution of 1 + y'=0 may be deduced a solution of a '+>9 + 7 H 0 , 

by putting B 7 = ct'y • Hence if the symbol ( 12 ) is used to 

denote the number of solutions of 

1 +>9 + 7 = 0, 

wc have \ = ( 12 )n 

c.= hm)p-n% 

so that everything depends upon finding the value of ( 12 ). 
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To do this we consider the system of congruences given in the 

following table, in which the symbol placed to the left of each 

congruence denotes the number of distinct solutions of which it is 
capable. 

(00) l+a + a' = 0, (10) H-/3 + as0, (20) 1 + -y + a = 0. 

(01) l+a + /9s0. (11) l+/3 + ;S'=0, (21) l+y+y3EE0, 

(02) l + a + ^=0, (12) l+y 3 + 7=0, (22) 1 +7+^=0. 

It is obvious that(01) = (10), (02) = ( 20 ), ( 12 ) = ( 21 ); in fixet, 

the double notation is only used for the sake of .symmetry. 

If we multiply the congruence 


1 +a + = 0 

by a number 'y such that = 1 , and put yoL~y\ we obtain 
1 + 7 -I- 7 ' = 0. Therefore every solution of 1 +a + /3 = 0 is associated 
with one of 1 - 1 - 7 + 7 ^= 0 ; and in the same way from every 
solution of 1 -t- 7 + 7 ' = 0 wc can deduce one of 1 + a + = 0 . 

Hence (01) =(22), 

and similarly ( 02 ) = ( 11 ). 

Thus the matrix 


( 00 ), ( 01 ), ( 02 ) 
( 10 ), ( 11 ), ( 12 ) 
( 20 ), ( 21 ), ( 22 ) 

is reduced to the type ^ h j k 

j Jc I , 

k I j 

where h,j, k, I have still to be determined. 


The series 1 , 2, 3... (;j - 1 ) 

contains n numbers a, and each of these, except the last, namely 
V ~ followed by a number a + 1 which must belong to one of 
the classes C, and is therefore of the form — a', yj ~ or 

p — \ that is, to every value of a, with one exception, corresponds 

a solution of one of the congruences 

l+a + a'^O, l+aH->^ = 0, l+a + 7' = 0. 

Hence (00) + ( 01 ) + ( 02 ) = Ji - 1 , 


or h +j -\‘k = n — l 

and in the same way j + k + l^n 

because every number >9, without exception, is followed by 
number of the series. 


••( 1 ); 

...( 2 ), 

another 
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riiere is yet another relation connectin^r /,, I ,vhieh may 
i)o found in the following w<iv. 

Consider the congrnonco 

a+/? + 7+ l=0. 

There are (00) = /, valnes of a which make a + 1 = a', an.l the 
ooiigrnenre 

Q: + >9 + 7 = 0 

when a IS fixed, has (12) = / solutions. Thn.s there are /d .sohition.s 

“ + !=“'■ Similarly there are 
( )( I) ./- .solutions for which a+l=/3'. ami (02)(02) = /t= 

.s.fintions for which a + ] = y. Altogether there are 

Id + /= + k- 

Solutions of tho c^tiifTrucnco. 

But if wo ^vith ^ instead of a wc find in the same Avay 

t hat there are {10} (02) =jk solutions for which /3 + 1 = a\ 
(lI)(12)=/7 solutions for which /3 + 1 = ^\ and (12)(01)=// 
solutions fi.r which /B+\=y\ Therefore altogether there are 
j> +//+(/ solutions; and since this must be the s;ime as before, 

hi +/’ + ( 3 ). 

Now from (1) and (2), 

h = l-l, 

-uid on substituting this in (3) and transposing, we find 

I 4 - -jk - kl - Ij. 

i his relation may be written in the following form ; 

1 2 (7 + /. +/) + 4 = 3C (/’ + ~jk - kl - Ij) 

+ 120’ + A*)-24/ + 4 
= (Gl - tij - Sk -2y + 27 O' - Icy, 

*'***'*' 4-p = a~-hSb- ( 4 ), 

6l-Sj~1ik~2 = a (5), 

^(j~h) = b (G). 

Now it follows from tlie theory of binary quadratic forms for 
the determinant - 3 that, when p Ls given, the values of and 6^ 

— + and b~0 (mod 3) arc uniquely determi- 
1 J^^nce the values of a and b in equations (5) and (C) are 
f e 1 1 mine except as to sign. The sign of b will depend upon 
he choice of the primitive rooter, because if the classes 5 and C 
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are interchanged so will be J and k\ However, for our present 
purpose we shall ^lot require h, and equation (o) shows that u is 
that value of + Va‘^ which is of the form — 2. 


Putting a = 3a' - 2, 


we find (5) 


2l = a'-\-j + k 

= a' -\-n~ I by (2). 

Therefore ; ^ ^ . 

and on substituting this in the expression previously obtained for 
Cj we find 

C.-J = i - «') = i {(a' + ?^)p - 3??-; 

= if (pa' + n). 

Finally, therefore, the cubic equation of the periods is 


v"' + V- - h (p - V - i (^2 m' + ^- = 0, 
which may also be written in the form 


(Sp + 1 y"* — Sp (St? + l)—pa = 0. 

Example. Let p = Sl; then 4;? = 124 = 16 + 3 . 36. a = 4, and 
the equation in t? is 

+ 7 }' — — 8 = 0 , 

or (3 t; + 1)^- 93 (St? + 1) - 124 = 0. 


197. If we write, in the cubic equation of the periods, 

3t? + 1 = 

it becomes z-^ — Spz —pa — 0 ; 

and if we now put z— oos <f>, this becomes 

2/>Vp (4 cos^ </> — 3 cos <f>) - pa ~ 0, 
whence cos 3</> = a/2^/p. 

Suppose that ^ is the least positive value of <fi which satisfies 
this equation, then the three values of z will be 


z = 2\/;> cos ff>, 


z' = 2x/;> cos (^<f> + , zf' = 2*Jp cos . 


It is easily seen, geometrically, that .0 lies between Vy^ aud 
2V/>, y between - 2Vy) and - ^/p, z' between - ^Jp and -^p. 

One of the values of is = 1 + 3 t?o ; to discover which it is, 
when p is given, is a problem which appears to be of extreme 
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difficulty, and lias not yet found an entirely satisfactory solution. 
Kuininor, however, has given a criterion for distinguishing the 
roots, which is of considerahle interest; and before postponing, 
for the pre.senl. further applications of the circular functions to 
aiithnietic, a short account of Kuinnici’s investigation may be 


given. 


_ 1 

Ja.I p ~ e ' — ^ ^ and let rn be aiij' number prime to 

then by an extension of the Le^rendre-Jacolii symbol (m|yd, we 
shall put = 1, p or p-, according as tlio index of m to any 

primitive root 7, taken as a base, is congruent to 0. 1 or 2 to 

niodnlns in other words, (m |y>b = The expression (m\j)), 

may l)e called the cubic cliaracter of m with respect to p. If m is 
a cnl)ie residue ot y), that is, if the congruence ir'=}n (mod p) 
admits ot solution, we have (w|y>b = 1 ; if otherwise, the character 
may be p or p- accoi<ling to the primitive loot taken as 

base. 


Since tlie Legondrian symbol proper will not be required in 

what follows, the suffix will be omitted, and (iii\j>) will be written 

instead of (///lyib. It is convenient also to put (m|p) = 0 , if is 
divisible by jk 

It iniinediateiy follows from the definition that if 7ti = m" 
(mod p), (iit\p) = (m'lp); that if in, ni are any two integers, 

(m \p)(7n'\p) = (mm'\p); 

and that, since — 1 = (— ly is a cubic residue of p, 

(- m\p) = {7n\p). 

As in last article, suppose and let the integei*s 

I, 2 , 3 . .3/1 be distributed into tliree clsisscs A, B, and C 
according as their cubic character is 1, p, or p\ We have 

= 1 + 3S/“, 

= 1 + 35 !/'^, 

Z.J — I + 32/’’'; 
an<i hence, observing that 1 +p + p^ = 0, 

+ pZi + = 3S (/•“ + pl'^ + p*/->) 

= 32 (// \p)7^ 

(// =1, 2, 3.,.p~ 1). 
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Since Zq, Zi^ z.;, are real, we may wz'ite 

2a7r 


■S'o = 1 H- cos 
•S'! — 1 + .3S cos 
^ 2 = 1 + SX cos 


P 

2^ 

P 

2y7r 


and hence 


'S'o + />^i + p-Z 2 = 62 (k\p) cos 

[^'= 1, 


2/c7r 

P 


since (A; Ip) cos ^ not altered by changing /; into p — A'. 

It is proved, in a similar way, that if 7/1 is any integer, 

(m |p )2 ( 2 ^ + 62 (X;(p) cos . 

k p 

Suppose, now, that/((9) is a function such that for all values of 
0 from 0 to tt, both inclusive, 


Then 


/(O) = A, cos 0 + A., cos 20 H- cos S0 +... 

2/;7r ^ ^ , 2k7r . 4/i:7r 


=A,X (A|p) cos +yK 2 (A-lp) cos . . 


__ 2o + 


6 




that is, 


6 S 2 (.s|p)= yl., 


^ - 1, 2,... J (p — 1) ; 


\5 = 1, 2, 3... 


)• 


It is known that if 0 ^ tt. 


TT* TT^ 

8 “T = COS 0 + 


COS 3^ ^ cos 5^ 
~ 3' ^ 


4 -. . . 


therefore 


G 2 (*|p) ^ 


8 


Put 


" 2p j f 

[<=1, 3, 5...]. 

A = 2a~3, 

C = Sy- 



M. 


15 
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whore the summations refer to all positive odd integers which 
belong to the classes (a), (;S), (7) respectively, then 

C, 2 (I- p) ) = (^0 + pz, + p-z,) (A + p'-B + pC). 

Now let Sa staiul for the sum of all the numbers a which are 
positive and less than ^p, and let S/S', 27' have analogous 
meanings. Moreover put 

w„ = i(2/8'+ 27'-22a') 

= J-(Sa' + 2S' + V)-2 a' 

„/. = 1 (Vy + v„- _ 2S;9') = ^ - 1 ) - S/S', 

= t (Sy + 2a' - 227') = * (p= - 1 ) - 27'. 

Then the e.vprossion 


1 1’ - 1) - - 'T - 


Therefore 


P 

= --J'’(2a' + p2/S' + p-27') 

377-^ / , _i_ \ 

— — (»7o H- pVh + p-fihh 


37r' 


Oiio + pmj + p'Jth) = + P^i + + P^' 


In exactly the same way, 
37r“ 

P 

and since 


(/«» + + pm.j) = (z., + + pjn) + pi^ + p'-C ) ; 


37r=^ 


we have 


?»i + iih) - 0 = (z^ + •\‘Z.i){A + 7i+ (7), 

. — Wo = /1 Jo+-02i + C/Z., 

377^ 

TJh =AZi + BZ., + ( 720 , 


P 


vUi = A Zi + Bzo + C % . 


The solution of these equations gives 2o, 2i, 23 without 
ambiguity in terms of 7 no» 7/ti, 7«3, A, B, G. If we put 

A = A^ + B^-^C^~BC~-CA -AB, 
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an essentially positive quantity, it 
that 

pA 


is found without difficulty 


3^2 ^ Wo + Cm, + Bnu = {C - A) 'm, + {B - A) m,. 


pA 


3^2 + Am^ + Cm, = {C ~ A)m, + {B ~ A) m„ 


pA 

Z, = Cm„ + Bm, + Am, = {G-A) m„ -^{B~A)m,. 

Hence also 

pA 

{z„ - z,) = {C + A- 2B) m„~{A+B~ 20) m, , 
pA 

St? ~ = (C* + ^ - 2B) m, ~{A+B~2G) m,, 

jyA 

- ^o) = (O' + ^ - 2B) m, -{A+B-2C) . 


Now the quantities A ~ A — C, A + B 
arc all positive. We have, in fact, 


-26', a + A ^2B 


8 


-1^1.1 1 

32 ' ^2 ~1” *J2~^ ■ ‘ * 

where k assumes all odd values prime to p : hence 


TT 


1 _ p 


8 p'^ ^2 _ 2 (“^ "h -^ + 6') ; 


therefore 


A+B + G=^(^l- 


1 7r= 5 

pV ^ 8 ^4 


Now > 1 ; therefore B + C<\, and a fortiori 

^ <\f ^ < J ; consequently 

A-B>i, A-G>^, A+B-2G>^, C+A-2B>^. 

Since mo + TTi, -h m, = 0, one of the three numbei-s to„, w,, m, 
must be gieater than either of the rest numerically. Suppose m' 
is positive, and the greatest numerically; then »«,, m, are both 
negative, and it follows from the equations previously obtained 
that ^o.fo-fi. Zo - are all positive. In this case, then, i.s the 
root which lies between fp and 2fp. Similarly if is negative, 

15 — 2 



228 


CA’CT.OTOMY. 


and nmnerically groator than oithor or )}u, the quantities 

-^ 1 . -r, are all negative, and lies between - \/j) ami 

- 2\ j). In the sanu' way it ?//, is numerically greater than or 
)/t,, tin- limits of are determined: while if nu is numerically 
great e I' than ///„ or , t he root is knowti. In overv case, therefore, 
we have a criterion to distinguish one of the three roots z,, z.y, 
and since they are all exjiressible as rational functions of any one 
ot them, the detciniination may be com))letely eflected. 

It shoukl he obst-r\erI. In»wever, ;ts Kummer himself remarks, 
that the ci'iterion thus obtained is not really what is reciuired. 

I lu' caleulation of ///„, when p is large, is yery tedious, and 

these nnuibei-s are not connected with the yalne of p in any 
obvious or essential way. Ivummei' has found by actual calculation 
that t he limits of z,, aix‘ 

- 2vV> and -X// for /> = *>7, 18!). lal. lOJ), 211, 881. 488; 

- and + for p= 18, If). 87, fil, lOi), 157, 198, 241, 283, 

8()7, 878, 879, 897, 487: 

-t and ( 2\V> f"i- /> = 7. 81, 48, 87, 78, 79, 108. 127, IG8, 

181, 228. 229, 271. 277, 807, 818, 887, 
849, 409, 421, 489, 457, 4G8, 499. 

It is vm y curious that the proportion of primes in the different 
classes is in-arly tliat of 1:2; 8, and it is much to he desired that 
some simpK* method of discriminating the classes might be dis- 
covered. 


198. The present chapter contains only a mere outline of a 
v(‘iy extensive theory, which has not yet been by any means 
eomplet(‘d. Its importance will become cyen more eyident in 
connexion with the theory of higher congruences and of algebraical 
integei's in general ; but before we enter upon this, there are 
various problems which may be more conveniently discu.ssed at 
this stage, and among them is that of determining the number of 
classes of binary (piadratic forms for a given determinant. To this 
the next chapter will bo devoted. 
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CHAPTER YIII. 


Determination of the Number of Properly Primitive 

Classes for a given Determinant. 


199. 1 in: Si-coiid volume* of (Janss's colloctcd works contains 

(p. a I I'lnarkahlc unfini.''liod nionioir entitled De uexu inter 

inuUitinhnent chissmm^ u* (jtnns' jornKv binarne secu)idi ffvndns 
dtntribniDdnr. e<truin(jnc detenninantem. From this it appears 
(hat (lanss sncceefhd in determininif the nninber of clsisses 
neloii^dn" (o a ^d\^n determinant both for definite and for in- 
definite t<n'ms ; and with regard to definite forms it is possible 
to make ont the method which was actually adopted. Oauss 
nevei' published his investigation : in fact the fii'st jtublished 
<lem<nistration is that of Dirichlet in his liecherches aur diverses 
ifpplicatioHs^ etc. already referred to. Diricldet's analysis will be 
considered later on ; in the present chapter an attempt will be 
made to present Gau.ss’s method in a simplified form, and at tlic 
same time to avoid the objections on the score of deficiency in 
rigour, to which, as pointed out by Dedekind in his editorial notes 
on the memoir, Gausss deduction a])peai‘s to be liable. The 
materials for this simplification are mainly derived from the 
above-mentioned notes ot Dedekind, and from Dirichlet’s great 
memoir. 

Ihe principle of the method consists in assuming a number m 
which is prime to '2D, and constructing two different e.xpressions 
for the itapinpiotic value ot the average number of representations 
ot /a by properly primitive foxuis of determinant D : that is to stiy, 
expressions which approximate to the true value when vi is very 
large. One of these expressions involves as a factor h, the number 
of properly primitive chisses, while the other does not; and by a 
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comparison of the two expressions, we obtain h in the form of a 
semi-convergent infinite series. The semi-convergent character of 
this series is the principal difficulty of the investigation. 


200. Definite and indefinite forms will have to be considered 
separately; we shall begin with the former. 

y = ixjji _j. 2hxij + cy- 

be a positive properly primitive form of determinant 

Z) = 6- — ac = — A, 

a negative integei-. 

It is always possible to assign values to and y, say a; = f , 
prime to each other, and such that 

=/(?> V) = + 26 ^ 7 ? + cr)- 

may be prime to 2 A (cf. Art. 127). 

We may suppose that a is prime to 2A : because if this were 
not the case we could find integers f', 7 }\ such that ~ = 

and then the substitution would transform f into an ef|ui- 

valent form /' = («', b\ c') with its first coefficient prime to 2A. 

It IS clear that if/(f, y) is prime to 2A, .so is/(2A?i-i-f 2Ay-f-7?), 

where u, v are any integers. We will suppo.se that t] are both 
less than 2 A and not negative. 

We have a + crf) = (af -f- br^f + At?-’, 

and this is prime to 2A if af + is so. 

Now let ^ be any one of the <^(2A) numbers le.ss than 2A and 
prime to it ; then if we put 


+ ~ ^ (mod 2A), 

any value of t? comprised in the set 0, 1, 2,...(2A - 1) is associated 
by means of this congruence with a determinate value of f, which 
is less than 2A and not negative. 

Since each number thus gives rise to 2A pairs (f, 77), the 
total number of sets (f, 77) for which 0<f<2A, 0<77<2A, and 
/(f> v) is prime to 2A, is 

2A</) (2A). 

The points whose rectangular coordinates are (2 An -h f, 2Au-f77) 
form a net. every mesh of which is a square of area 4A=-’. Alto- 
gether we have 2A0(2A) distinct nets, the nodes of which corre- 
spond to values of (a:, y) which make / prime to 2A. 
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201. Xuw cuuskkr the ellipse represented by the e<piation 

(i:r + 2b.rt/ -f- ct/- = m 

where ni is a large positive integui-. The area of tiiis ellipse is 
TTin ^ A, and hence the nniiiber of nodes within the cur\o which 
belong to The aforesaid networks is asynij^totically 

TT/a 2A0(2A) _ 7r/a<^(2A ) 

\A‘ 4A- ^^'2A^'A ^ 

that is to say, its value is 7ra/(^(2A) 2A\/A + e, where €_m ulti- 
niately vanishes, when a< increases in<letinitely. 

Snpj)ose that a/,, aie the positive integers less than 

m and pritne to 2A ; ami let 0{mi) denote the number of distinct 
representations of ///, by the form (u, b, c)\ then the number of 
which the asymptotic \ahu‘ has just been found is rigorously 

6 ( a^, f + f? ( m .) + .. .+ 

If we take a representative form from each of the j)()sitive 
])ro]M rly primitive classes, say and if we construct the 

ellipses 

./ 1 — a/ , — /// • '//i — I 

(all of which have the same area 7rar'\/A). then the number oi' 
iKnIes included by all the ellipses, counting each node once foi* 
every elli))se within which it lies, is asymptotically 

A7ra/(/)(2A) 

2AVA 

On the t)ther hand, this number is rigon>usly 

w a /-„ \ / i = 1, 2, S. ■ -fi \ 

where 0^ (ai,) <lenotes the number of distinct representations of m,- 
by the form /i- 

If we write A/r(aO for fi, the number of integei-s less than a< 
and prime to 2A, we have 

ai //7r<t(2A) 1 


i/r(a0' 2Ax/A 
ultimately, when in is infinite. 
Now it is easily seen that 


( aO 




i/r(aO ^0(2A) 
m 2A ’ 
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hence ultimately, 


> J;;r) 


and we have to calculate the value of the expression on the right 
hand. 


202. In order to find representations of m; by forms oi 
determinant D, we have first to solve the congruence 

n- = D (mod ??i,) 

and then to every solution will correspond a form (///,-, n, 1) which 
belongs to a class every form of which will represent ?u, . 

Each solution of the congruence gives rise to a grouji of 
primitive representations by each form of the corresponding class : 
and the number of these groups is equal to the number of the 
solutions of the congruence. (Cf. Arts. 59, 90.) 

But by Art. 35, if p, q, r , . . are the t different in ime factors of lui, 
which by supposition are all odd, the number of solutions is 0 or *2' 
according as D is not or is a quadratic residue of each of the primes. 
In every case, the number of solutions may be written in the form 

[l+{Dq)]..,^n[\+{D p)\, 

where the product extends to all prime factors of 

Call this number then, making use of Jacobi’s extension 

of Legendre’s symbol, we have 

X (mi) = 1 + (Z)| p) + (JJ q) + . . . 

= S(Z>iS'), 

where the summation extends to all divisors of which involve 
no square factor. 

If e is the number of solutions of the Pelliun equation 
T'^ — DU^ each form by which nii can be represented at all 
gives rise to e distinct primitive representations, which foiin a 
group. When D is negative € = 2, except when D = —\, in which 
case e = 4. 

Suppose now that is any square divisor of w,-. Then the 
congiuence 

n~ = D (mod 

has X solutions, each of which gives e pnmitive representa- 
tions of and therefore € representations of m,- for which 

dv (Xy y) = X. 
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Now if S ' is any divisor of mi/X- which has no square factor, 


j^iiico (Jj = 1. 


= 1{D S'V), 


Evfiy ihvisov of mi can be expies^od in the ibrrn h"X\ wliere 5" 
involves no s,,uare factor, and therefore, on the whole, the number 
of representations of m, , both primitive and denved. is 

where the .summation extends to all divisors of m,. 

But this is al.so what was previously denoted by 

^1 + 0.{mi) +...+ 6f, {iHi), 

>^o that (he double sum which occurs in equation (A) mav be 
written 

i;5:<^r.(m,)=62;2;(Z>8) (B). 

}n 6 

I 

203. Ilencefbrward we shall write 2 instead of 6, it being 
uiiflerstoed that 2 must be re])laced by 4 when /) = — 1. 

Every number which i.s le.ss than m aiul ])rime to 2A will occur 

in (K) as a divisor 8. Let n be any one of the.se; then the .symbol 

{IJ a) will occur in (B) as often as there are multiples of n which 

are less than nt and piime to 2A. Let [/a/a] be the integer next 

less than /«,//; then the number of times {D ii) will occur is 

01 ' more simjily >/r(a//a), if we agree to take only the 
integral jjart of m/n. 

Hence (B) is transformed into 


and (A) becomes 


(/a,) = 25T/r It ) {D\ a), 


<«. 


whore the suminatioii extends to all numbei-s n which are less than 
?a and prime to 2A. 

It is to be observed that 2^^lr(m|n)(D\n) is rigorously equal to 

the total number of representations of the numbei-s by 

properly primitive fonns of determinant D \ so t-hat the expression 

on the right hand in (C) is stnctly the average number of repre- 
sentations for one of these numbei's. 
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So long as m is finite, it does not matter in what order tlie 
terms of the sum arc arranged ; and even when m becomes infinite 
the series niust have a determinate value however the terms are 
taken, provided that none of them are omitted. 

We shall effect the summation by supposing that the terms 

are arranged so that n increases continually as we go from left 
to right. 

When m becomes indefinitely large, the sum becomes an 

infinite series, Avhich may be divided into two parts, for the 

first of which « is very small compared with while for the 

second it is not. 


So long as n is small compared with m. we have 
totically 


asymp- 


and hence 


YW 2A — ’ 2Aa' ’ 

Lt. ("V'O 1 


Thus the first part of the scries reduces to 


^ I «) ("i = ^ , n = X ; It. n/in = 0). 


Foi the remaining part of the .scries wc may suppose 

Lt. (min) < M, 

where M is some finite quantity; hence for the residue 

1 


2 (D\n) <^fr{M) S 


i/r (m) 


Y («0 


(B I u) 


Y(^) ^ 


It follows from Art. 46 that the sum of every 4^ (A) con- 
secutive terms of S (Z) | n), in the order written, is zero : hence 
the limit of 2(Z)|)i), although indeterminate, is not infinite; 
and since increases without limit, this remaining part 

of the series ultimately vanishes, and we have ultimately 

JS=2.xl(Z>|n) 


or 


A = ?^vl 


TT 


71 


I «), 
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where, for convenience of calculation, tlie terms arc to be wTitten 

ill such an orclei that n increases continually, aud S-(Z)|h) 
really stands for 

Lt. 

uhorc // assumes all positive inte^^ral values which are prime to 
2A, and such that Lt (a m) = 0, when )n is increased without limit. 

If = we must write 

/< = - 5;-(-i «)■ 

TT n 

As a veriHcation, we know that in this case ft 
shouhl haw 

TT ( 3 7 ■*■■■■) ■ 

the t ruth of which is well known. 


= 1 , so that we 


204. Wo will now sup|)ose that I) is positive. In this case 
the eijuation t- — /Ja* = 1 has an infinite number of solutions, so 
that every root of the congruence a-=/)(mod m) leads to an 
inhnite number of representations of ni by one and the siime 
form of a particular class. It is possible, however, to assign 
certain C{)nditious of ine<piality by means of which one of these 
rejiresentations may be isolated from the rest. 

It lias already been proved (Art. 8!)) that if a’ = f , y = V gives 
a representation of ;« by the jiroperl}' primitive form (u, h, c), then 
the complete set of representations may be obtained from 

y=tr)-\-u -f brj), 

where {t, n) is any integral solution of i- — I. 

This leads to 


a^ + (h + = us/D) sfl>) y] 

= ±(T+ U^Dy^ [a^ + (b + sfD)vl 
oa- + (6 - V^) y = ±{T~ 6Vi>)*‘ (uf + (6 - ^/i>) 7/j, 

where T, U have their usual meanings, and u is any real integer. 

We may suppose that a is positive, beaxuse the chxss to which 
(«, b, c) belongs will certainly contain some forms with a positive 
first coefficient, and it is enough to consider representations by 
any one form of the class. 
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The different values of + taken without regard 
to sign, form a geometrical progression, extending to infinity both 
ways, of which the common ratio is T+ U^/D. Writing 6 for this 
ratio, it will be possible, in one way only, to choose the sign of the 
ambiguity, and an integral value of?*, so that 

^/am<ax-\-{b + ^B) y<0 \fam, 

and in this way a particular solution is isolated from all the rest 
of the same set. 

Observing that [ax + (6 + ^D) y] [ax + (6 - ,/D) y] = am, we 
see that it follows from the above inequalities that 

V am >ax + {b — \/D) y > 0-' ‘/am ; 
and by combining these results we infer successively 

y>0 

and 0{ax + (b-‘/D)y]-e-' [ax + (b + -/D) y} > 0, 
or (,0-&-')iax + by)-(e ■\-d-')y/D>0, 

which reduces to 

U {ax + hy) — Ty > 0. 

Conversely, if the conditions 

y > 0, U {ax 4* hy) — Ty > 0, 
are satisfied, it will follow that 

am< ax {h + ^JD) y< 6 ; 

because we have at once 

U [ax + {h H »JD) y}> Oy > 0, 

<ux + {b + ‘JD)y>ax + ib-,JD)y> — , 

whence ax + {h V-Z>) y > ^am ; 

while since 

6{ax-k-{h — %/D) yj — 0^^ [ax + (6 + %/D) y] > 0, 
we have, by multiplying by 6 [ax {b -{• %/ D) y] ^ which is positive, 

O^am — [ax + (6 + »JD) yj^ > 0, 
and therefore ax + {h-\- »/D) y<6 ^am. 

206. Consider, now, the hyperbolic sector enclosed by 

4- 2bxy 4- cy® = m, 

y = 0, 

U {ax 4- by) —Ty = 0. 
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By changing to polar coordinates, it is easily found that the 
area of the sector is 


/. 


de 


a cos- ^ + 26 cos 0 sin ^ + c sin= 6 ’ 


where a is the least positive angle for which 

U (a cota + 6)- r = 0. 


Hence 


A = 


m 


\sJD 


VI 


lo 


loo- - cot ^ + 6+ \/Z )~[*^ 
* a cot d-\-h — 

Us/D 


4s/D T- Us.iD 
2^ log(r+ UsfD), 


since 


The argument now proceeds exactly as in the case of definite 

hums, except that instead of a number of e(|ual ellipses wo have 

a number of t'cpial hyperbolic sectoi-s. Tims equation (A) of 
Art. 201 is replaced by 

■ thr> <“■->■ 

and the final result is 


6 = 


2dD 


S' 1 

log(r-h LWD)'^ n 




whore // is the number of properly primitive classes of determinant 
//, aiul the summation ajiplies to all positive integei’s prime to 2D. 

As a verification, suppose D—'^\ here h = 2, the representative 
forms being (1, 0, -3). (-1. 0, 3). We have T=2, and 

the series E ^ is 

n ' ' 

0,1111 1 1 

0= J L — _ I 

5 7 11 13 17 19 ^ * 

= i|-J 1 1 , 1 

0 U2n H- 1 12 h h- o 12n + 7 12« + 11 

It ought, therefore, to be true that 

^ = ^ (2-^^/3); 

and this may be verified as follows. 
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Putting 


have 




... 

o ;> 


px 




= 2(l-p)\ 

Suppose x=:{pj then 


« - i + ^x’-^ + .. 




Now 


= 2{p (1 - p) S. 


(l+^»(l-^y ) 2+{2p + l)i 2 -a/3 1 

(1 - i» (1 + ?>■-•) 2 - (2p + 1 ) t ~ 2 + V3 “ (2 + V3)- ’ 

and 2i> (1 - p) = 2i(2/j + 1) = - 2^3 ; 

therefore - 26V3 = log (2 + V3)-= = - 2 log (2 + V3), 


or 


which is right. 




206. It will now be shown that the sei-ies 

H=%liD\n), 

upon which the determination of h has been made to depend, 
may be expressed in finite terms. It will be supposed that D 
is not divisible by any square, since by Art. 151 the class-number 
for a determinant DS- may be deduced from that for the deter- 
minant D. We shall therefore have to consider the cases when 
D = ± P or ± 2P, P being the product of different positive odd 
primes ; it will further be necessary to distinguish each case 
according as P=1 or 3 (mod 4). Altogether, then, there will 
be eight different cases. 

I. Suppose P = - P = 1 (mod 4). 

By the generalized law of reciprocity 

(P|n) = (-P|«) = («IP). 

H='S.-(n\P). 


so that 
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Since (n | P) = (n | P) if = n (mod 2P), and (n' | P) = _ („ I P) 
if (mod 2PX it follows that 


(id — -f 

^ ‘ 'V 2P-u^2P-{-v 


1 


- + 


1 


47^- ’ 4P+2/ 

where the summation applies to all odd numbei's z/ which are less 
than P and prime to it. 

Now by logarithmic differentiation of 


sin .r = 


a; fl ( 1 

1 


in-TT-/ 


we find that 


1 


C< )t = i 


V 


2 . 


/• 


.r 


^ •» 4> 

1 ?/i* 7 r- — ./'■ 


ence 


// = 


^ (" I P) cot 


therefore 


Ibis, as it stainls, is a finite expression: it may, however, be 
tiansfornied in such a way that the circular functions <Jisappcar, 
and are replaced by purely arithmetical functions. 

We have v ~ P — where /a is an integer jirime to P and 
less tlian \P; moreover 

(i.|P) = (-2/r|P)=-(2jP) (/x|P); 

= g;(2|P)S(^|P);d^, 

where and the sum is taken for /r= 1, 2, .3... ^ (P - 1) 

with the convention that (/it | P) = 0 when /jt, is not prinio to P. 

If wo write P — /j. for /t, the expression remains unaltered, 
so that 

P' = g(2|P)2(X|P)^^\ 

[\ = 1. 2, .3....(P- 1)]. 

Now if CO is any root of the equation <o^ —1=0, 

— 1 &>(1 — CO ) 


O) 4- 1 




•m 

iP 


(2 


I + <*> 

&> — H- co^ — ~ CO 

P^i 

X (— 

1 

P)2(-l)‘-i(x|P)r^-. 

A, A 


hence 
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But by Art. 191 

= («|P)iVP; 

therefore // = ^ (2 1 P) ^ (- 1)» (« | P). 

This may be further simplified : for if a is even, we may put 

a = 2a', 

whence (2 | P) (_ i). (a | P) = | p) . 

while if a is odd, we may put 

a = P - 2a', 

and then (2 | P) (- 1)“ (« | P) = («' | P) 

as before. The values of a' in each case are 


1, 2, 3...i(P-l): 


so that finally 




TT 


2VP ? 


The number of classes is therefore 



2H^/F 

TT 


= 2(a'|P): 


or, in words; 

When P = — P = 1 (mo£^ 4), where P involves no square factor, 

the number of properly jymmitive classes for the determinant D is 

equal to tlie excess of the number of positive integers a!, less than 

for WiicA (a' I P) = + 1 over the number of those for which 

(a'lP) = -l; it being understood that {a\P) = 0 when a' is not 
pidme to P. 


When P is a prime of the form 4« + 3, the number of properly 
primitive classes is simply the excess of the number of (piadratic 
residues of P contained in the series 


1, 2, 3...i(P-l) 
above the number of non-residues. 

For instance, if P = 11, the residues are 1, 3, 4, 5, while there 
is only one non-residue, namely 2 ; hence A = 4 — 1 =3, which is 

right, the positive properly primitive classes being represented bv 
(1, 0, 11), (3, ± 1, 4). 

M. 


]G 
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//=S 


II. Let Z) = — P = 3 (mod 4). 

Ill this cast* {D | ;/) = (- 1 )*<«->* (,/ ' so that 


(« — ll 


71 


(n\P) 




1 


1 1 

r"^2P-i.“2P + r 


1 

4P- 


1 


4 


+ 


I 


p 


4P + I/ ’ “•) 


= s (- 1 " (v P) cosec 


77 


= 2pC^ P) 2 (-!)-(/. P)sec^^. 

Writing fi = 2/^', or y, — P ^ 2/x' according as is even or odd, 
this eiusily rediicos to 


77 


2/4 "tt 


wlicre /x\ like /x, assumes flu* values 1, 2, 3.. 1). 

Omitting tlie accent, and inti'oducing r, we have 

rr V‘ / r»x 2/477 

// = 2 (/i ’ P) sec p 

P) scc^ 


= rp + 

Now, if G) is any complex root of —1=0, 

1 


V 1 


<jO 


1 + GJ + G) * 

= 1 4- 6)* + G)"^ + «i>^ + + . . . + + «*> 


7»+l • 

9 


therefore 


77 


7/ = .^ S (X I ZO 1 1 4 4 7-^- '!, 

A, a 

or since 

s (X I 7^) = 0, S (X I Z^) 7^- ' = 5: (X I 7*) 7-^“" = (a" I P) ^/P. 


we have 


77 = 


77 


VP 


2 (a" ! P), 


where the values of a" are 1, 2, 3...J (P— 1). 

Finally /4=2S(a"|P). 

For example let P = 77. Here (a" | P) = 0 when o" =7, 11, 14, 
(a'|P) = l when a''=l. 4, 6, 9, 10, 13. 15, 16, 17, 19, while 
(a"|P) = — 1 for the remaining six values of a"; hence 

A = 2(10-6) = 8. 
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The representative forms for the determinant -77 arc in fact 

III. Let i) = - 2P = 2 (mod 8). 

Here (Pin) = (- („|P)_ and 

-H-2 (n|P). 

Observing that, if n is odd, 

(4P ± n)2 - n=> = 16P= + 8Pn 

= + 8 (mod 16), 

we see that the expression II may be written in the form 

= ii.,. 1 1 1 

^ \v 4!p~v 4P f i/ HP ~v 


+ 


HP+v 


+ . • . 


TT 


“ ^ (~ " (i^l P) cosec 


I/TT 

4P 


[1^ = 1, 3, 5,..(2P-1)]. 

By adding the first term to the last, the second to the last but 
one, and so on, this becomes 


(P-l)7r 

/O I cos -r^' 

^ 2 I A*P 


. (P-3)7r 
-~4P' 


cos 


. — 5) TT 


2P 


cos 


2P 9P — 


4P 


2P 

. (P-7)7r 
sin 


cos 


{P^j)^ 

2P 


+ (7|P) 


4P 


cos 


{P^u 

2P 


- + 


Now if 


?/> P + 1' . 


^ IS an integer, it is evident that 

P + u 


( 


) = (v|P): 


also 


- Din (-P + Ott 

cos - sm — 4 p— 


COS 


(P - Z/) TT (P + t,)Tr 

— _ (.QJJ V / . 


2P 


2 / 


16 


2 
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hence the above expression may be written 


//- 


7r\/2 

w 


( 


1 


. (P+l)7r 

sin — 


P 


cos 


. (P“3)7r 

(y-’+l)7r'^V 4 J (F-:i)7r 


■2P 


COS 


2P 


(P -I- 5)77 
Sin ' 


+ 




(^"±5) 

2P 


77 

Sin ^3 


The term — has a coefficient 4-1 or — 1 according as 


cos 


^77 


P=7 or 3 (mod 8): hence we liave, by rearranging the terms, 


77v/2 


UTT 

Sin ^3- 


//= 2>(2,P)S(-1>‘-(^|P)-^ 

COS 

[/x = l,2. 3..4(P-1)]. 

If we change fi into P ~ fi, (— 1V*“* becomes (— 1)^, and (/i|P) 
becomes —{fjL\P), while the trigonometrical factor is unaltered: 
hence 

. X 77 

sin -r:- 

ttsIVL 


11 = 


4P 


(2|P)2(-ir-(>^iC) 


2X77 

COS -p 


[X = l, 2. 3...(P- 1)]. 

Writing 2/i for the even values of X, and P — 2/i for the odd 
values, this becomes, after some cjisy reductions, similar to those 
employed in the previous avses. 


7/=-’!^^ 2(^1 P) 


Sin 


2/^77 


cos 


, 4/A77 


[^=1, 2. 3...i(P-l)]. 

If we write P — fi for ft, this expression is unaltered, so that 
final ly 

2X77 

/o sin „ 

S(XIP)- ^ 


4X77 


cos 
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i'Tr\J 2 

“ 4P" 


X (\|P) 





■where r = e2’^*VP and the values of \ are 1, 2, 3...(P- i). 
Now if a> is any complex root of the equation w-P - 1 = 0, 


&) — OJ ^ 

+ w-= + «» - (U-» 


where the series ends with + Hence 

S (X|P) (r- ?-> - r'- + r-= + ... j 

where the series ends with + (P ~ 2|P). 

The value of h is therefore 

/t = 2jl-(5|P) + (9|P)-(13|P)H-... ±(7^|P);, 

where it must be remembered that (w|P) Ls to be put equal to 
zero when m is not prime to P. 

For example lot P = - 94 = -2.47. We find from Gauss's 
table of quadratic characters that 

1, 9, 17, 25P47, 33, 41 iV^47, 

5, 13, 29, 4.5iV47, 21, 37 ie47, 
hence A = 2 (8 — 4) = 8. 

Or again, if i) = - 30 = - 2 . 15, we have 

/i=2 (1 -(5|15) + (9|15)-(13|15)} 

= 2(l-0 + 0 + l)=4. 

Ihe expression for the class-number may be reduced to the 
form 

/t = 2S (a I P), 

where the summation applies to all integers a for which 

4P < a < |P. 

For suppose P = 7 (mod 8) : then (2|P) = 1, and the quadratic 
characters, with regard to P, of 

1, -5, 9...(P-6), -(P-2) 

will be the same as those of 


4(P + 1), i(3P-5), i(P-|-9),...4(2P-6), i(2P-|-2). 
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Similarly when = 3 (mod 8), the characters will be the same 
as those of 

i(P + 5X i(3P-9)...i.(2P~6), i(2P + 2), 

and in each case it is easy to sec that h may be expressed as 
above stated. 


For instance, if P=2S, 

It = 2{] 23)4-(0 23)-(l3|23) + (l7,23)-(2li23)i 

= 2[(3 23) + (8 23) + (4|23) + (7|23) + (-)|23) + (()|23)J 
= 2S (a P ) ; 
and if P = 11, 

A = 2 ,1 - (5 ii) + (i) in; 

= 2j(4 ll) + (2|ll) 4-(3)11)1 

= 2^ ict P) 

us betbre. 

IV. Let D = ~ 2P = 6 (mod 8). 

Proceeding iis in last cjiso, we find that 


n 


(n\P) 


ITTT 


= 1) (— 1 (r|P) cosec 

[*/ = I, 3, 5.,.(2P 


-1)] 


UTT 

/9 p 

-2P 

COS 


[m=1, 2, 1)] 


2\7r 

7r\/*> ~P~ 

- ii' - — i£; 


COS 


[\=1, 2, 3.. .(P-1)] 

Now if «ti is any complex root of — 1=0, 

io + 

O- + a>-'^ = " + - O)-^ + to« + OJ--* - . . . + + 1 
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TT1 • 

Expanding by this formula, and remembering that 

S (\|P) = 0, we obtain 




^{1-(5|P) + (9|P)-.., ± (p_4ip)}^ 


and therefore A = 2 {1 - (5|P) + (9|P) - 

This is the same formula as in last case ; the only difference is 
that the number of terms is J (P - 1) instead of { (P + 1). 

By reasoning exactly similar to that employed for case IIL, 
the expression for h may be reduced to the form 

A = 2[S(ci|P)-S(^iP)), 

where the summations apply to all values of a and such that 

0 < a < iP, gP < < iP. 

It may be convenient to exhibit the results for a negative 
determinant in the following tabular form : 

I. P = -Ph 1 (mod 4), A = ^(a|P), 


0 


2 


II P = - P = 8 (mod 4), h = 2X (a I P), 


0 




III. (mod 8), A = 2^(a|P), 


IV. P = - 2P = C (mod 8), 


h = 2{k(a\P)-X(a\P)], 

0 a 


Here the symbol 2(a|P) is used to express that the sum is to 

p 

T)P dP 

be taken for all integral values of a such that 

8 8 

(Cf. Dii’ichlet, Zahlentheorie, p. 275.) 

207 . The remaining four cjises relate to a positive deter- 
minant. 


V. Let 


Here 


D = P ~ 1 (mod 4). 


Multiply both sides by 

VP = S(\iP)r* 

= \ = 1, 2, 3...(P-1)J, 
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then, observing that 2 (\|P) = («|P) S (\|P) we have 

II^JP = 2(\|P) '*'■'+... I . 

Now if .v = when p is positive and less than 1, 

, 1 . 1 . . 1 , 1 + .« 

+S-^ + --- = 9>ogT— 


1 . 1 + 2p cos 6 + p- 2p sin 0 

■' ., + i tan“* • 


•^1 X -T- ^ 


2p cos 0-\-p^ ' ' l-p^ > 

and the limit of the real part of this when p = 1 is 

1 , 1 + cos ^ 1 , ^ 1 , 0 

l l - co^0 = 4 2 = 2 2 • 

Since II\/P is real, it is unnecessary to consider the limiting 
value of the imaginary part, and we have 

If = ^ (XlC) log j cot ^ ; . 

Consecpiently 

// log ( T+ U^/D) = 2//s'7^ = S (\|P) log I cot ^ I 


= log 


11 1 

1 

^ aTT 

cot jy 


cot J, . 


where the product ajjplies to all valties of o hetwet^n 0 and P for 
which (o[|7')= l^and to all values of /3 between 0 and P for which 

If we write a = P — a\ and y8 = P — y3', when a or exceeds 
the formula is reduced to 

(ITT 


h log (P-f Us/D) = 2 log 


n cot 


n cot p- 


with the conditions 

0 < a < hP, (a\P) = 1 ; 0 < ^. < hP, {b\P) 

For instance, if P = 5, then a = 1, 6 = 2, and 


= -l 


TT 

cot „ 
o 


cot — - 
o 


^ — 2 + ^ 5 , T + Us/5 = 9 'h 


aiul thcrelbre 


A = l. 
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VI. 

Here 


i) = P = 3 (mod 4). 

H=2(- 

tVP = S(X|P)j^, 


iH^/P = X(\\P) 


— K — . . . 

3 5 


and H's/P is equal to the real part of 


-2(A!P)- 


cc^-\- ... 

o o 


where 

As before, this is 


/"• 2^\ . 
. _ P / * 


X = ir'' = e 


-S(X|P)log cot^^ 


+ 


Xtt' 

P 


)h 


and therefore, with the same notation as before, 


h log {T + U^/D) = log 


i-T ^ , TT ttTT 

n : tan ^ + jr 


) 




This may be written in a somewhat simpler form if we observe 
that the scries of numbers P + 43t arc congruent (mod ^P) to all 
the integers m between 0 and 4P which satisfy the conditions 
w=3(mod4), (m|P)=l; while the integcis — P + 4y3 are con- 
gruent (mod 4P) to all the integers n between 0 and 4P which 
satisfy the conditions n = l (mod 4), (wP) — — 1. Hence if b 
stands for any one of the odd integers between 0 and 47^ foi- 
which (7'*|6) = — 1, this will comprise all the numbers ?/i and n, 
so that 


n ; ..n (5 + f ) 


n 


, , TT , /StT 

tanl- + ^ 


( 


) 


= n 


tan 


(4a + P) TT 


47^ 


, n I tan 


(4/3 — P) TT 

47^ " 


= n 


tan 


hir 

4P 


Hence 


Alog(r+ t7VP) = logn 


tan 


hir 

47^ 


Thus when P = 3, the values of b are 5 and 7 ; whence 
n tan 1*^ = tan ^ tan - (2 -h = - (P+ U^/Zy, 

h = 2. 


so that 
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VIL 


D = 2P=2 (mod 8). 


In this case 1 17^) - 


and therefore 


x/P= :£(\|P) 


//\/P =1(\ P) I /-A - I _ I I ,.7A ^ 

t f> o 7 

Now it is easily proved that if 


-I 


and Lr < I 




Flitting ./• 
logaritlini, we 


// = - 


0 = — ^ * = />’'*/* 
^/2 ^ ' 


•'» 7‘ **■ 9./.> "^(1 _^a..)(I 


- 


— and atteii<ling only to the real part of the 
find that 




and conse(|nently 

l'>g(P+ U'\/D) = U>g 


(* + 3 (1? - a I 


This may be reduced to the form 

A log(7'+ log n » 

with the conditions 

0<6<8P, (2P|6) = _1. 

Thus if P = ;>, the values of b are 7. 11, 17, 19, 21, 23, 29, 33; 
and hence 


h log (7'+ (fy/D) 


1 Itt 

40 


-'i'-'-S 


PJtt 

40 


2l7r 


and therefore 


Iog(19 + (iv/l0)-^, 


h = 2 


It may bo observed that iP - b is coiigi ucut (mod SP) 
a number a such that 

0< a< 8P, (2P|a)= 1, 
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heucc 


bir . air . , 

cos = sin yp ; and wc may write 


n sin 


h\og{T~\- U^/D) = log 


hiv 

SF 


n sin 


CiTT 


[0<tt<8P, (27^|a)=l; 0<5<8P, (2P|6) = -1]. 

The formula is not applicable when D = 2 : it is easily found 
that in this case h=l. 


VIIL 


-D = 2P = G (mod 8). 


The work is so much like that of the last case that it is 
needless to give it in detail. The result is that, with the same 
notation as in the last case, 


h log (T + U^/D) = log 


n |cot(^ 




i. / CtTT 

tan ( p- -f 


h) 


n 


. //^TT 7r\ , //Stt tt 


= log n 


. bTT I 

tan ^7,' 


= log 


TT • 

n sin ^3 


n sin 


aTT 


For example when Z) = 6, the values of b are 7, 11, 13, 17, so 


that 


and hence 


n tan gp = tan^ ^4 ^an' ^ = (5 + 2^6)^ 

/i = 2. 


Many other forms may be given to the expression foi- h \ those 
which have been found above appear to be the simplest. It will 
be convenient to collect them in the following tabular form. 

i> = 1 (mod 4), 

bTT 


n 


h log {T + U’s/D) = log 


tan 


D 


n 


^ aTT 

tan 


[0<tt<X», (a|Z»)=l; Ocb<l), 
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dktermixation of the 


^ 1 (mod 4-), 
h log ( T + l\ D) = log n 


tail 


hir 


n sill 




II sin 


4i) 


where o, b denote od<I integers such that 

0<u<4D, = 0<b<iD, {D\b) = -l. 

208. Thu niothoa of last article may also bo applied when D 
IS negative. The work is much the same, e.xcept that in the 
logarithms which occur, it is the imaginary parts which have 
to )C ictaiiicd, and since the.se are many-valued, some care is 
necessary to ensure the correct values being taken. 

l‘or a di.scussion of this point, and for a somewhat different 
way ol effecting the summation, the reader is referred to Dirichlet 
{/iec/ierclics, etc. § 10, or Zahlenthcorie. i§ 102—0) and Smith 
(neport, Art. 104). It may be added that the value of h, ob- 
tained in this way, pre.sents it.self in a form different to that 
gi\en above; but there is no difficulty in showing that the 
irsults of the two methods are in agreement. 

209. 'I’heii' are many reasons in favour of adopting as the 
t^ jiical e.xpression for a primitive ipiailratic form 

luir + bxy -h c y - 
w'ith a detenninaufc D = 5^ — 4uc, 

wheie (/, b, c are integers without any common divisor except 
unity. 

It i.s clear that 

D = 0 or 1 (mod 4), 

and that, convei-seiy, if D satisfies one of these conditions, there 
will be primitive forms of determinant U. 

We may put j) ^ 

whcie Dty = 0 Ol 1 (mod 4), and involves no stjuare factor, 
except when 7^ = 0 (mod 4), and \IJ,, is of the form 4^•+2 or 
4/.- + 3, in which case the stpiare factor 4. but no other, is 
ictaiucd in I)„. Ihus satisfies one or other of the conditions 

A= P= 1 (mod 4). 

Pq = 47^, 7^ = — 1 (nio<I 4), 

7>u = 87-*, 7^ = + 1 (mod 4), 
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where P involves no square factor. Numbers such as Dq may be 
called (after Kronecker) fundamental discriminants. This being 
so, the number of classes of primitive forms for a fundamental 
discriminant Z)„ may be expressed by the following formulae. 

I* A<0, 

~ T) ^ ^ = 1, 2, 3,. . .(— Z)o — 1)], 

where t = 3 for B„ = -S, t = 2 for D, = -i, t= 1 for A<-4'. 

II- -Do > 0. 

h log E (Do) = - 2 (D„\k) log (1 - 

[A-=l. 2, 3...(A-1)], 

whore E{D^) denotes \ {T + U>JD^, T, U being the least positive 
integers such that 

It is to be remembered that is to be put equal to zero 

Avhen h is not prime to D^, 

As in Arts. 150, 151, it may be proved that if 

where Dq is a fundamental discriminant, the number of primitive 
classes for the determinant D' is 

where Jl is the number of primitive classes for the detei minant D^, 
and the product applies to all prime factors of Q which do not 
divide Dq. 

These results are taken from Kronecker’s researches on elliptic 
functions {Znr Theome der elliptischen Functionen, Berlin Sitz- 
ungsberichte for April, 1885, p. 768). It is easy enough to 
prove that they are in agi’eement with the ordinary theory ; 
the simplification which is gained is obvious. It may be specially 
noticed that in the modified theory improperly primitive forms do 
not occur. 

The discussion of Kronecker’s very important memoim must 
be, for the present, postponed ; and in the rest of this chapter 
only quadratic forms of the ordinary type will be considered. 

210. It is unnecessary to enlarge upon the very remarkable 
character of the foregoing investigation, whether it be regarded 
as the direct determination of the class-number, or as the ex- 
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prcssion, iii terms of the class-number, of the sums of certain 
infinite senes. There are, however, two points which desen-e to 
be emphasized. Tlio first of the.so relates to the distribution of 
the residues and non-residues of a given number. For simplicity 
take the ca.se of a prime negative determinant D = -p, where » 
I.S a prime of the form 4« + .3. The formula (p. 247) 

A = 2 (a I p), 

0 

couibined with the remark that A is nece.s.saiily a po.-ntive integer, 
leads to the conclusion that in the series 

1, 2, 3...i(;i-l), 

thcie .lu moil ipiadiatic residues of p than noii-residue.s. It 
does not appear that any independent proof of this propo.sition 
has ever been discovered. If any such proof could be found, it is 
not impo,s,sible that it might lead to a determination of A without 
till n.se ot infinite .series. .Similar remarks apply to the other 
formula.' tor neg'ative deterniinauf.s. 

The other |joint to be noticed is that when I) is positive we 
.III .ibli to constinet a .solution of the Pellian eipi.atioii by iiie.aiis 
of trigonometrical formnh-e; the .solution thus obtained being not 
the tnnil.imental solution, but one of which t.lie jilace in the series 
of .solutions dejiends upon the value of A. Dirichlet h.as verified 
a posteriori that the trigonometrical e.xpressions which occur in 
the detei minution ot A do in fact lead to integi-al .solutions of the 
Pellian equation. For the complete discii.s,sioii the reader Ls 
referred to his memoir {Siir la mani'ere de resondre IVquatioii 
t — pH = 1 au inopeit des fonctioiis circidaires, Crelle, XVir. (1837), 
p. 280); It will be sufficient to consider here, by way of illiistmtion, 
the case when D = p, a prime of the form 4« -f 1, so that 


A log(7’+7V;)) = log 


11 

. bir 

tail — 


P 

III 

. rtTTl 

tan — 

1 

P 1 


, — 1 

Y + Z^/p = 2 THx - Y-Z^p = 2n(x-?-^), 

where r = ^’’‘/r 


NUMBER OF CLASSES. 


255 


g be the numerical values of F, Z when .''/*=! : then 
Hence /is a multiple of p, and if we put 

g^f\ 

then/^, / will be integers, and 

4. 

Similarly, if/", are the values of F and Z when a)= ~ 1, 

- V9"^ = 4. 

Hence 


that is, 


f - ffV jo f" + ^ n (1 - r'‘) n (1 + ?•") 

f + 9 ' sip ’f" - g'\ip n ( 1 - n ( 1 + r*-) ' 


n tan 


n tan 


bTT 

£ = }i.(f-9Wpy(r+9'WpY 


P 


_(fr-pg'g''fY-rg 

4 4 


^pj. 


Now if p = 1 (mod 8) it is easily seen that g\ /", g" are all 
even ; for if we suppose / to be odd, /- = 1 (mod 8), and 

f '^ = PO'^ — 4 = 5 (mod 8) 

which is impossible ; and similarly for /', /'. Hence f'f' — pg'g" 
and /y'— /"/ are both multiples of 4, and 


n tan 


hjr 

P _ 


n tan 


air 

P 


^ (t' + uWpY, 


where (if, u) is an integral solution of t'^ — = — 1. 

Consequently (if + u»Jpy = t-\-u »Jp, 

where (t, u) is an integral solution of P — pii-= 1. 

Next suppose p = 5 (mod 8). Then from the equations 

Vp(/' + /V/>)-2n(i-7-), 

(/' + /V;>) = 2n(i +7-), 

it follows that 


•JP if + /Vp) (r + i/'Vp) = 40 (1 - r-) 

= 20(1 -r*), 
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since (2|;)) = - 1 ; theiefoic 

if + gfp) if + g'\/p) = 2 ^p{f'- fjsjp), 

a.Kl honco - 2 (f + g'\l p) = (/' _ 

if - g'ipY if + g’fpY _ //" + r/VyjV 

16 [ 1 )■ 

It may easily bo shown that wlicthor f", q" are both even or 
both o<hI, • ‘ 




whoro (t, n) is an intogral snlntion of r--pi(- = l. This is obvious 

wlun y* , ff aiv both even: if they are both odd, it follows from 
the faet that, to inodulns 8, 

/' (/'" + ( 1 + 3 . 5 . 1) H 0, 

nnd siinilarlv 


9 ( P9'" + -y"*) = ^"(o.l+S.l) = 0. 

It is e\ident that y eannot be one even and the other odd ; 
hence in every ease when p= 1 (mod 4) 

II tan 

^ vVj, 


n tan 


MTT 


where (/, a) is an integral solution oft- — jm- = 1. 

It may be observed that when y> = 1 (mod 8), f" = 2 and 

9 ; coiiscfjueiitly 1”— 2 and if involve the factor .r+ 1. For 

instance, when = 17, 

> ' - 2 = .7- (.r + 1 ) ( 2a^ - + .tr* + tij- + 4./- + 1 ) 

= A’(.f+ l)(a^+ 2.x’+ l)(2.^■=>-.^'=>+ 2.r + 1), 
ir = .r(.r + l)(a'^+ l)(x^+ 1). 

It inay also be notiee<I that it follows from the foregoing 
analysis that when y> = 5 (mod 8), and the e(|uation P-piP==4 

does not admit of odd solutions, the class-number is divisible by 3. 
This agrees with the results of Art. 153. 




CHAPTER IX. 

Applications of the Theory of Quadratic Forms. 

211 . In order to acquire complete fajniliarity with the theory 
of quadratic forms, it is indispensable to work out a considorablc 
number of special cases. The student should have no difficulty in 
doing this, with the help of the examples which have been already 
given ; and he cannot do better than draw up a complete classifi- 
cation for a series of positive and negative determinants, afterwards 
comparing his results with the tables of Gau-ss or C.ayley, It is 
not easy to construct a large variety of exorcises distinct from these 
direct applications: in fact, in the present state of the theory, 
every problem of a distinctly new type is apt to present unex- 
pected difficulties, and its solution often i-equires the invention of 
new methods, and even of new principles. There arc, however, a 
few problems of gieat interest to which the theory of quadiatic 

forms has been successfully applied, and some of these will now be 
considered. 

212 . The fii-st is the discovery of all the integral solutions, if 
any exist, of the general indeterminate equation 

4> = a^+ 2h.Tiy + b?f + 2gx + 2/y + c = 0. 

Following the notation usually employed in analytical efeometrv 

we shall write M y. 

% 

a h g ' 

h b / , 

S' / C i 

A=bc B = ca— g-, C ~ab — //-, 

F^gh--af, G=hf-hgy H=fg~ch. 
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DTOPHANTrXK EQUATION 


Suppose, first, that neither b nor C is zero, and that C is not a 
negative square. Then the proposed equation may be multiplied 
by hC, and the result written in the form 


( Cx — G)- + 6 ' {hx -\-hy — 5A. 


If wo J)Ut 


Cx ^G=X 


I 


in 


then whenever (x, y) is an integral solution of <^ = 0, (X, I'') is an 
integral solution of 

.V- + (71"' = -5A (2), 

and eonvei'sely. if (A", V) is an integral solution of this equation, 

X + G 

a 


X = 


.y = 


CY-bX-\-bF 

bC 


(n 


gives a solution of <^ = 0, provided these values of a? and y are 
integral. 

If C and ^A arc both positive, there are no real solutions of (2). 
and the proposefi equation is insoluble. If C is positive and Z>A 
negative, there will be only a limited number of integral solutions 
of (2), if, indeed, there are any : so that it may be discovered by a 

finite number of trials whether tliere are any integral values of o’ 
and y. 

If, on the other hand, C is negative, and {X^,, Vo) is any integral 
solution of (2), there will be associated with this an infinite number 
of solutions, expressed by the formulae 

±X = ^Yo-//(7r, I 

±Y = tVo^uX„ \ 

where (t, ti) is any integml solution of (- + Cu- = l, with t positive, 
and the ambiguities are independent. 

If the upper sign is taken in each ambiguity, the corresponding 
values of x, y are 

tXo — uCYo + G 


(4). 


X = 


C 


^ t { CY,^hX,)-^uai X, + h F„) + IF 

J 66 ’ • 
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OF THE SECOND DEGREE. 

(r ^he values 

(■in, Un) ^.hich satisfy the equation T,^+CUn- = i form a i-ecunina 

senes (see Art. 87); the same will therefore be true of the residues 

limited'''™'' ‘‘nd y. Consequently, a 
imited number of trials will determine whether any of the value.s 

ot ® and y are integral. The process of trial ha.s to be applied 

separately to each case arising from (4) by variation of sign in 
the ambiguities. ‘ ^ 

By way of illustration, take Gauss s example 

4- Sxy + -H 2rc - 4y + 1 = 0. 

Here A = - 36, (7= -1.5; and it is easily seen that all the 
integi'al solutions of 

- 1 .5 = s(; 

are given by ± A = 6<, + F = 6». 

where (t, n) is any positive solution of t- - \^v-= 1. 

We have r, = 4, (7, = 1. and the .series of re.siduos of (r, U ,) to 

modulus 1.5 is (4, 1), (1, 0). 

The general values of a;, y are by (8) 

(i) ^ (2t + 3), ,y = -«(4<± 15» + 1): 

(ii) .r=-^(2«-.8), y = Z( 4 t±lo 7 ,-l); 

and these are integral if we suppo.se that t is chosen in (i) .so tha( 
-1 (mod lo), and in (ii) so that t=4^ (mod 15). For instance 
«-l, w = 0 gives 1, .y = -2: and t = = l leads to .r = - 1 

.y = 0orl2. 

If 5 happens to be zero, the equation <^ = 0 may be multiplied 
by aC, and the work proceeds as in the former case. 

If a, b are both zero, and h is not zero, the equation may be 
written 

{h.TJ +/) {hij + g) = fg - ; 

hence ch must be even, and if this condition is satisfied, then 

putting fg — ^ch = m, we break up 7n into the pi*oduct of two 

factors a, ^ in all possible ways, and find by trial all the integral 
solutions (if any) of 

hx+f^a, hy-^g = fi 

hx + /* = j5, hy +g = a. 

17—2 
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DIOPHANTINE EQUATION 


Returning to the general case, suppose — a negative 
square : then supposing h is not zero, the equation in Z, Fis 

{X + mV) (X - mV) = -hA; 

and this is solved by putting 

X-hmY=a, Z-mF = ^. 

where a(3 = — hA, and examining all the different cases to see 
whetlier integral values of X and Y can be found. If this is 
the case, the corresponding values of,r and y have to be examined. 
A particular case of C being a negative square is when a or h is 
zero, or again when a and h both vanish : these ciises have been 
already considered. 

Suppose, now, that (7=0; then 

+ 2h.ry + by- = m {ax + ^y)- 

where m, a, 0 are integei-s : and if we put 

a.r + 0y = z, 

Have mz'^- + 2yx -\-2fy + c = 0\ 

and hence m0z- 2y0x {z — ax) c0 = O 

or m0z’^+2fz + c0 

2{fa-g0) • 

The solutions, if any exist, of the congruence 

m0z^ + 2/j -\-c0 = O [mod 2 {f<x.—g0)] 

will make x integral; and then these solutions must be examined 
separately to see whether the corresponding values of y are in- 
tegral. 

Heie, again, there are various special cases which may occur: 
it is not worth while to discu-ss them in detail, but the following 
example may servo to illustrate the general method. 

Let the equation be 

3^ + 1 2.ry 1 2y= -f- 4a: — 2y — 85 = 0. 

Putting a:-|-2y = ^, we find that 

+ 5a: — z — 85 = 0 ; 

hence we must have 3^’ — ^ = 0 (mod 5), 

leading to z = bt or bt + 2. 

First, suppose z = then 

a: = -15t=»-f i + 17 
2y=15t» + 4«-17 = t»-l (mod 2), 
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therefore t must be odd : let ^ = 2/r - 1, then 

a; = — 60w- + 62it + 1 

y= S0u-~26ic~S, 

where ic may be any integer. 

If z = ot-\-2, then 

a; = -15^2 -Hi +15 
= 15^" + 16i — 13 

and here again t must be odd; so that putting t^2u-l, we 
obtain the second set of solutions 

A- = -60i«^H-38w+ 11 
y= 30it"-14?i-7. 

If, in the general case, A = 0, the eo nation (h = 0 assumes the 
form 

(OA? + + y) {a'a; + /3'ij + y') = 0, 

and its solutions are found by solving separately the linear in- 
determinate equ ations 

OA.- + ^y + 7 = 0, a'iv + y + 7' = 0. 

It is hardly necessary to add that if a, h, h all vanish the 
equation <fy = 0 is not of the second degree. 


213 . Another problem to which the theory of quadratic iorms 
tnay be applied is that of finding out whether a given number is 
prime or composite. Theoretically the question may be answered 
by trying whether the number is divisible by any integer less than 
its square root; but when the given number is very large this 
method becomes impracticable. 

The principle of the method which we are about to explain 
consists in discovering by trial a quadratic form by means of which 
the given number m, or any multiple of w, may be represented ; the 
determinant of this form is a quadratic residue of 7n (Art. 59), and 
therefore of every prime factor of m. All possible factors of m 
must therefore belong to a certain set of linear forms (Art. 46), and 
it is therefore unnecessary to try any divisors not contained in the 
set. If another quadratic form, with a different determinant, can 
be found, by which m, or a multiple thereof, can be represented, 
the number of trial divisors may be still farther reduced ; and by 
proceeding in this way we may at last reduce the trial divisors to 
a sufficiently small set. 
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Before* going into the general theory, it advisable to give an 
example. Let ni — 173279; then it will be found that 

2/m = 589--3. 11 -. 

Hence 3 iw a (piadiatic residue of m, and therefore every prime 

divisor or m must be of the form 12a + 1 or 12a + 11. Moreover 

< 417, and the only nuinbei's below this limit, comprised in the 

abo\o lineai foims, anrl e.xclusive ot those which are obviously 
composite, are 

13. 23, 37. 47, -59. til. 71, 73, 83, 97 
107, 109, 131. 133, 157. 107. 179, 181, 191. 193 
227, 229, 239, 241, 251. 203, 277, 311, 313, 323 
337, 349, 359, 373, 383, 397. 

If these divisors are tried successively it will be found that 241 
is a lactor of tn ; in fact 


173279 = 241 .719. 

Since there are 78 odd pritnes less than 417, the number of 
ti ial divisors is, by this method, reduced by more than one-half. 

It happens, in this case, that the resolution may be etl'octed 
much more easily by observing that 

3ai = 721-’ - 4 = 723 . 719 = 3 . 241 . 719, 

whence at = 241 . 719 as before. It will often be found that the 
methodical application of the process leads to the reijuirod resolu- 
tion into factors in some such simple way as this : the advantage 
of the general theory is that each trial gives some infonnation iis 
to the character of the factoi*s. and thus reduces the number of 
trial divisoi-s. 


Ill general, if we 


can express any multiple of m in the form 


ktii = -f- 

whole it may be supposed that a and b are free from square factoi’S, 

and .r.^are integers, one or both of which may be unity, it follows 
that 


— abx^ = b"f/'^ (mod ?«), 

and hence that — ab is a quadratic residue of every prime factor 
of 7/i. By means of decompositions of this kind, taken sepai*ately 
or in combination, it is usually not difficult to find a number of 
small quadratic residues of yn; each of these imposes certain 
conditions upon the linear forms of the divisors of in, and the 
number of trial divisors is corrospondinglv reduced. 



PRIME FACTORS. 


263 


Suppose that, by any method, we have discovered a number D 
which is a quadratic residue of the odd number vi ; then the 
number of the solutions of the congruence 

(c^~D (mod vi), 

is equal to 2^ Avhere ^ is the number of different prime factors 
of fjL (see Art. 35). 

The congruence may be solved by the method of exclusion 
explained in Art. -tT, and then fi'om the number of solutions we 
may at once infer the number of different prime factors of m. 
Moreover x — and x = x.> are two solutions, we have 

“ ^2 = (^1 + (a'l — x.^ = 0 (mod vi), 

so that if Xi + x., is not a multiple of vi, it must involve a factor of 
la, and this can be discovered by finding the greatest common 
divisor of vi and {x^ + x.^). Thus the method not only enables us 
to decide whether m is prime or composite, but helps us to find 
the factors of vi when it is not prime. It should be observed, 
however, that when m is a power of a single prime, we are unable 
in this way to detect the composite character of vi. 

Instead of solving the congruence i)(mod vi), it is usually 
more convenient, to find by trial all the representations, or at 
least all the groups of representations of m by reduced forms 
of determinant D. Supposing that D is negative, say D — — A, 
there will, in general, only be two representations {x, y), (—x, — y) 
in each group ; and it is obviously advantageous to choose, if 
possible, a value of A such that there are only a few classes in 
each genus. The particular genus which has to be considered can 
be found at once by determining the generic character of vi. 

If possible, a value of A should be chosen for which there is 
only one class in each genus. Of such determinants sixty-five are 
known, and are given in the following table ; the Roman numeral 
prefixed to each gi’oup denotes the number of genera. 

I. 1, 2, 3, 4. 7. 

II. 5, 6, 8, 9, 10, 12, 13, 15, 16. 18, 22, 25, 28, 37, 58. 

IV. 21, 24, 30, 33, 40, 42, 45, 48, 57, 60, 70, 72, 78, 85, 
88, 93, 102, 112, 130, 133, 177, 190, 232, 253. 

VIIL 105, 120, 1G5, 168, 210, 240, 273. 280, 312, 330, 345, 
357, 385, 408, 462, 520, 760. 

XVI. 840, 1320, 1365, 1848. 


DISCOVERY OF 


264 


It is highly probable, but has not been proved, that there are 
tm other values of A which satisfy the condition in question. 

214. Gaii-ss has explained {D. A. Arts. 323—6) a tentative 

method foi- finding all the integral solutions, if any exist, of the 
ctj nation 

tt-i' 4- b^- = tn, 

in uhich a, b, in duiiote given positive integci-s, without any 
common divisor except unity. 

Lot p be any prime which does not divide a, and let p^ be the 
highest pnwc*r of y, which divides b. Take any power of say 
p**, and let //,, n,, /i,,. etc. be the quadratic non-residues ofyA 
Let the .solutions ot the linear congruences 

(iz + bni = )n, az + bn., ~ m, az + bn.^ = ni, etc. (mod 

-^ = -^ 1 . z^z- 2 , etc. (mod //*+*'). 

i hen it is clear that if Zi is a tpiadratic residue of and if 
(mod ^ the value of 


m — oar’ 

~Tr^ ’ 

IS an integer congruent to a,- (mod p**), and therefore cannot be a 
.s(iuare. Convei-sely, if we suppose that 

m — , , 

^ = Hi (modp*"), 

we have (mod p**+’') 


aiifl therefore 



I*'. tJx n. f, f' r, etc. 
quadratic residues of p**’^*' 
tions of the congruences 


are those of the numbei’s z,- which are 
, and if + ±^\ + f", etc. are the solu- 


ar = = f', ar = f" etc. (mod p** '*■*'), 

it follows that no values of w which are congruent (mod p^'*'*') to 

any ot the numbei*s ± f , + f', + etc. can possibly lead to integral 
solutions of the proposed equation. 

In most cases v will be zero; and in applying the method we 

ma^ put successively /i = 2, 3, etc., and then for any particular 

value of it is sufficient to retain those non-residues (n,) of p>* 

which are residues of lower powers of p, since those which are 

non-residues of lower powei's lead to values of a; which have been 
already excluded. 
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The value of a- must in any case be less than '^ 7 n a ; and by 
the process of exclusion just explained the number of values which 

delfred^ I’educed to any extent that may be 


As an application, let it be required to factorise 781727. It 
will be found that this number, which is of the form 4 ii + 3 , is a 
non-residue of 3 and a residue of .39 ; this agrees with the generic 
character of the form (3, 0, 59), for which A = 177, one of the 
sixty-five special determinants given above. 

We now proceed to find all the positive integral solutions of 

69ic-" -I- 3y== 781727. 

^It will be observed in the first place that a- < 1 1 (j, and that 

= 1 (mod 3), or a: H + 1 (mod 3). Within the prescribed limits 
there are 77 numbers of these forms, namely 

1, 2, 4, 0...113, 115. 

Now take the ‘ excluding number ’ 5 ; then since 59 = — 1 
(mod 5) and 781727 = 2 (mod 5), while the non-residues of 5 are 
2 and 3, we have to solve the auxiliary congruences 

— 2^+6 = 2, — 5 + 9 = 2 (mod 5), 

whence = 4 , 3-^=2 (mod 5 ). 

The tii'st of these leads to the exclusion of all values of a; which 
are of the forms 5 n + 2 . 

In a similar way the excluding numbers 7 , 11 , 13 lead to the 
rejection of all values of x which ai*c of the forms 

7«, 7n±2; ± 1, lln ± 2 ; 13n, 13/i ± 5, ISu ± H ; 

after which only the following twelve remain ; — 

4, 11, 25, 29, 41, 71, 74, 80, 94, 95, 106, 115. 

It is easily seen that x cannot be a multiple of 4, so that 4 and 

80 may be rejected ; then by actual trial of the remaining values 
we find that 

781 727 = 59 . 29=* + 3 . 494* 

==59. 74- + 3. 391= 

= 59. 115= + 3.22=. 

Since these representations are all primitive, we conclude that 
781727 is the product of three different primes. 
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o Hud the actual values of the factors, we observe that since 


it follows that 


3. 494- + 59. 29- = 0 
3.22-^ + 59.115==0 


■ (mod 781727), 


3 (494- .115-- 22' . 29^ = 0. 


Now 494 . 1 15 — 22 . 29 = 56172, and it will be found that 
di-(50172, 781727) = 4681. Hence also 781727 h- 4681 = 167, which 
is a prime. The other prime factoi's may be found in a similar 
way, and the final residt is that 

781727 = 31 . 151 . 167. 


216. In general, suppose that 

+ by- — in, 

(w/- + bi/'‘ = m, 

where, as before, a, b are positive and prime to each other and to 
m. For simplicity, take x, y, x\ y all positive. Then 

a {^xy + xy) {icy - .<//) = {y ^ - y^) m 

= 0 (mod m) 

'rherefore one of the numbers (xy' + xy), (xy' — x'y) is a 


multiple of vi, or else each of them hiis a factor in common 
with in. 


Now ill- = {ax^ + by-) (<ix''^ + by'^) 

— {axx' — byy)'^ + ab {xy' + xy)- : 

theielbre, except when (/5=1, {xy' x'y) is certainly less than 
in, and hence dv (?n, xy' + x'y) is a factor of in. 

If ab ^ J , then a = 6 = 1 , and 

= {xx' - yy')- + {xy' + x'y)-, 
and here again xy' + x'y< m except when 

X : y'=^y : x, 

which leads to x —y, y' ^x. If we consider that, from our present 
point of view, the representations ?n = a^ + y'and m = + ^ ^re 

not distinct, we ina}' Siiy that in every ciise two distinct positive 
solutions of = m lead to the determination of a factor 

of m. 

The more general equation 

aa? + 26.cy -I- cy^ = m, 

may bc‘ replaced by («x + 6y)* + Ay- = am, 
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and then treated by the method already explained. If {x.y), (x\ ij') 
are two different positive solutions, then it may be shown that 
dv {ccy' x' y ^ m) is a factor of m. 

It should also be observed that in finding, by this method of 
trial, all the solutions of cea- + 26xy 4- cy- = deiived as well as 
piimitive solutions are included, lljvery derived representatpioii 
gives a square factor of m ; and moreovei', if (a, b, c) is a form bv 
which Til may be primitively I'epresented, and if 8- is any square 
factor of VI, the genus to which (a, b, c) belongs will certainly 
contain a form by which vijh'- can be primitive!}' represented, or, in 
other words, which will give a derived representation of vi. There- 
fore by applying Gauss’s method to all the representative forms of 
the genus, we ai'e able to detect all the square divisors of vi, and 
the factorisation of m is completely effected. 

Gauss has given an auxiliary table (Werke, ii. pp. 507 — 9) to 
facilitate the solution of anc- by- = ni \ and in tha Disqaisitioneis 
(/. c.) will be found some practical rules for still further shortening 
the work. 


Tables of definite forms, suitable for the factorising of large 
numbers, are given by Seelhoff (Ainei'. Journ. vii. p. 264, and viii. 
p. 26). In another paper {ibid. viii. p. ^9), Seelhoff has explained 
a method of reducing a given number m to the form x- + Dy-, which 
is substantially as follows. 

Let a be the greatest integer in fjvi, and put 

in ~ a- + h. 

Find an odd prime 2> nf which ni is a quadratic residue : then 
>fi is also a quadratic residue of and the solution of 


= Hi (mod /?-), 

'vill be of the form x~ (mod p-). 

More generally, if hi is a quadratic residue of the different odd 
primes p, q, r, etc., and if P involves no other pi-ime factoi*s but 
these, it will be possible to solve the congruence 

= m (mod P^), 

and if a; = P^y + f 

is any solution of it, (mod P^), 

and therefore nP* 
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ulu ic- )i is SOUK' intogei*. It will generally be most convenient to 
choose X so that //« — .7- may be as small as possible, in order that 
n may be comparatively small. In other words, y must be taken 
so that the numerical value oty-^y + f is as near as possible to a. 

So long as P' < 2a. it will be possible to make x less than a, 
and the corresponding re])resontation 

in = + nP- 

is om* to which (lansss method may be applied. In every case we 

obtain a (piadratic re.siflue of m, and this may be utilised fis already 
e.xplained. 

Seclhotl s methofl is especially valuable when m is very large; 
and it should be observed that it may bo applied to multiples of in 
as well as to m itself. 


216. Tchebicheff has shewn (Liouville (I ), xvi. p. 257) that if 
a numb(‘r m can be rc'presented by an indcHiiite form 
the detirminatiou of tiu* factoi's of tn may be effected by’ con- 
sidering all the representations in which the variables .r, y are 
restricted within certain limits. 

Suppose that f* — Z>7;- = 7« 

is any rejircsentation of m by the form (1, 0. — D), and that f, ?? are 
taken to be p«)sitive. 

Then if (7’, U) is the funtlamental solution oi'r- — DU-—\, 
we obtain another rej^resentation 

by putting = ±{T^ — DUrf) 

V=±{U^-Tv). 

Now = \/(T+ (mT5^) - DU7, > 0 ; 

so that to make positive wc must take the upper sign in the 
ambiguity'. 

The condition that may be less than f gives 

and therefore DU^ (f- — in) >(T— 1)'^ f-, 

leading to 2(T - 1) 


ami hence 
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Conversely, if this condition is satisfied, — will be 

positive and less than f; so that if the equation ^ is 

capable of solution there will be a suitable value of w which is 

positive and less than ^ ^ — • The corresponding value of 
y will be less than that given by 


Dy 


. (T+l)m (r-l)m 

- = •»> = ' ' • 

2 2 ’ 


that is, it will be less than ' 

In the same way, if the equation 

sd^ — Dy- — — in 

admits of solution, then by writing it in the form 

( Dyy — Doc- — mD, 

we see as before that there will be a value of./: which is positive 
and less than 2^ ^ that the corresponding positive 


value of y is less than - — % 


2D 

Suppose, now, that there are two representations 

— Dyi- = m, a:.? — Dy^ = m, 


such that 


0 < a:, < ^ 

0 < a?. < 




^ /lT-\)m 




0<y2</y/- 


(r-l).n. 


2 ’ 'V 2Z) 

then (x^x. + Dy^y.^)- — D {j\y .2 + )" = 

and if we suppose that (ociy^ oc.jyi) is a multiple of w we have 


XiX^±D^V _ jy { x,y., + x .{ydS^ ^ ^ ^ 

m ) \ in J ' 


and therefore (xix.^ + Dy^y^lm is an integer. 


But 


hence if we put 


.... + D„. < 

<inT\ 


x^x ^ + Dyi y% ^ ^ ^ 

m 'in * 


we have — /)u*=l, with t<T, and u not zero; but this is im- 
possible, therefore x^y^ + x.^^ cannot be a multiple of w. 
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III the same uav it may he interred from 

- D {a\y. — = m’', 

that (r,?/.. — av.y,) cannot be a multiple of m. 

But 

+ .T-.y, ) (.r.y.. - .r .y,) = .r.7/,- - 

= (/a + y.f - (m( + Dy.f) 

= (//■/-, yr) 

= 0 (mod m), 

thendore )n must ho compositi*, and r/y (.r ,^2 4 , /a) gives a factor 

of nt. 


Tin' same reasoning applies when there are two different solu- 
I ions of in — i>y- = — m. The investigation may be summed up as 
follows : — 


1/ the e(iuat{on o^ — I)y-=±in (uhnita of two (f{.<!ti)ict posifu'e 
sohttio}i!i (./*,, J/i) such that 


' < V 2- 


) to 


Hi < 


\ 


(r+ \)m 
21 ) 


the nmnher m is certainly composite, and dv {.i\y., + ;r.a/, . w) will be a 
factor of })i. 

In the memoir above (pioted, Tchebichetf' luus giveu a list of 
fpiadratic fm ins + (.C — />y-) with the linear forms of m which are 
approj)riate to each. When a suitable form has been found, the 
representations of jn within the prescribed limits may be discovered 
by a tentative method, such as that of exclusion. 

In spite of all that has been done hitherto, the determination 
of the factoi's of a very large number is extremely laborious. It i.s 
possible that the development of the theory of arithmetical forms 
of higher degree.s may throw some additional light upon the 
subject. 


On the general iiulotenniiiato e<|uation of the second degree, the reader 
may consult : 

Euler: Itesolutio teguationis A.t^+2B.i'y-i-Cy--\-'2/J.r+2Ey + F~0 per 
numeroa ta7n ratiomilea (juam integroA (Xov. Comm. Petrop. xviii. (1773), 
p. 185, or Comm. Arith. i. p. 549), with the supplementary' paper Be reAohttione 
irrationaliinn per fro^tioneA cantinnaa^ etc. (ihid. p. 218, or Comm. Arith. 1 . 
p. 670). 
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Lagrange : Sur la Solution des ProhUmes Indetennines du second degre' 
(Hist, de I’Acad, de Berlin for 1767, vol. xxiii. p. 165), and Notivelle Methodc 
potir resoudro les ProhUmes iTicUtermines en nombres entiers (ibid. vol. xxiv. 

p. 181). 

On the earlier researches on the discovery of prime factors, see Fermat’s 
correspondence with Mersenne and others : also the following paper-s by 
Euler : — 

Quoinodo numeH pi'cemagni sijit explorandi ^ utruin sint pHmi, necne (Nov. 
Comm. Petr. xiii. (1768), p. 67, or Comm. Arith. i. p. 379). 

De formuUs speciei mxx-^-nyy ad numeros primes explorandos idonei.s, 
eaminujve mirahilibus proprietatihus (Nov. Acta Petrop. xii. p. 22, or Comm. 
Arith. ii. p. 249). 

Extrait d^une lettre d M. Bf^guelin (Nouv. Mem. de I’Acad. de Berlin, 1776, 
p. 337, or Coram. Arith. ii. p. 270). 

Many other of Euler’s memoirs relate more or less to the same subject : 
.see the analytical index prefixed to the C’ommentaries. 


CHAPTER X. 


The Distribution of Primes. 


217. The reader will have observed that, in connexion with 
the theories of congruences and arithmetical forms, prime number's, 
speaking generally, present themselves rather as data than as 
qna;fi{ta\ so that, fiorn this point of view, the arithmetician regards 
a table (tf primes principally as a record ot experimental facts, 
which lie can use for the purpose of numerical applications, or in 
Older to discover by induction, if possible, new anthmetical 
theorems. But the law of the succession of prime numboi's has 
itself been the object of repeated investigation, and has led to 
researches of great intere.st and novelty ; it seems riglit, therefore, 
to give some account of what has been done in this direction, 
although, from the nature of the case, the present chapter must 
appear out of harmony with its surroundings. 

The tabulation of primes is effected by a mei’cly mechanical 
ynoccss, which is equivalent to that of wnting down the series of 
natural numbei-s in order, and successively erasing the multiples 
of 2, of 3, of 5, etc. after which the numbei-s which remain are 
obviously primes. For an account of the actual method by which 
this ‘sifting’ is earned out, the reader may consult a paper by 
J. W. L. Glaisher in the Report of the Bntish Association for 1878 
(p. 173) ; the introductions, by J. Glaisher, to the factor-tables 
for the 4th, 5th, and 6th millions, contain additional information 
bearing upon the subject, and a valuable bibliogi*aphy. 

A question of greater theoretical interest is that of determin- 
ing, without preWous tabulation, the number of piimes which do 
not exceed a given limit; and this, again breaks up into two 
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problems which are practically distinct. The hi'st is that of 
actually calculating the number of primes which do not exceed 
a certain assigned integer, say 10,000 or 1,000,000 ; the othei- is 
that of discovering an analytical formula which shall exactly or 
asymptotically represent the number of primes which do not 
exceed an indefinite integer a. The distinction is much the 
same as that between the numerical and the algebraical solution 
of equations; as might be expected, the pioblem first stated is 
the easier, and will therefore be discussed in the first place. 


218. The method which has been adopted by Meissel, and in 
some respects generalized by Rogel, depends upon a .simple ob- 
servation, which is apparently due to Legendre; namely, that if 

denote different primes, and if m i.s any integer, then 
the number of integers contained in the series 1, 2, which 

are not divisible by an}-- of the primes is 



where 

rest. 



means the integral part of 



For convenience, this may be written 


and similarly for the 



on the understanding that the product is to be expanded and then 
the integral part of each term taken. 


To prove this, it i.s sufficient to observe that if n is any integer, 

j is the number of integers less than m Avhich are multiples of 

n; and that if an integer which is less than m, is divisibh^ by 
exactly \ different primes out of the set pi, it has to b<j 

reckoned as a multiple of each of the.se priine.s, and of each of 
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their products 2, S..,\ at a time: so that corresponding to it we 
have in the expression 



a contribution 

\ — (X — ... — 1. 

It follows from this that the sum above written is equal to the 
number of integei's less than ?/i which are divisible by one at least 
of the selected primes: subti-acting this from in, the remainder 
c\press(‘s the number of integei-s in the series 1, which are 

not divisible by any of the primes. (Compare Art. 7). 

For example, the number of integeis not greater than 50 
which are prime to 2, 3, 5, 7 is 

50 _ 25 - 10 - 10 - 7 + 8 + 5 + 8 + 8 + 2 1 

_ 1_1 - 0-0 + 0 = 12 ; 


they are, in fact, 

I. 11. 18. 17. 10, 28, 20.81.87.41,48.47. 


It will be sometimes convenient to write 

for the number of integers, including unity, which do not exceed 
///. and are not divisible by any of the primes;),, ..yv. AN ith 
this notation, we have 

<f> (»< ; ]h---j>r) = W n " j;;.) 


It should be observed that when the different 

prime factors of ni, this expression coincides with <f> (ni) as defined 
in Art. 7 ; and also that the value of the expression is not altered 
by milling to the scries of selected primes any number of primes 
which exceed in, because these ailditional primes only contribute 
zero terms to the sum which has to be calculated. 


It will now bo supposed that p., Ps. etc. denote the 
successive primes in their natural oriler, so that 

= 2, p.2 = 3, ps — 5, 

and so on. Instead of Pi, piy>--pr) we shall write ?*)» 

and we shall use F(ic) to denote the number of primes which do 
not exceed or. (Observe that .t need not be an integer.) 
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It follows at once from the definitions that 


^(m, F(m)) = l (2), 

because every number, not greater than m, except unity, is 
divisible by one at least of the primes jh, 

More generally, if n is positive integer, 

<1> (w, = l (3). 


Let be the first prime which exceeds \/m, or which is the 
same thing, let a = F(\/)n)\ then since the only numbers in the 
series 1, 2,...wi which are not divisible by any of the primes 
Pi,pj...pa are unity and those primes which exceed but not 
m, and the number of these primes is F (vi) — F (^/vt), that is, 
F(7n) — a, wc have 

F (7}i) — a + 1 = (m, a) (4). 

It is easily seen that this relation continues to hold good, 
provided that a is an integer satisfying the conditions 

F(m)^ jP(Vw) (o) : 

the argument is, in fact, the same as before. 

For example, if //i = 50, F = F(7 ) — 4, and 

(m, F (»s/ni))= <l> (50, 4) = 12 : 
hence F(50) = 12 + 3 = 15. 


Thus, in general, the tabnlati<jn of piimes up to ))„ enables us 
to calculate the value of /’(»/). 'r he calculation of <!> (///, 
is, however, impracticable when /n is veiy large ; it is theicTore 
necessary to make us(j of a few transformations to obtain a 
manageable formula. 


We observe, in 
2 /> 1 * 


the first place, that if ./■, y are positive and 



from which, and the identity 


[»«] II (i - - ) = [7,0 n‘ (i - M - r n' ^ 

1 V 2>i^ 1 V Pi^ IPnJ 1 \ Jfi 


it follows that 


<I> (W, n) = (711, 71 — 1 ) — «I> — , 7 ? — 1 ^ (0). 


Put 71 — a = : then by (4) and (G) 


F(7/i) — a — 1 + d> ( 77 ;, — 1 ) — ^ ~ , r/ — 1 j , 


18 
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Let a = F 



in 


P<i 


; then, in general, 

\ p(l/ 

and c<>n.soi|nent.ly an(»thor application j>f (4) gives 



-2 


m 


^ _ 1 ) + - 2 ) - 1 + 0 - 1 ). 

Pa 


Provi<l(‘d that 


z)' 

this may be again transformed in the s;\nie way into 
( .0 = (<, - 1 ) + (a - 2) + (« - 3) - F ( 

+ d>(m, a - 2), 

and so on, until at last wc obtain 

/.’(///) — 1 ) -p („ — 2) + ... + (o - c - 1) \ 

(7)- 

^Pn^ \ Prt— i/ \pa— »'+i' 1 

+ d>(»/, a — p) 

with tlic conditions 


(7 


while the inecpialities 


iV 


arc not satisfied. 

Now since pa-f < Pa-w+i "'c have 




.SO that if 


f(-— )<t:r/-i'. 


\Pa-y+l/ 


it follows a foi'tioi'i that 


\ Pa-J 
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Consequently the only way in which the process of transformation 
can be stopped is when 


a — F 



^ 1 / 0.1 / 


Pa—v+\ 


while 


a — V — 1 < F 



m 


Pa — V 

Suppose now that v is determined by the conditions 

p\-v icm< pv.+i ; 
m 


then 


and consequently 


\/ Pa 


Pa—%f+i 


^ pa—v+\ > 




while, since 


:(> a — i/, 
m 




F 



m 


)^F(p 

a — I' )^u-u 


> a — r — 1. 


Thus the conditions of inc(iuality cease to hold good when 

a — v — F (^m), 

or - F 

and it is easily seen that they do not break down before, because 
whenever 


\ V Jia—v-k-x ' 


it follows a, fortiori that 


a-v + l^Py 


If, then, we put /^(■^n) = 6, and suppose that in (7) i/ has its 
critical value (a - 6), we obtain finally 

J?’(m) = i(a-6 + l)(a + 6 -2) + ^(m, b) 


- 2 


6+1 \Pi> 

[a = F Wm), b = F 


(8), 
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A.s an illustration of this result, suppose m = 50; then 

tt = 4-, b = 2, 

and the formula gives 

= 4.8.4 + <I) (50, 2) 

= (i + 17-(4 + 4)=15, 

which is right. 

In applying the fortiiula to a large number nt, <I> {ni, h) is 
calculated by the rcpealcrl a]>plicatiou of c«]uation (b). For the 
details of the actual computation, the reader is referred to 


the Ibllowing 

table gives 

u 

F{u) 

20000 

2202 

100000 

9502 

200000 

I7!)<S4 

800000 

25997 

400000 

88800 

500000 

41588 

(JOOOOO 

49098 

700000 

50548 

sooooo 

08951 

000000 

71274 

1000000 

78498 

10000000 

004579 

100000000 

5701400 


219. In a memoir ])rcseiited in 1850 to the Academy of 
8t Petersburgh, Tchebichetf determined, in an explicit analytical 
form, a superior and an inferior li>nit to the number of primes 
between the limits a and /9, both of which are assumed to be 
greater than 1. Before we give an account of Tch^bicheff’s 
investigation, it may be as well to trace the connexion of ideiis by 
which it was j)robably suggested. 

Let > a > 1, and let /4 be the number of primes which exceed 
a but do not exceed also let 0(a:) denote the sum of the 
logaiithms of all the primes which do not exceed a*. Then 

eim-O (a) 
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is the sum of the logarithms of all the primes p which satisfy the 

conditions _ 

a< 

and since the least of these primes exceeds a, while the greatest 
does not exceed it is clear that 

p\oga<e{^)-6 (a) < p log/3, 

and therefore 

0{^)-6{a) e{0)~e{a) 

log/3 log a 

The problem is therefore reduced to the determination of a 
superior and an inferior limit of 6 (.'/-■) \ and this is ultimately 
made to depend upon Stirling’s asymptotic value oi Tla^ or 

r(a;+l). 


220. Besides the function 0(a;) which has been already 
defined, Tchebicheff considers the function T(cc), which denotes 
the sum of the logarithms of all the integers (prime and com- 
posite) which do not exceed If we write, for convenience, 



instead of ^ | 



the following relation will hold 





in which all the terms are to be retained which do not vanish. 

To prove this, consider any prime p ; its logarithm will occur 

1 

once, or not at all, in the sum represented by 0 according as 

1 1 



that is, according as a; is or is not less than mp*. Hence the 
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number of times logy> will occur in the column of the above- 
written <Iouljle sum is , and the total number of times Iogy> 
will ai)|)ear in the double sum is 




+ 



+ . 



whei'e, as usual. 


is the integral part ot , and the series is to 

P 

be cmitiiiued until the terms vanish. 

But (his is precisely tlie power in which p occui-s in the 
pn^luct of all the integers which do not exceed In fact this 
pi'oduct is [./•] and the highest power of^j wliich occui-s in this is 


now, since p > \ , 



.3 


■f" . . . i 


— — , and therefore the two sums bust 

k & f 


written have the same value. 

Since p was any prime whatevei-, the pro|)osition follows, and 
we have 


r (./•) = log n[.r]= e 


I 



It is c<jnv(.*nient to write 


^ (.r) = e (x) + e {xf + e (xi' + 

1 

= (.r)* ; 




and with this notation, we have 



221. Wo now come to the application of Stirlings theorem. 

By an aiuilysis, which need not be reproduced here, Serret lias 

proved (AUj. Sujfer. 2nd cd. p. 212, or Todhuntci* Int Calc. Chap. 
1(5) that 

log J log 27 r — a; -f- (a: -I- log x 

log Ux < i log 27 r — a.’ -P (x -h i) log x -P . 


and 
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In the first of these ine(|iialities change x into (.r + 1 ), an<l 
subtract log(a-+ 1) from botli sides ; thus 

log Ux > i log 27r - (oj + 1) + (x + I) log (x + 1 ) 

• > i log 27r + (x + 1) jlog (x H- 1) - 1 1 - log {x + I ). 

Now it will be found that the expression 

?/(logy- 1)- i logy, 

increases with y, if y>2; and hence, observing that [.r] + 1 > .r, 
we find that, supposing x > I, 

T {x) = log n [a.*] > J log 27r + x (log a; — 1 ) — ^ log x. 

Moreover from the second inecpiality, since 1 < [.r] < a*, and 
(y + i) ^ogy — y increases with y, if y > 1, we infer that 

^ (^) < i log 27r — a • + (x + J) log X 4- 

< ^ log 27r + X (log a; — 1) + ^ log a* H- 

Consider, now, the expression 


T (a) 4- T 




This may evidently be reduced to the form 

[n-1, 2, 3...]. 

and it is easily proved that 

An — 1, if ^ is prime to 2, 3 and 5, 

An = 0, if » is divisible by one only of the factors 2, 3, 5, 
An ~ 1 in all other cases. 
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For in the first Cixsc, y{r (- ) occui-s in the top line only, and 


with a coefficient + 1 : in the second case, it occui-s in the top line 
with a coefficient + 1, and in one and only one of the other lines 
with a coefficient — 1. If n is divisible, say, by 2 and 3, but not 

by 5, yjr will appear in the fii-st, third and fourth rows with 

coefficients +1, — 1, — 1 respectively, so that on the whole the 
coefficient is — 1, and so in the other similar c:ises; while if « is 

<livisible by 2, 3 and 5, yjr j occui's in each row with a coefficient 

+ 1, 4- I, — I, — 1, — I respectively, and therefore ^1 h = — 1 
before. 

Adopting Sylvester’s convenient notation, the first thirty 
(‘oefficients may be represented by the scheme 

louooi looi 1 i loiol ii i ooi iooooi i 

where i is printed for — 1. 

Written (Hit in full, the first part of the expression is 


T (a ) + 


fo) (I) - ='■ S) 


X 


= 'I' (•'■) - I y I + 




It is to be observed that if m =. n (mod 30), .^1^ — 
that the coefficients which do not vanish are alternately + 1 and 


- 1 . 


When the variable t diminishes, the function -tjr (t) never 
increases, but decreases down to zero by a series of abrupt 
curUilments ; hence the value of the expression on the right- 
hand side of the identity above written cannot exceed or 

fall short of ip- (x) — ■>/r ; therefore 

+ M - + g ) j. r (.) + r (3' ) - y (I) - r (I) - r (I) t ■(- W. 

It has already been proved that 

> i log 27r + a; logx — x — J logic, 

^ (^) < i log 27r -f a; log x —x+i log 2 l 
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hence 


T{a;) + T > log 2-Tr + ?s^x log a- - ^ log 30 - x 


— log log 30, 


T (x) + T < log 27r + a- log x - log 30 - jji a; 


+ log a; - i log 30 + ^ 


^ (I) ^ (I) (^) ^ ^ »■“ a; 


- X log 2 + J log 3 + -J log o j - ili X - § log X + 4 log 30, 


r(|,+ 


^ ( 5 ) + ^ (I) < 0 log 277 + gi X log X 


-a; (4 log 2 + 4 log 3 + -J log5| - g-;-a: + -J log *--4 log 30 + 4 
From the first and last of these four inequalities 


<*■> + (5) - *■ (1) - *■ S) - (I) 


>x{!j log 2 + y log 3 + 4 log -> - j'j log 30 


r 1 II ^OO , 

- log ^ + i- log — -i, 


TT 


and from the other two. 


'y * y (m) - y it) - y (S)- 'y (i 


< X Ji log 2 + i log 3 + -i log 5 - log 30) 
+ § log a; — ^ log ISOOtt - 


I 

n 


We shall write A for 


i log 2 + i log 3 + i log 5 - log 30 = 02120202..., 

then it is clear that it follows a fortiori from the above in- 
equalities that 

+ 4 log. > 2 -(.) + 2 - -T(l)-r(l)- r(l) 

> Ax — 5 loga* — 1 . 

Strictly speaking, these results are only proved for values of x 
which exceed 30; but it is easily verified that the two last in- 
equalities hold when x lies between 1 and 30 ; therefore they are 
true for all values of x which exceed 1. 
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222. By these formulae with those previously' 

obtaiiieil (p. 282) we infer that 

yfr (.v) > Aa; — J lo^ ./• — J 



■y\r (./•) - < Ax + 5 log a'. 


'I’he Hrst of these inecjiialities gives an inferior limit for -^(x) ; 
to deduce fi<nii the other a superior limit, we j)Ut 


/ (•^•) - s -'I-'-' + 4 0 ( + 5 1'« ; 


then we have 



or 






where ii is any positive integer. 

Now choose n so that x lies between 6'*“* and G“; then 



= 0 , 


aiul it can be proved that 



< 1 ; 


in fact, we have identically 

_ •’» log C 

-ye)- 16 - 


.(log^+ilogC)^-X^2 


4 log 6 
5 loff 6 

< — , if z IS positive, 
16 

< 1 a /ortioi'i. 


Hence it follows that 


that is, 




(a;) < g ^a; + — ^ (log a;y + g log a; + 1 ; 
and a superior limit of ijr (a;) has therefore been found. 
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223. It is now possible to assign limits to the value of 6 (./■) 
By definition, 

■kjr (a;) = 0 (a-) + 0 (.r)^ + $ (.r)-‘ + . . . 

and therefore 

-v/r (,%') — tfr (x-) = 6 (.■/■) + 0 (.7-)^ + 0 (■'‘) ' + • - - 

and 

2y[r (.T-) — 0 (x) — (a;)“ — ^ (.r-)'*} — \0 {xY — 0 (x)''] — ... 

^ 0 {x). 

As already proved, 

(a;) > Ax — J log X — 1, 

•«/r (a;“) < a + 1 6 log 6 ^ ''' ''' ^ ’ 

hence 

^/r (x) — 2-^ (x^) > Ax ~ Ax^ - ^ (log x)- - Y' 


and comparing this with 


0 (x) <t:\lr(x)- 2^|r (a;-). 


we have 


0 (x) > Ax - Ax^ - y (log x)- - -y log X - 3. 

In a similar way it will be found that 

0(x)<^Ax- Ax^ + ^ (log *)- + a log x + 2. 

For convenience let these last inequalities be written 

0 (x) > <f>i (x), 0 (x) < 4>., {x) ; 

then if a, /9 are two positive integers such that I < a < /3, 

0{p)-0 (a) > <t>. W) - </>. (a), 

^ O) - ^ (a) < <f>.. {/3) - (a). 

It has been remarked at the beginning of the investigation 
that if ft is the number of primes between a and >9 

eW)-0 (« ) 

^ log/^ ’ 

,g( /8)- g (a), 

log« ’ 
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conseq uontly 


M > 




logff 

loo- a 


By })Mtting a = 2, wo obtain snporictr aiul inferior limits for 
F(/3) : but in onlor to s(‘cnro a ])raetioal a])proxiinat.ion, it is best 
to suppose tliat a and /9 are both large. The expressi(His for the 
limits of /X are very eomplieatod ; the e.ssontial point is that 
and <f>_. (/3) aie of the form — Q/3'~ + R (log 0), wheie R, Q are 
constants, and (log ./•) is a (piadratic fnnetinn of log.?; with 
nnmeri<*al eoetheiemts. 

'riier(‘ will be mor<‘ t han /• primes betwcani a and 0 if 

/■ logyS < (/^) - </), (a). 


N 


ow 


(/:?)-</>, (ot) 

= A ~A -a^) 

- ^ (j + 2 (log nYl - J {8 log 0^2 log a) - 

>A . (U,<r0Y - ^ lofr /9 - 5, 

sine(‘, by hypot hesis. /3 > a. 

A fartlin i, t herefore, will exei'ed if 
/• log A < A 03- *;a) - AjS"^ 

15 


*> 




or 


« < |i /9 - 2/9) - ’ ('"S ^>' 


+ o log ^ 


2 ; 


In particular, putting /* = 0, there will be at least one prime 
between a and /9 if 

a<X/9-2/9)- 




224. Tclud)iohefr employs this result to prove a theorem the 
truth of whicli was conjectured by Bertrand (Jonrn. de V Fcole 
PolyL call. HO); namely that there is always at least one prime 
between a and 2o — 2 if a > 
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In the inequality at the 
then it becomes 


end of last article, put — 3; 


a < J (2a — 3) — 2 V2a — 3 — 


2 ; 


16^ logC 


125 

24‘A 


log (2a - 3) - 1'^ 


GA * 


Since, when sc becomes indefinitely large, (log.r)-/j^ ultimately 
vanishes, it is easily seen that this inequality holds gootl for all 
values of a which exceed a certain finite value. This limiting 
value is found by changing the inequality into an e(juation and 
finding its greatest positive root. According to Tchebicheff, this 
lies between 150 and ICO; Bertrand’.s postulate is therefore proved 
for all values of a which exceed 159, and it is easily verified for 
all .smaller integral values except 1, 2 and 3 by actual experiment. 


225. The crucial point of the investigation is where the 
inferior and superior limits of are deduced from the ex- 

pression 


T(x)+T 




for convenience this may be denoted, after Sylvester, by 


and, in general, 
may be written for 


[1, 30; 2, 3, 5], 


[ tti , 0-2, • 


m / 

rp\ n /rp\ 

xt(' 


1 \‘ 

1 


The advantage derived from the u.se of the combination 


[1, 30; 2, 3, 5] 


is twofold ; in the first place, when the expression is written in the 
form 



the coefficients which do not vanish are alternately + 1 and — 1, 
and this leads to the determination of a superior and an inferioi- 
limit of ^fr(£c); and in the second place, on account of the relation 

the term arlogar, which occurs in the limiting expressions for 
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T {r), etc., is eliminated. The expressions for the limiting values 
of [ 1 , .‘lO ; 2. 3, r>] or conse<|uontIy assume the forms 

yl./ + /?, (log;/), 
arid y1./' + /f . (log .'/•). 

where', as above. 

yl = ^ log 2 + i log .3 + J log “> - 

and 111 (h*g‘'^)> (log.^O are rational linear functions of log*r. 


It is evident that similar results may be obtained from the 
ex])ression [o,, l)^, b^, . . .b„] provided that 


711 

V 

1 


1 




in fact, it will be found that 


7)1 + » 


[oj, o.. (t,„ ; bi, h.y..b„] > A.v ^ log .7-+ li 


. 771 -h 

< Ax -h - log .r + if, 


whore 



and /t, B' are certain numerical constants, which may, if wc think 
fit, be replaced by positive or negative integei's, appropriately 
chosen. 


The function [«,, 
expanded in the form 


.«»»; maybe 





♦ • » 



where the coetficient Cr will depend upon the relation of r to the 
a’s and the 6s; in fact, if ?* is divisible by p of the as and by q of 
the 6’s, Cr^P'-q- Hence if p is the least common multiple of 
Oi, «.j, 6i, hi,.,, bn it follows that C, = Cr when .s* = r (mod p). 
Consc(piently the coefficients form a recurring series with p terms 
(or fewer) in its peiiod. The sum of the first r coefficients is 
easily seen to be 
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Call this IS ,. : then 

^/x — — + —+ ...H -j j ... 

(cii f?.> (tiif Ui b.> 

= 0. 


1) 

bn\ 


Therefore in the series 

X,, .s;, 

there will be one term which is negative, and numerically greater 
than any of the negative terms which precede it, while it is not 
numerically less than any of the terms which follow it\ Lot this 
be Sf, ; then it is ea.sy to see that none of the expressions 

+ C/j+o), (C/j+i + CVi+o + C/j+a) 

(C/i+1 + Cfi+,+ ... + 

can be negative. Remembering that (z) is never negative, and 
cannot increase when z diminishes, we infer that 

;!!■ © • 

cannot be negative. In the .same way the sum of the next group 
of /X terms, namely 

" C,.^|r g) , 

is not negative, and so on. Therefore 

[a ; 6 ] = I (^') + P. 

where P is certainly not negative. 

Comparing this with the inequality 


r It 4 m 71 , 

[a; b^<Ax-\ ^ — loga: + .B, 


2 


we conclude that 


2 + \ogx + B' (i). 


In the same way, if Sk is the first of the sums Si, S., *Sa...to 
attain the maximum positive value, we find that 

[a; b]=kCr^(^)-Q, 

where Q is not negative ; and hence that 


f © 


• 7)1- d* ^^1 n /**\ 

> Ax — — 5 — log x + D (u). 


* It may excaptionally happen that 5^ = 0 : this is the case, for instance, with 
[1. 30; 2, 3, 6]. 

M. 
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226. We will now suppose, for simplicity, that Ui = 1. Each 
of the ino(|ualities (i) and (ii) involves and a certain finite 

number of terms C^^fr besides. For these other terms may 

be substituted their inferior or superior limits as found by 
previous ajtproximations : the inferior or superior limit being put 
in for each term in such a way as to leave each ineriuality valid. 

For instance, if in (i) a ])articular term is positive we 

must substitute for ^ its inferior limit, while if C,. is negative 

the supei ior limit of yjr ^ must be inserted. Exactly the oppo- 
site rule must be applied in (ii). 

When this ha.s been done, the resulting iiietpialities give two 
new .supei ior and inferior limits for yjr (x), and these may afford 

closer asyiiiptotic values f(»r ^ ^ than any previously obtained. 

\\ hen Ii ami k are inconveniently large, simplicity is gained by 
tirst su|)])ressing on the h tt-hand side of (i) any group of terms 
(not including yfr (x)) which is known by previous approximations 
to be ultimately positive when x is very large; and iri the same 
way in (ii) we may suppiess any group of terms the value of 
whi<*h is known to be ultimately negative. 

It, as we suppose, the tii-st asymptotic limits adopted arc those 
(»f Tehebieheff, derived from [I, dO ; 2, .S, it is evident that the 
result ot any finite* number of a 2 >p]ications of the process just 
explained will be of the form 

i//-(.r)>^bc-f (log.T) 

< A'x -f- Q.^ (log.r), 

where A, A are constants, and f^ifhiga), (log.r) are rational 
integral timctions of log .r not e.xceediug the second degree. 

Since log .r and (log a*)- are both negligible in coinjjarison with 
X, when x is very large, we may consider that A and A' are 

yir (x) 

asymptotic limits of , and the neaniess of the approximation 

may be estimated by the approach of A'/A to unity. This ratio 
A'/A is called by Sylvester, to whom this extension of Tch^^bi- 

» Wo Rfxy jivitf, in order to avoid the risk of the coefUcients of <?, (logx) or 
Vs (log x) becoming inliiiite. 
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cheff’s theory is due, the regulator of the approximation. Thus 
Tchdbicheff’s original process gives a regulator § = 1-2. 


227. The choice of groups of selected terms which may be 
omitted from Sylvester’s inequalities is much facilitated by the 
following considerations. Suppose that at any stage of the 
approximation we have obtained asymptotic values for 
in the form 

(a:) > Ace + Q, (log .r) 

< qAx + Q., (log A'), 

so that q is the regulator. 

Let m, g. be positive integers, and m < fju. Then we liave 


where Q{\ogx) is a new quadratic function of log.r. 

Now if is positive, or which is the same thing, if 

fM>q7)i, we thus obtain an inferior limit for y{r (x/m) — (x/fi) 
which is idtimately positive when x is large enough ; while if 
fji < qm, the expression on the right-hand side of the above in- 
equality is ultimately negative when x is very largo. But the 
expression ^/r (a//x) can never be really negative; and 

the explanation of the above result is that the regulator q 
differs too much from unity to give any inferior limit to 
(ir/w) — ^|r {xjfL) except zero. Consequently, in the left-hand 
side of the inequality (i) we may (and should) omit any com- 
bination of terms (xjut) — {xjfjL) with < /x and /x < qm ; 

and in the same way in the left-hand side of (ii) we may omit 
any combination ~ {x f in') + {x j fju) subject to the same con- 
ditions. This principle may obviously be extended: for instance 
in (i) we may omit any combination 




if m, m' are both less than while 


m m fjL 

and so on. It may be shewn, however, that, in order to use a 
gpven regulator q to the best advantage for the next approxima- 
tion, only those groups of terms should be omitted which can be 
arranged in pairs such as {x/m) — (^r/^) with m< fjL< qm. 

19—2 
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228. Sylvester has also explained a method of successive ap- 
pn)\'imation which may be applied to one and the same inequality, 
bt'fore attempting to find other more favourable sets («,•; hi). 
The principle of this will be best illustrated by applying it to 
Tchdbichert's original result 

[1 , ; 2, .2, 5] = (.,■) - ^ (■':) ^ 


10 / 




or, JUS we may write it for convenience, 

r = (i)_(d) + (7)-(iO) + (ii)-(i 2 ) + (i:i)-(i.-)) 

+ (17) - (IS) + (19) -(20) + (23) -(24) 

+ (29)-(30) + (31)- ... 

9'aking Teh(n)iehetV’s asymptotic limits, with the regulator 
1 ’ 2 , and omitting the groups 

-(0) + (7). -(10) + (11), -(12)+(13)....-(20)+(23). 

which aie certainly not positive, although the regulator T2 gives 
us no asymj)totic vabu' for them below zero, we infer that 

F=(l)-(24) + (29)- 6 : 
where e is certainly imt negative. 

New V > Ail' — 0 log .7’ — 1 ; 

therefore 

ir (j ) > A.C - 5 log .r - 1 +^jr ( 2 ^) - . 


Also 




-§(loga;- log 24) -1, 


^ (2I) ^ 

+ 4 l„S c <'■« ■* - 

+ (logo: - log 29) + 1, 

therefore a fortiori 

i/r (a-) > p^Aic + (log.r)2 + r, log a- + . 9 ,, 

where yj, , , r, , 5 , are certain numerical constants, and in par- 

ticular 

/>.= !+*- u = 

In a .similar way, since 

r^(l)-(G) + (7)-(10), 

we have 

ylr(u-)<Ax+^ log .e + (f) _ , 
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and hence 


^fr (:v) < tiAx + i/i (log x)- + log ./• + , 

where Ui, Vx, Wi are numerical constants, and in particular 

/, = 1 4- a (.1 4- — i = 

^ f) Vd ^ To^ r 17')* 

We may now repeat the process, employing the new asymptotic 
values of ^jr (^) ' clear that after / succes- 

sive applications, we .shall obtain results of the form 

sjr (x) > piAx -H qi (log x)' -h r,- log x s, , 

^Jr (x) < tiAx -H Hi (log a;)" + Vi log x + 70^. 

To determine the coefficients we have a set of linear difference 
equations with constant coefficients ; these have been completely 
worked out by Hammond. It will be sufficient here to consider 
those which are satisfied by the coefficients ti. It is easily 
seen that 

~ iiVi "1" 

ti+i = (-y- + yb) 7 Pf ^ 

= i\ + 1. 

The initial values, obtained from Tchebicheff ’s inequalities, are 

2^0 “I * ^0 !'» j 

and the complete .solution is 

iH = + Qp'> 

ti = + ^p’ + ^pi'» 

where P, Q, R, S are numerical constants, and p, p, are the roots 
of the equation 

, P - "A _o. 

P ~ fft I 

It may be vei’ified that p and pi are both proper fractions, so 
that the asymptotic limits of - obtained in this way arc 
ultimately 

= 1-0765779... 
t^A =fge?^ = *922(il07... 

By applying this process to the schemes 

[1, 6, 70; 2, 3, 5, 7, 210] 

and [1, 6, 10, 210, 231, 1155 ; 2, 3. 5. 7, 11, 105], 
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Sylvester has succeeded in reducing the inferior and superior 

asymptotic limits of ^ ^ to 

:v 

•9461974... and 1*0551 Sol... 

each of which is more nearly eipial to unity than the corresponding 
value obtained by IVhebicheff. The scheme 

[1. 6, 10. 14. 105; 2. 3, 5, 7, 11. 18, 3S5, 1001] 
leads to still closer limits, namely 

‘95605... and 1 04428... 

It appears to be very probable tliat the true asymptotic value 
.. yfr {a:) ^ 

ot - is unity; ol coui-se, we cannot expect to prove that it is 

so by any approximative process such jis that which has been 
<Icscribe(I. 


229. It must be caiofully borne in mind that it has not been 
proved that ^ ^ ajiproximates ton detinite limit when .r becomes 
infinite; it has imlecd been prove<l that for all values of .r 

X 

where A =■ 1 04423..., A' = '95695.,. and t), r) arc quantities which 
are very small when x is large ; but this is (|uite consistent with 

the hyjjothcsi.s that ^ continually oscillates between tw'o finite 

X 

limits, without tending to a single definite value when x=<x>. 

It ma^ , how'ever, be shewn that docs converge to a 

X 

definite limit, this limit can only be unity. This is effected by 

proving that if « is any assigned quantity which is givater than I. 

theie is an indefinitely large number of positive integei's x for 
which 

(x) < ax, 

and also that if a is any assigned quantity less than 1, there is an 
indefinitely large number of jjositive intogei*s x for which 

i/r (.t) > a'x. 

loincar^s proof of this proposition is extremely simple and 
elegant. To avoid confusion in the use of brackets, W'e shall write 
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E (a;) instead of [a;] to denote the greatest integer whicli docs not 
exceed x. 

Then if the function o (a;) is defined to mean 1 or 0 according 
as a; 1 or x < 1, we shall have 

E{x) = a (a,-) + a a + . . . + a . . . 


= !“ e) ^ 


X 


X 


in fact, since a j = 1 for 2, ^...E^x)^ while a -j = 0 for 

all integral values of ?i which exceed E {x), the series is simply 

1 + 1 + 1 + - • • 

to E {x) terms : that is, it is E (x). 


Now let 


/i>,i = 1 + 4 + i + . • ■ + - , 


^S) 




V (a;, n) = ^ (a;) + ^ ^ ^ f 


then since, if/) > 1, 


E{x) 


2) \pJ 


< 


E (x) 


it follows that 


Again 


Sn . E (x) — I < V (a;, n) < Sn^E(x) ( 1 >. 

< ?: < log , 

° p /) ® /) — 1 


and therefore log (n + 1) — log 2 < ^5^,1 — 1 < log 7t, 
whence a fortioii 

log ()H- 1) < < 1 + log n. 

From this and the inequalities (1) we conclude that 
^(x)log (n + 1) - n + 1 < V {x, n) < E {x) [I + log «J..,.(2). 

Let V{x) = E{x)+e{^ + ... + e{^^ + ... 

-V©’ 

then since E ^ — 0 if n > E {x')j it is clear that 

V{x)=V[x,E{x)] ; 

consequently by (2) 

E {x) log \E{x) + 1) - A’ (a:) + 1 < V{x)< E {x) {1 -f log A(x)]. 
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J)ividiiig by i/;log,c, and making .c infinite, we see that 

Xow let a be any assigned (piantity which is greater than 1, 
and suppose, if i)ossibIe, that there is only a Hnite number of 
positive integers .r, tor which 

(a-) < aj\ 

Let be the greatest of tliese ; then for all integral values of 
which exceed .r,., we shall have 

ir (./■) ^ ,/.e. 

It will be pttssible to choose a finite positive integer b such 
tliat Ibr ttU positive inti'gral values of .r 

■\/r(./ ) > a {.r -f- 1 ) _ ^ ; 

we might, for instance, take b = E {a (.r,. + 1 )] + 1. 

\\ o may infer from this, that, for all positive values of a* which 
exceed unity, 

\jr (a-) > (fE (./•) — ba (.x) : 

in fact, it a- > 1, we have E (./■) < a: -f- 1, and a(./) = 1 ; on the other 
hand ifx < 1 we have 


(.(■) = E (a ) = a (a’) = 0, 


In the inecpiality 


yjr (a*) > aE (./■) — ba (.r) 


oluuijro X- siiccossivoly iiito a.ul adil; then since the 

iiie.juality only fails when (.r), /; (x), a (a) all vanish, we have 


that is. 


I + (?) > . (g - K, 

T (^) >aV (a:) - hE {x). 


and therefore ^ 

X log X X log X X log X * 

But from rchebicheff’s inetjualities it appears that 

zsooivlogx 

also the limit of log.B is zero, and that of K(a)/a; loff a: is 1; 

we are thoretore led to the absurd result that 1 > a. Consequently 
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it is impossible to assign a finite value of ./y such that whenever 
X > x^y ^p' (x) aXf ) ; the inequality 

yjr (x) < ax 

is therefore satisfied by an infinite number of positive integers. 

It may be proved in exactly the same way that if a' is any 
assigned quantity less tlian 1, the inequality 

yjr (x) > ax 

is satisfied by an infinite number of j^ositive integers. Conscjiucntl^^ 
if y\t{x)jx has a definite limiting value, it must be unity. 

Perhaps the argument becomes clearer with the help of a 

geometrical figure. Suppose the curve to be constructed; 

then if Ay A' are Sylvesters limits, and hy // assigned proper 
fractions, however small, it has been proved that as we proceed to 
infinity along the axis of Xy the curve ultimately lies wholly 
between the lines y = A +ky y = A' — k' \ and also that however 
far we may proceed along the strip enclosed between the lines 
y = l + m, y=l — m', where again m, m arc assigned positive 
quantities, we shall always find points of the strip which belong to 
the curve, no matter how small m and m' may be. Therefore if 
the asymptotic form of the curve is a straight line parallel to the 
axis of X, this line must be y = 1. 

6 (x) 

230 . It is now easy to prove that if has a definite limit 

when X is infinite, that limit must be unity. For suppose a is any 
assigned quantity greater than 1 ; then, by last article, the in- 
ecjuality yjr(x)<ax is satisfied by an infinity of integral values of 
x\ but e{x)<‘>^{x) always (Art. 220); therefore the inequality 
e(x)<ax will also be satisfied by an infinity of integral values oi x. 

Again, for sufficiently large values of Xy 

6^x) >‘>^{x) — 2>/r(Va;), 

and 

consequently 0 {x) > yjr (x) — ^^W^y 

X X 


or 


Now if a is any assigned quantity less than 1, there will be an 


infinity of integial values of x for which 


^/r(x) 


X 


a, and among 
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these there will he an indetinite minibcr for which — is less than 

^ cc 

assigned .inantit y r;, however .small ; therefore there will be an 

indefinitely great miniber of positive integral values of x for 
which 

0 (■'■) - 

— > a ^ t), 

Nou if a < 1 , wo in;i\ al\va 3 *s ])ut a =a — 7 ], where a is also 
less than I an.I 7 ; is positive; consocpiently if «' is any assigned 
<|uanti( 3 ' loss than 1 , the inequality 

0 (a:) > ax 

will bo satistiod by an infinite number of positive intcgeis. 

It I 0 II 0 W.S, therefore, that if converges to a definite limit, 
this must be unit^’. 

231. Let F(.r.) denote the iiiiniber of primes that do not 
exceed .r ; then from the definition o{ 0 (., ) it i.s obvious that 

/’(.r) log a- (a;), 

eoiiseipiently whenever 0 {.v) > u.r, we shall have 


ax 


log X 

Combining this with the result of last article, we infer that 
whenever n < 1, there i.s an infinity of integers for which 

log X 

We may also prove that if o > 1, there is an infinity of integers 
for which 


F (.r) < 


cut' 


log X ' 


* 1 , 'Mite, for the moment, F{x) = ii'^ then because 

the nth prime number in oixier, say is gieater than we have 

n 

0 [x) = 2 log Pr>^ log ?• 

>T0i); 

T[F(x)]<0(x). 

Now for all values of a: which exceed a certain limit 

T (jt) > bx log X. 
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where b is any assigned quantity less than 1 ; consequently for all 
such values of x 

6 (a-) > hF (a) log F (a). 

But, as already proved. F {x) log x> 6 (.r). and therefore 

log F {x) > log 6 (a) — log log a ; 
hence 6 (a) > hF {x) {log 6 (a) — log log a], 

rr / x 1 0 (^') 

• 1 X I — 1 . 

b log 6 (a) — log log a 


Let 


y 


l ogy -log loga ^-^'^-^^ ’ then/^(y) has the same sign as 


log 2 / - log log a; - 1, 
and is therefore positive if 

logy > 1 + log log a, 
that is, if y >e log a. 

Provided, then, that this ine(juality is satisfied, y’(y) iiicrcjises 
with y (a remaining constant). 

Now since when a is large, log a is negligible in comparison 
with a, it is easily seen that both 6{x) and ax (where a is positive) 
exceed e log a for all values of a beyond a cci tain limit. Hence 
whenever a is sufficiently large and 0{x)< ax we shall have 

/ W] <f{o.x), 


that is. 


e{x) 


ax 


log 6 (a) — log log a log (aa) — log Jog a ' 


and therefore 


. JL aa 

\^) ^ ■ jQg (oa) — log log a ' 


When a increases indefinitely, we may write 


aa 


ax 


(l+€), 


log (oa) — log log a log a 
where e ultimately vanishes. Hence if 6 (a) < a^, and a' > a, it 
will always be true that 

TJ / \ ® ^ 


provided that a exceeds a certjiin definite value. 

Now if c is any assigned quantity greater than 1, it will always 
be possible to assign values to a, a\ b so that 


a , . , 

c , a > a > 1 > 6 
b 
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an.i since the ine.|naiit,v 6 (.r)< ax is satisHcd by an inHnity of 
integers whenever a > 1, it follows that 


F{.r) < 


cx 

log.;,- 


for ;iii infinity of integers, whenever 
which exceeils unitv. 


c has an assigned value 


Wc concln.l.-, tlu-rctoic. that if eonvergos to a 

(letniite limit when ./ becomes infinite, that limit must be 1. 

232. Ijegendie, in his '1 heorie dcs Xoinbres, proposed the 
em[)irical r.»rmula 


F{x)^ 


./• 


loL^ ./• -- ’ 


wlu 


•re 


A = 1 08300. 

J his .igiees \ei \ l.-iirly so long as x does not exceed a million ; 
int ,Ls x iiK leases, the approximation becomes more and more 

imperfect, 'i’cliebichett' lias juoved that the least inaccurate 
formula of Legendre’s t\'pe is 

F(x) = ^ 

log.r — 1 ' 

on the assumption that there is an asymptotic expression for F{x) 
of the form 


X 


leg .r ^ (Ioga.')= (log xf 


he has also shewn that the only po.ssible formula of this latter 

*0 pt , e.uiied as far as .7y(log .r)", which shall not involve an error 
comparable with .r/(log.f )*», where tn < u, is 

F(x) = xl'^ + 1-2 . 

(log.r {\ogxr (loga:)^^ **• ^ (logarT 

Legendre’s corrected formula is certain to 
t 1 ei ultimately from F {x) by ipiantities comparable with 

a/(log x)\ 

The infinite series 


1 ^ 2! 


a: •{ -j ^ ~ • , ) 

log a- (log xr (lotr .7:)=’ * J 


X (log ' (log 

ultimately divergent, however great x may be ; but if x is very 
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large, the sum of the first n terms will be an approximation to the 
integral 




log X ’ 

where a is any finite quantity greater than 1 and small in com- 
parison with X. In fact, by integration by parts, 

dx 


p dx _ V X 
J a log a? l_log rf 


X 


+ 


2 I X (}l — 1) : X 

~h 71 rT"h • • • + 


(log a.)= (log .t} 

dx 


(log xy^ j 


+ n 


>■ 
J a 


(log ’ 

and the last term on the right is equal to 


n\(x — a) 

[log (a 0(x — ’ 

where ^ is a proper fraction. When x is very large, values of v 
can be found for which this is a very small fraction of x. If, then, 
we stop at a suitable place in the infinite series, we shall obtain a 
value which differs from 


r* dx 
Ja logA- 

only by a very small fraction of itself ; x, of course, being supposed 
very large, and a comparatively small. 

It is usual to define the logarithmic integral N(x) by the 
equation 

li (^) = r , 

Jo logx 

and say that when x > 1 the principal value of the integral (in 
Cauchy^s sense) is to be taken. It is not very clear how this 
principal value is defined ; however, there will be no objection to 
writing 

J^logx 

where x and a are both less, or both greater than 1. Thei'e will, of 
course, be no difficulty in understanding what is meant by 

r-® dx 
Jo logx 

taken along any path of integration which does not go through 
the point x=l, provided that the particular value of log 0 with 
which we start is definitely assigned. 
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Oau.ss, Ml ii letter to Eiickc (Werke. ii. p. 444), states that the 

number of primes which do not exceed x is approximatelv ( 

J log a: * 

the integial being given without any indication of the limits. In 
his tables of the fVecpicncy of primes, a comparison is made 

between the values of F(^)-F(a) and for successive 

.'alog.r 

intervals of 100,000 beginning with a = 1000,000, and ending with 
a = 2000,000; the eoniparison is also made for the intervals 
10 ... 2 . 10" and 2.10"... 10". It should be observed that Gauss's 

enumerations of the actual number of primes in the different 
intervals are not very accurate. 

233. 1 he mere fact that, so far as the enumeration of jiriines 

has been hitherto effecte<l, the formula 


/ 


dx 


log X 


is a|)pio.\imately correct, does not in any way prove that thi.s is a 
projier asymptotic formula. It seems clear that Gauss was led to 
it simply by observation, and it does not a|>pear that he ever ac- 
counted for it in any theoretical way. Tlie only satisfactory 
attempt to determine a general analytical formula for F{.v) 
app<‘ai>i to b<* that contained in Riemamrs celebrated memoir. 
J hi.s is confes.sedly incomplete, and the analysis which it contains 
is very peculiar and dithcult; but because of its great import- 
ance, .some account of it ought to be given. On the properties of the 
function I (z) for a complex variable, which will have to be assumed 
in the course of the investigation, the reader may consult Prym, 
iheorie der GunimaJ unction tCrelle, Ixxxii. 165) and various 
papei-s by Bourguet and Mellin in voLs. i. ii. in, and viii. of the 
Acta Matliematica. 

If X and s are complex (piantities, we may <Iefine .x*" to mean 

^^]og A._|_ I (loga')=-|- ... 

and since log.Tisa many-valued function, .a'* is many-valued also. 

If we write 

J f^dx 

where the integral is to be taken along a path from 1 to a; which 
does not siinound the origin, the general value of log.r is 
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Log a; 4- 2^7rz, where k is any integer, and tlie general value of 
of is therefore 

^ ^Log* 

In what immediately follows we shall suppose that stands 

for so that for instance when x is real and positive, and 

s = a + ySf, 

^ — ^{a+fit} Log a; 


_ gaLoga: jgQg Log x) -f - 1 sin (/3 Log .-r) { 
where Log x is the oidinary real logarithm of x. 


This being so, then, whenever the real part of s is positive and 
gi’eater than 1, we have 



where the product on the left applies to all positive primes p, and 
the sum on the right to all positive integers n. This is easily seen 
by observing that, under the conditions stated, Ave may write 


+ 2-« + 2-=«+... 
« = 1 + 3 - + 3 -^ +... 


1 1 +P 

where the series are absolutely convergent; and since can be 
expressed in one way only in the form 




where pi, p.., jh otc, are different primes, and this tei m occurs once, 
and once only, in the expansion of (1 + 2""' +...) (I + 3“* + ...)■•• 
(1 4- the proposition follows. 


Now if n is a positive integer, and x a real variable, Ave may 
Avrite 


and hence 


j dx = L (s) 

dx = j ^ ^ . 
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We will now suppose the integral 

dx 


to bo taken first along the axis of real <|uantities from a:= + oo to 
(t:=i €, where € is a very small positive (juantity, then in the positive 
direction along the eiicumference of a small circle of mdius €, with 
its centre at the origin, and finally along the axis of real quantities 
from .r = e to x = + dc . 


After going round the small circle, log.r increases by 27ri, and 
if we take rt*** to mean (as above) 




is evident 


that, after describing the circle, 


of ^ 


becomes 



friV 



the integral 
infinitesimal : 


It is easily seen that if the real part of 5 exceeds 1, 

round the circle vanishes idtimatel}* when e is 
and therefore the whole integral is 






sin TTS 



* 


Comparing this with the previous result, we have 

(s) = - ?e I 

w 


2 sin ITS r 


. r xf-^ dx 

=* 7 , 


00 

X 


( — dx 
e*-l 


the integral on the right being taken along the path above defined. 
Observe that ( — is to be taken as <*■”'* where is to 
have the same determination as in the equation 


r ( 5 ) = I e~^ of-' dx, 
Jo 


For convenience wo may suppose i>okx. bxitany other 

determination might be adopted, provided that the proper corre- 
sponding value of r ( 5 ) be taken. 
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The path of the integration denoted by / may be modified in 


/ 


any way consistent with not including- any of the zeroes of the 
function (e^ — 1). 

If, now, we define the function f (s) by means of the equation 

(— dx 

^(s) is a one-valued function of s which is finite for all finite 
values of s except 5=1, and vanishes when 5 is a negative odd 
integer. Moreover when the real part of s exceeds 1, f (s) = 

When the real part of 5 is negative, the point ,/■ = + (a real 
quantity) is not a pole of the integral 


p 


e^-1 


and consequently the value of this integral, taken as above 
explained, is equal to the sum of the values of the same integral 
taken in the negative direction round infinitesimal circles each 
surrounding one of the poles ±27rf, ± 47 n', etc. 

The value of the integral taken round tlie pole 2ii7ri is 

o • T t (*■ ~ 2n7ri) (— xy~^ « w « 

— 27ri . Lt ^ — ^ ^ = — 27^^ (—2)}7rty-^ : 

r = 2nni 5* — 1 ^ 

and in the same way that round the pole — 2 n 7 r 7 is 

— 27ri (27i7ny~K 

Substituting these values in the efpiation which defines f (5), 
we have 

2 sin TTs r (s) f (s) = (27r)“ + (— iy-^\ 

= (27r)" -f (- iy-^] f (1 _ , 5 ) 


or 


2 cos ^ r (s) f (s) = (2-7ry ?(1 - . 9 ). 


If in Legendre *s formula 

r(a7)r(a;+ij...r^a; 


n 1 \ « - 1 

= (27r) 2 r 


77 


we put n 


8 


2, iK = 2 , we obtain 


(I) ^ (”r *) = ^ 


= 2*-* Tri r ( 5 ). 


M. 


20 
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Also 




TT 


TT 


2 / . ( 1 — 5) TT 57r ’ 

S,„ cos -2 


and therefore, eliminating F 


1 +s 
2 


2r(s)r(^-^^) cos^ = 2vir(|). 

Plence the relation connecting f(.9) and f(l— 5) may be 
written in the fonn 

O!-, which is the same thing, 


TT 


r g) ? (s) = 7r-‘f r f (1 -s). 


TT 


This naturally suggests the introduction of the function 
(2) instead of f (*'); this function is unaltered by the 


change of 5 into I —s. 


Since 


it follows that 


where 


TT 


TT 2 


r = j x'i ~ * dx 

^ ^ (I) ^ ^ fu ^ 


A __ 


yfr (.r) = ie 

1 


The function y{r (x) is one of those which occur in the theory 
of ellijjtic functions; in fact, writing K'jK for x, and putting 

Q—nK IK _ 

1 + 2-x/r (a;) = 1 + 2q -i- 2q^ + 2q^ 4- . . . 

2K 



TT 


Interchanging the moduli, so that x becomes - , we have 

X 

1 + (1) = ^ (1 + 2Vr (a;)); 

s r\ s ^ 

and hence / (x) xii~ ^ dx = yJr (x) x 2 ~^ dx + I ^fr(x)x3~^dx 

Jo Jo J 1 






S . 

— J - 5:2“^ 


dx 4* 


r* 

J yp-(x)x 2 


dx 


r* ? 1 _• } 1 

= '»/r(a:){a:2“ +x a~B} + 
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Now vrrite 


^ H- ti. 




then, on substitution, we find 


/ 


_3 t_i 

X I 2 -}- X ~ 1 ~ 2 


Id. 


r 


— i + i) j ^ (x) cos (4'i log x) dx 

where, of course, the determination of cos log .t;) must be in 

accordance with that of tt order that ^{s) may be 

one- valued. 


In order that the real part of s may be greater than 1, so that 
Sti”* may converge, we must have 

t~a — 

with yS > i 

If, in the expression for we suppose the integration to be 
taken along the axis of real quantities, and log a- to denote the real 
logarithm of x, we obtain an expression of the form 

^ (i) = Aq + -d-it" -f- , 

where A^A.y . , . are real coefficients. This particular value of f {t) 
IS always real when t is a pure imaginary, or, which is the .same 
thing, whenever s is real. If 5 is a real quantity gieatei’ than 1 , 
this value of f (i) coincides with the real value of 

2n-* 

The coefficients Ai depend upon integrals of the type 

2 — /•* 

and it is easy to see that these diminish very rapidly as r increase.s, 
and that the expansion of ^(t) converges absolutely for all finite 
values of t. 

Since, when the real part of s exceeds 1, the function of s with 
which f (f) then coincides, never vani-shes for finite values of , 9 , it 
follows that the finite roots of the transcendental equation ^(t) = 0 
must all be of the form 

T = a ±^i 

with 

20—2 
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Now the number of roots of ^(t) = 0 contained within any 
simple contour is ei|ual to 

.2^,JfOogf(0 


taken in the positive direction round the contour. Rieniann 
state.s without juoof that the number of roots of ^ (i) = 0 contained 
within the rectangle bounded by the lines ./* = 0. .r = 7^, y = + ^, is 
found by this method to be approximately 



wlieii T is large; the error being comparable with It follows 

from tliis that the frec|uency (or ‘density’) of the ror)ts in the 
neighbourhood of the line .'t'= T is asymptotically 


(I \ T 


and hence we may write 




T 

27r’ 


f (0= S log 



where the summation apjjlies to all the roots t of the equation 
f(0 = 0. Riemann adds that, although he has not succeeded in 
proving it, it seems very probable that all the roots of f (0 = ^ 
r(*al. 


Let us now denote by F {x) the number of primes which are 
less than .r, w'hen x itself is not a prime; when x is a prime let 
F {x) stand for the number of primes less than .r, increased by 
so that at every point whore F{x) changes abruptly 

F{x) = ^ {F(x - 0) + F(x + 0)). 

Let s be a quantity of which the real part exceeds 1 ; then 

logf(s)= -S log(l -7?-*) 

= 4 - + . . .. 


Now 




=^sf .r-“- 

J D 


f 


and so on ; and if these values are substituted in the expansion of 
? (®) we obtain an expression of the form 
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for 


where y'(A') is obtained by taking 1 for every prime which is 
than Xy for every stjuare of a prime which is less than 
every cube of a prime which is less than x, and so on ; that is 

f(x) = F (x) + (a.-) -f (A-^) + . . 

because if p- < x, it follows that p < x^, and the number of primes 
tor which this condition is satisfied is F(x^)y and similarly for the 
other terms. There will of course be abrupt changes in /'(a) when 
X is a prime or a power of a prime, but since these critical values 

e separated by finite intervals, the expression / J" (x) dx is 

J 2 

perfectly definite. 

When X is less than 2,/(x) = 0, so that we may write 


ar 




provided that 5 = a 4- bi, with a > 1. 


have 


Observing that f(x) is real throughout the integration, we 


log f (.s) 


/ 




and from this, by Fourier’s theorem, it follows that 


s 


(cos (b log X) 4- I sin {b log x)] db, 


and therefore, multiplying hoth sides by ix-^y 


J a — i'X) ^ 


the integi'ation being taken along a straight line, so that tho real 
part of 8 remains constant. 

From the way in which F {x) was defined it will be seen that 
this formula holds good for all real values of x, including those for 
which / (a) changes abruptly. 

Since vanishes when s = a ± cc /, we find by partial 

8 

integi-ation that 
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Fioni the (lehnitiou of f (M 


?( 5 ) = 


TT” 


s(s — 


" (I 


f (0 


o 

TT- 


ancl thci'efon' 


(.-Drrvi 




In.U ? (.V) = lo;r 7^ _ lotr (.s - 1 ) _ log f + 1 ) + log f (0 

= 2 ~ * * “ (I + 1 ) 


Mr 


+ 2log j] + + logf(0) 


lice 




(/ (1 


d 

ds 


X i » w 


+ y r-^logjl + ^— 

ds S 1 


-log(s- 1) 
logf(O) 


-l-Wl' ~ 


(!'''*(■ + 2 :)- 


I log m 


and therefore 


1 , ,, /s 

- ,h ■(. * (2 




A Iso 


if 


d.S .V ° 


t' 1 - i+w) + 


Consequently 
r/ (1 . 


1 , T=+i 

- . log -pr 






i + Tl) S 


^og(l-^j] 
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where 


C = log f (0) + 2 log 



The integral 


f 


a+oit 1 

— a!^ds 




J <j_cot 


fa+ 

J a - 

= log ^ -=oi(^og 

J — Ct ~{“ 'll) 


= 2iaf' log X 



a cos (b log x) db 
+ 


= ^iaf- log X . 7re““*°"* = 27^^ log x 

(as may also be seen by replacing the straight line of the original 
integration by a small circle round the pole s — 0). 

All the other integrals in the expression for 27rz/ {x) log x may 
be reduced to the type 


I 


a+^i 


a - Jtx 



Call this (/9) ; then 



on integrating by parts. 

Now if the real part of y3 is less than the real part ot s, so that 
the point yS is on the left of the line along which the integral is 
taken, we may change the path of integration into a small circle 
described in the positive direction round the pole s = ^. Hence 
the value of the integral is 

2’7riaf log x 

0 


<t>' w = 


^x^-^ dx or 27ri log x J 

J GO 


according as the real part of /3 is negative or positive 
Hence in the first case 

(/3) = 27ri log da; + , 
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and in the second 

<f> (f3) = i-rri log j T f ' du: + b\ , 

I-' Cl log J’ 

wheie A and B are constants depending upon the way in which 

(* ~ 0 ) aad on the paths along which the integrals 

are take n. In the second integral the path from 0 to x must not 
rtO t Hough the ciitical point .f=l. \\ c inav, if we like, suppose 

that tlu‘ integration from 0 to ./• is taken along the axis of real 
'|u<uititi(> tioiii 0 to I — then along a soinicircie of nxdius e from 
( I - e) to ( I + e) ami then along the axis of real (|uantities from 
I +e to a. Siinilarl\ we may suppose the integration from x to 
to be taken along the axis of real ciuantities. 

Ihe Uilue.s ot 0 are — 2, — 4, — (5, etc., unity, and the diti'erent 

\.i lies ot .j ± Ti , and since a, the real part ot s, is supposed gieater 
than 1 , we have Hnally 


I. 


log 


o log a: 


(lx 


•hi (a- ^ -h ... ) 

J X 


d. 


r 


= -2:l /'•■•.f icos(T log.^/.,. ^ 

r Jo log a* r 


log a 


-hC' 


dx 

1) log X 


•h0\ 


f " being a constanl, the value of which will depend on the deter- 
mmation of log x in the integrals. 

Observing that tf>(x)dx only diftei*s from T <f>{x)dx by a 
constant, and that/( 2 ) = we may write, for x > 2 , 

/{x) = r — _ 2E cos (Tl oga’)rfa ’ 

J o log X J 2 J 0 CT X 


-I: 


dx 




2 ^ {xr — 1 ) log X 

and take log .c to mean throughout the real logarithm of a' ; the 
integrations, also, being taken along the axis of real quantities. 

is keiins which are compai-atively very small when a 


y” (a) = , ^ 2 N ^ 1?°® (T log 

log a* i — - • 


logar 
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It will be ivinomboied that 

/(./■)= + f , 

and Iroin this it may be inferred that 

^ =/u) - ) 


= 2 (- 1 )- . 


where m assumes all positive values not divisible by any stjuaie, 
and fx is the number of different prime factors of m. 

To prove this, let n be any positive integer greater than 1, and 
let m, VC be any two conjugate factors of n so that iicnt = a : then 

1 -1 1 

the coefficient of ) in 2(- \Y — is 

. — , = ^ 2(- l)^ 

VI m n 

where the sum is obtained by calculating fx for every divisor of //, 
1 and n inclusive. But if n contains k prime factors, it is obvious 
that 

s ( _ 1 )M = 1 _ /, + /-■ _ /-■ a- - 1 )(/.- - 2 ) + _ ^ ^ 0 

because there is one factor of n for which /i. = 0, there arc k for 
which fji=\y g, for which /a = 2 and so oin 

A 

I 

Thus all the functions disappear except F {,/•), which 

occurs once with a coefBcieiit 1 : and this proves the theorem. 

Substituting the values of y‘(.r), etc. in the formula, we 

obtain an expression for F {x). 


Let 


B 


= i_f ^ 


1) loga‘ " 


and let A denote the constant 


4 = 5(1 


= 52 (-!>*-; 
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then If we neglect the integrals obtain 

J log i€ 


the appi'oximate value 


^vho^e 


F(j;) = A + S(-iy* — Z , 

m ' ' 

/. (a-) = r . 

J2 logo: 


Sinee A is a finite ([uantit^', it may be omitted without 
scnsi])Iy aflucting tlie funnula when iC is very large. 

We C(jnclu<Ie from this result that Gauss’s approximate value 
IS nliiiiiately too large; and this is confirmed by the comparisons 
given by CJauss for the second and third millions. 


AUTHORITIES. 


Ekokxihu: : Dune foi tris-remarquable observee dans Veninne'ration des 

nombns premicis (Essai .sur la thoorie des nouibrcs, 2iul ed. (1808) Part iv. 
§ viii.). 

(l.vu.ss: Tafvl dcr Fretjuenz der Primzidden (Werko ii. p. 435); followed 
i>y a letter to Eiickc (il)id. p. 444). 

IcnfaucHKFr; Sur la fonction (jui deUTmuas la totalite des 7iomhres 

premiers in/erienrs a unc limite donnte (Mein, do I’Acad. de St Petersbourg 

(Savaii.s litraiigei-s) vul. vi. (1851) p. 141 ; reprinted in Liouv. xvii. (1852) i>. 
341). 

Jff moire sur les nomhres 2>reimers (Mt^ni. de I’Acad. do St Petci-sbourg (nt 
su/ira) vol. vii. (1851) p. 15; or bionv. xvii. (1852) p. 30G). 

Kik.mann: Ceher die Anzahl der Primzahlen unter einer gegebenen Grossc 
(.Moiiatsber. der Aka<I. d. Wiss. zu Berlin for 1859; or Werko, p. 136). 

Mkissel: Leber die Jiestimmung der Primzahlmcnge innerhulb geyehencr 
drenzen (Math. Ann. ii. (1870) p. 636). 

Dereehnung tier Mengc von Primzahlen, icelche innerhalb der crslcn knndert 


.\fillionen natitrlieken jCahlcn vorkommen (Math. Ann. iii. (1871) p. 523). 

Iloohi. : Zur Uestimmung der Anzahl Primzahlen unter gegebenen Grcnzeii 
(Math. Ann, xxxvi. (1890) p. 304). 

Sylvester: On Arithmetical Scries (Messenger of Math. vol. xxi. (1891); 
sec a^lso a prcviou.s paiwr by the same author, Amer. Journ. iv. p. 241). 

I 0INCAH6: Patension aua: nomhres premiers complexes des theorhnes de M. 
TchMchcff (Liouv. (4) viii. (1892) p. 25). 



EXAMPLES. 


315 


EXAMPLES. 

1. Prove that if, to the base 10, 

, 1025 , 1024^ , , 81- 

lOM “ 1023. 102.5 80 . 82 

■I9K2 002 

124.126 ^ 9¥TlbO ^ 

then 196 log 2 = 59 + 5a H- 86 — 3c — 8f7 4- 4e ; 

and find log 3 and log 41 in terms of the same quantities. (See 
Gauss, Werke ii. i>. 501.) 

2. Verify that 2^'^+^ -i- 1 = (2^'^+' + 2^+^ + 1) (22^+> - 2^+^ + 1), 
and hence factorise 2'^ + 1. 

(This application of a familiar algebraical identity appears to be duo to 
Aurifeuille: see Lucas, Th^orie des Nombres^ i. 326.) 

3. From the facts that 10"*^=! (mod 9) and 10'«=(-1)''^ 
(mod 11) deduce the ordinary criteria for the divisibility of any 

number by 9 or by 11. 

Prove that a number expressed in any scale of notation is 
<livisible by a given number vi if a certain linear combination of 
its digits is divisible by vi ; and shew how the simplest combination 
in question may be discovered. 

For example, prove that a number . . . a.a, expressed in 

the scale of 7 is divisible by 19 if 

(oi + a4 + a7 + ...)H-7 (ao + ...) — 8(a3H-afl + ay+...) 

= 0 (mod 19). 

4. If p is an odd prime (except 5), and a < p, the fraction a/p 
may be expressed as a pure circulating decimal, and the numbei of 
figures in the period is equal to the exponent to which 10 apper- 
tains, mod p. 

Calling this exponent y, the expansions of 

12 p — 1 
• 

P P P 

will give rise to (p - 1)// groups of periods, the periods of each 
group being derived from each other by cyclical permutations of 
the digits : hence if one period of each group is known, and also 
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the inriex of 10 t(» any primitive root oip, the index of any 
number may be determined. (/). .1. Art.'!. S12 318.) 

) If 4a + 3 and 8a + 7 arc both pnmes, then 2*"+^— 1 is 
divisible by 8» + 7. ^Euler.) 

I ho nuiiiLei-s 2»' - 1, wlicrc p is prime, are known as Mci*seniic’s mmibors. 
A.x-nnling to Mei-senne ( Paris, 1G44) pnufatio 

‘jcncrabs. Art. If)) tin' only values of y;, not c.vccodiiig 2.’»7, for which 2t’- 1 is 
prime, arc 1, 2, :i, .y 7, VA, 17. 1!), .'JI, G7, 127, 2.-.7. Scellioff lats proved that 
2'''- I IS i.rtme, l.ut this is tlic only exception to Mei-scnne’s .statement yet 
di.scovered. See U'. \\-, Kcusc Pall fA. .Vu>nhcr, {Mess, of Math. 

.\.\i. p. .i4) and Liica.s, Th'oric dvA Xomhre.-t^ i. p. 374. 

ti. Prove that if 2^* — 1 is a prime, then 2^^“* (2^'— 1) is equal 
to the sum of its ali.pmt parts. (Euclid ix. 36.) 

A numl.or which is o.pial to tlic .sum of its ali<piot parts i.s willed a pMWt 
,iumh,r. \o methf)d of tindin- perfect miml>ers, except Euclid^ has hcoii 
disco\errd; it is not even known whether any othl perfect numbers extst. 
Eu( lid’s formula inulude.s all even i>orfect numbei-s : of these the fii-st .six arc 

G, 28, 490, 8128, 33550330, 8589869050, 
and three others have been eulculated (Uou.se Ball and Luwes, ,cs above). 

/. A pack of 62 cards is shiifHod in the following way. The 
f oj) card i.s removed, and the caixl oi'iginally second is placed above 
it; then the card originally third is placed below the two caids 
already lemoved, and .so on ; the extrd which is at the top of the 
nnshufHed pait of the jjack at any stage of the process being 
place<i at the bottom or top of the other packet according as 
its place in the whole pack was odd or even originally. Prove 
that when this process has been repeated 12 times the cjirds come 
back to their original places. 

In general, for a pack of 2n cards, the original order is firet 
restored after m shuffles, where m is the least number for which 
2"* = + 1 (mod 4« 4 1). 

(On the history of this problem, known as ‘ Monge s shuffle/ 
see Bourget, Liouv. (3) viii. (1882) p. 413.) 

8. Deduce from the theorem S0(rf)= « (Art. 8). that 

1 0 0 0 0 1 




1 1 00 0 2 

10 10 0 3 

110 10 4 

1 0 0 0 1 5 


I 
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where there are m rows and colmniis, the last column consisting of 
the natural numbers 1 , 2 , and the elements of the ?'th 

column {r < m) being all zeroes with the exception of those 
elements whose places, reckoned from the top, are multiples of r, 
in which case the corresponding clement is 1. (Hammond.) 


9. If a, n arc any integers, and = 1 (mod ??) for = 1 , 

but not when o: is an aliquot part of {n — 1 ), the integer n is a 
prime. (Lucas, Theorie des NomhreSy i. p. 441.) 


10. If m is any number, the product of all the integers prime 
to m, which remain prime to m when increased by 1 , is congruent 
to 1 (mod vi). For instance, if = 15, the numbers are 1, 7, 18 
and 1 .7.13= 1 (mod 15). 

(Schemmel, Crelle Ixx. (1869) p. 191.) 


11. Every divisor of + is of the form 2"'+^ n + 1 . 

(Euler, Comm. AritJi. i. p. 55.) 

12. The sum of the 7 ‘th powers of the 0 (m) numbers less than 
m and prime to it is 


7’+ 1 \ p) 2 ! 


’*^1 r-i 


n(l~;)) 


^ ^ . . — m' ' 


4! 


n (1 —py") + . ■ 


where the products refer to the different prime factors of m ; 
■^1 ~ ~ TT(7* etc. are the numbers of Bernoulli ; and the aeries 

on the right-hand is to be continued so long as the terms involve 
positive powers of m (exclusive of ?a'’). 

Verify the theorem for m = 10, ?* = 7. 

13. If q and p = 2"'+= <7 + 1, where m > 0, are both odd primes, 
then 3 is a primitive root of 7 ?, provided that 9 > 9'“'"'. 

(Tch(ff>icheff.) 


14. If p = 4« + 3 is a prime number, 

( 2 » + 1 ) ! + (- 1 )** = 0 (mod p)y 

where p is the number of quadratic non-residues of p which are 
less than 

(Jacobi, Crelle ix. p. 180 : the problem is Dirichlet’s.) 
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15. Verify the following congruences: 

2!+l (80. 12!-fl = 0 (130, 28 ! 4 1 = 18 . 29 (290, 

4:+IhO (50, 16!+1 b5. 17(170. 301+1 = 19.31(310. 

G ! + 1 = 5. 7 (70, 13 ! + 1 = 2. 19 (190, 40 ! + 1 = 16.41(410. 

lOl+l = 1 .11 (110, 22:+l =8.23(230, 

Can any rule be discovered for finding primes p such that 
ip~ 1) :+ 1 = 0 (morl />0? 

10. If + 1 is an odd prime p, 

(2/0! = (- ly* 2^''(» !y (mod pO- 

17. Can any rule be assigned for deciding a yjrforf whether 
t he (liophantine e(|uation — Dy- = + 4 admits of integral solutions 
in which .r, y are both odd ? 

(Cf. Art. 153 and Cayley, Crellc liii. p. 369.) 

18. If )n and jissiune all positive integral values, the 
expression 

•> 

assume.s all po.sitivc integral values without exception and each 
value only once. (Cantor.) 

19. 1 he /'th series of polygonal numbei’s being defined by the 

formula ^ — (?• — 2) //). prove that the series will contain an 

infinite number of squares, unless r is the double of a square 
number. (Euler, Comm. Amth. i. p. 9.) 

20. If h {x) denote the integi*al part of .r, then (i) m and n 
being any two positive integers such that n is not a factor of m, 

I *’^“1 

2» *.=,1 

(ii) )n and n being any two odd positive integcj's prime to each 
other. 


e (!!£\ — 1 

\n ) ~ n 2^ 


S sin 


2km7r , IcTT 
cot — 
n n 


9»-i) 

i-=i \ n / 


A-i(» -1) 
k 


«•-' - 1 m 

8 a 


« — 1 1 /v«7r 2X.*7r 

— — s— 2, tan cot — ; 

4 2a n n 


( 111 ) il m and n are prime to each other, and both = 1 (mod /j,), 

A = («-ii/.. _ 1) _ 1) 


2 'v 

\ n / 


E 




(Eisenstein, Oelle xxvii. p. 281.) 
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21. If p is an odd prime, and a an odd number prime to jy, 
prove that = (— 1)^, where 


T = 


\{a — 2)p' -h 2p 


2p 


a kuTT , 2/c7r) 

— z tan - cot ^ . 

A=i P P ) 

(Eisenstein 1. c.) 


22. Let 6 (k) denote the excess of the number of divisors of k 
which are of the form 4« 4- 1 above the number of those which are 
of the form -H 3 ; then 

{k) = E{7n)-E (I) + ^ (’I) - ^ 

the summation on the left extending from = 1 to Ic^Eiin). 

Deduce from this that the number of points whose coordinates 
are integers (exclusive of the origin) contained within the circle 
a?-\-y’^ = ra is four times the number contained within the area 
bounded by the line a? = 0 and the hyperbolas 

?/(4a; + 1) = m, y(4ic + 3) = ?n. 

(Eisenstein, Crelle xxvii. p. 248 and Gauss, Werke ii. p. 292.) 

23. Prove that when y assumes all positive integral values 

from 1 to E (~) , the number of the quantities — of which the 

\ o / “^y 

fractional part is less than J but not less than ^ is 

Generalise this proposition, and shew its connexion with last 

example. 

24. Kronecker has stated the following proposition ; — 

Let p = 4/1 4-3 be a prime, and let (ui, bi, Ci), (a., 6^, a.)» 
the properly primitive reduced forms of all those negative 
determinants — A for which p is representable by the principal 
form 4- with y uneven ; then the roots of the congruences 

aiO? 4- 26;^: 4- C; h 0 (mod p) 

will all be real, and will form a complete system of residues to 
modulus p ; double roots being reckoned once only. Verify this 
ioYp=.T, 11, 19, etc. (Berlin Monatsber. 1862, p. 304.) 
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25. Prove that the of th^ symbol where m, n are 

l>oth odd, is the same as that of 

A = l, 2, 3... A(a-l)1 

k = 1 . 2 , ' 

arid deduce the law of l eciprocity. (Kronecker.) 



eall\ 


26. If G is a larff(* ]>ositive integer, we may write asymptoti- 


'i<f>{m)= 6'-' + A, 

1 TT* 


w*i^'>** A < (i log r? + i C + g) (7 + 1 , 

G being Euler’s constant. (Mertens, Crelle Ixxvii. p. 289.) 


27. Representing by h (A) the number of positive properly 
])rimitive classes of determinant — A, then, when G is laige, 
we have a.symptotically 


where 



(Mertens /. r. ; and CJanss, D. A. Art. 302, Werke ii. p. 284.) 
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Composition of substitutions, G3, 117 

of forms. MO, etc.; direct or in- 
verse. 112 

of classe.s, 1 18 
of genera, 170 
Congruences defined, 7 

elementary theorems concerning, 

7, 8 


Elliptic substitutions, lOG 
Equation of the periods (in cyclotomy) 
191. 200, 219 

Equivalence Gl, etc.; proper and im- 

I»roper, G2 ; geometrical theory of, 
103, etc. 

Euler s function 0 (a) 4, 30 ; the formula 
= G 

Exclusion, method of, 53 
Exponent to which a number appertains, 
17 

I’actors of large numbcr.s, methods of 
discovering, 2G1, etc. 

Eermafs Theorem, 15, 18; Euler’s ex- 
tension of, IG, 18; history of, 30 
I'orm.s, detined, 57; properly and im- 
properly primitive, GO; definite and 
indefinite, 59; equivalent, Gl ; sim- 
plest representative, 87 


hunt of the number of solutions 
of, 9 

linear, 10; simultaneous linear, 
1 3 

■luadiatic, 32, clc.; number of 
solutions of a quadratic con- 
gruence, 3G 

associated ^yith the cyclotomic 
equations, 199 

Conjugate complex quantities, 104 
Continued fractious, 81 
Critical points, 110 
forms, 120 


Genera of quadratic forms, 132, etc. ; 
composition of, 170 

Geometrical representation of complex 
quantities. 103 

Geometrical applications of the theory of 
numbers, 184, 191 

Hyperbolic substitutions, 106 

Identical congruence, 9 

transformation of 1 (x'- l)/(x- 1), 
215 

Improper cquivalonoe, C 2 , 100 


INDEX, 
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Improperly primitive classes, their num- 
ber, 1G7 
Indices, 21, etc. 

Infinite, infinitesimal, 112 
Irrationalities essentially connected with 
an equation, 190 

Irreducibility of (.rP - l)/(.i- - 1), when p 
is prime, 186, 188; of the equations of 
the periods, 104 

Irregular continued fractions, 81; de- 
terminants, 178, etc. 

Irregularity, exponent of, 180 

Jacobi’s extension of Legendre’s symbol, 
42 

Laws of operation, 1, 104 
Least residues, 7 

Legendre’s symbol of reciprocity, 38 
Linear divisors of a quadratic form, 52 
Logarithm of a complex quantity, 104 
Loxodromic substitutions, 100 

Mobius’s circular relation, 100 
Modular functions, 58, 131 
Modulus of a congruence defined, 7 
of a complex quantity, 103 

Nets, 124, etc. 

Nodes, 124 

Norm of a complex quantity, 103 
of a net, 125 

Normal form of linear substitution, 105 

Opposite forms, 08, 157 
Orders of quadratic forms, 07; number 
of classes in different orders com- 
pared, 158 

Pcllian equation, 90, etc., 130; trigono- 
metrical solution of, 254 
Periods of reduced forms, 77, 121 

of properly primitive claKses, 178 
of the roots of the cyclotomic 
equation, 191, etc. 

Polygons, regular, which may be con- 
structed by Euclidean methods, 191 


Powers, residues of, 17, 30 

Prime numbers, 2; enumeration of, 273; 

distribution of, 278, etc. 

Primitive roots of a prime, 19, etc. ; of 
a composite modulus, 26 ; of 
unity, 185 

representations of a number, 59 
quadratic forms, CO 
Principal form, clas.s, genus, 138 
Proper and hni)roper equivalence, 61 

Quadratic residues and non-residues, 17, 
etc. 

equation of periods, 201 

Reciprocity, law of quadratic, 38, 44, 
176, 212; history of, 55 
Reduced forms, 66, etc. ; geometrical 
tlicory of reduction, 103, etc,, 121 
Relative 2 

Representation of numbers, 58, 65, 07 
Representative forms, 72, 87 
Residues with respect to a modulus, 7; 
quadratic, 32, etc. 

Resolution of a number into i)rinie fac- 
tors, 3 

Roots of a congruence, 8 
of unity, 184, etc. 

Sheafs of equivalent triangles, 123 
Stationary iioints of a linear transfor- 
mation, 105 

Substitutions, linear, 61, etc., 88, 105, 
etc. ; bilinear, 140, etc. 

Summation of Gauss’s series, 202, etc. 
Sup2)lementary formula) in tlic law of 
reciprocity, 37 
generic characters, 135 
Symbol of rcciiirocity, 33, 42 

Transformation (see Substitution) 
Triangles, equivalent, 116 

Unitary substitutions, 61 
Unity, roots of, 181, etc. 

Wilson’s Theorem, 16, 30 
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